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SEPARATION AXIOMS ON THE INITIAL
CONVERGENCE SPACES
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1. Introduction

Kent([3])} introduced convergence structure on a nonempty set.
Carstens, Kent, and Richardson ([1], [5], [8], and [10]) investigated
some properties of convergence spaces and applied the concepts as
product of convergence spaces, in discussmgproduct of comvergence
spaces, they restricted to finite product. The purpose of this paper
is that most of the results extend to arbitrary product using the initial
convergence structure,

For a nonempty set S, F(S) denotes the set of all filters and P
(S) the set of all subsets of S For each s €8, $ is the principal ultrafilter
containing {s}

A convergence structure on S is defined to be a function ¢ from
F(S) into P(S), satisfying the following conditions:

(1) for each s€ S, s€g(3);

(2) if  and ¢ are in F(S) and ¥ D ¢, then q¥)Dq(d);

(3) if s€q(¥), then s€ q(®N3s).

The pair (S,q) is called a convergence space. If s€¢(¥), then we say
that % g-converges to s. The set function I3, P(S)—>P(S) is defined
on all subsets ACS by:

Iy(A)={s€e S|there s an ultrafilter % g-converging to s with A €p}.

Let I';(A)=A 1If a is an ordinal number and a—1 exists, then I’y
(A) 18 defined by I, (I, "'(A)), if « is a limit ordinal, I'J{A) is defined
by the union of I'’(A) for A<a. then I, is a closure operator in
the topological sense, except idempotency.
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A function f, mapping a convergence (S,g) onto a convergence space
(T.p}, 1s said to be continuous, if f(¥) p-converges to f(s) whenever
¥ g-converges to s.

Let X be a nonempty set, (X,,q,) be a convergence space for each
Ae A, f, be a function X onto (X,vq, ). The wital convergence structure
g on X induced by the family {f,]|A€ A} is defined to be a function
from F(X) into P(X), satisfying the following condition:

for each element x€ X, g€ F(X), x€q(¥) if and only if f, (¥} ¢ -
converges to f,(x) for each Ae A

2. Separation axioms

In this section, we shall investigate some separation axioms for
initial convergence-strueture, Hereafter, (X,q) means initial convergence
space induced by the family {f, |A€ A}, where £, is a function X onto
convergence space (X»,q,) for each A€ A, and (I X,.¢’) means
initial convergence space induced by the family {P, |A € A},where P,
is canonical projection of I X, onto X, for each A€ A, ie,
({1 X,,q) is product convergence space of{(X,,q,)}.

A convergence space (S,q) is said to be T, if either § fails to g-
converging to ¢ or { fails to g-converging to s for each distinct s and
tin S.

Theorem 2.1. Let (X,,q,) be a convergence space for each A
€ A _If there exists at least one #€ A such that f, is injective and
X, s T, then (X,q) 1s also T, convergence space.

Proof. Let % g-converge to y for each distinct x,y in X.
Then f,(£)=f.(x) g, -converges to f,(y) for each A€ A. Since
(Xoq.) 18 To, fi(y) fails to g,-converging to f,(x). Thus y fails
to ¢-converging to x.

Corollary 2.2. (X,.,q.) is T, convergence space for each Ae A if
and only if (M Xa,q) s T, convergence space.

Proof. For cach A€ A, P, (x}=P, (y) implies x=y.
Conversely, let (I X,.q) be T, convergence space, For each
e A, 5:,‘0 g,,~converges to Y for each distinct XapYa, in X"o' Let



SEPARATION AXIOMS ON THE INITIAL CONVERGENCE 113
SPACES

x,y be points of [ X, with P (X)=x,, P, =Y, and P (x)
=P, (y) for any A%, Then i ¢'-converges to ¥ Since ([l X,,q¢)
is To convergence space, ¥ fails to g’-converging to x But P, (3)=
P (y)=y,= 1,=P,(x) q,-converges to x,=PF,(x) for each A=A,
’.Therefore PAO(y)=3’rA0 fails to g, s converge B, (:c)——=x,\0 Thus (XAO, qko)
is 7Ty convergence space,

A convergence space (S,q) is said to be T, if § fails to ¢-converging
to ¢ for each distinct s and ¢ in S.

Theorem 2.3. Let (X, ,q,) be a convergence space for each Ae A
If there exists at least one pe A such that f, is iyectwe and X, is T),
then (X.q) s T

Proof. Lev & g-converge to y. Then [, (%)=={,(x)g,-converges o
fi(y) for each AcA. Since (X, g.) is T, convergence space and
fu 18 injective, f (x)=f.(y) and x=y. Thus (X,q) is T,

Corollary 2.4. (X,.,q,) s a T, convergence space for each Le A if
and only if (HX,, q’) 1s T, convergence space.

A convergence space (S,g) is said to be Hausdorff, if each filter
g-converges to at most one point in S.

Theorem 2.5. Let (X,, q,) be a convergence space for each A€ A
1f there exists at least one 1€ A such that f, 15 inyectwe and X, 1s Hausdorff,
then (X,q) s Hausdorff

Proof. Let ¥ g-converge to x,y. Then for each A€ A, f,(¥) gq,-
converge to fi(x), fA(y). Since (X., ¢.) is Hausdorff and f, is injective,
x=y. Thus (X,q) is also Hausdorff,

Corollary 2.6. (X,,q.) s Hausdorff convergence space for each A€
A of and only if (4l Xa.q) s also Hausdorfy.
Let ¢, p be two convergence structures on a set S. (S,q) is said
to be p-regular if I',(¥) q-converges to s whenever % g¢-converges to
s, and p-regular Hausdorff convergence space is called p-'T} space.
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Lemma 2.7 ((6]). Let {:(S,9)—=(T.p) be a confinuous function, ACS.
Then f(IL(A))C I (f(A)).

If % is any filter on S, I'(y) is the filter generated by {I(F)| F
€¢}. (S,q) is said to be regular if I',(®$) g-converges to s whenever

¥ g-converges to s, and regular Hausdorff convergence space is called
T,

Theorem 2.8. Let (X,.q,) be a convergence space, p, be another
convergence structure on Xx for each A€ A. If (X,,q,) is p,-regular con-
vergence space for each A€ A, then (X,q) is p-regular, where p s the
inz}ual convergence structure induced by the family {fk|f,k:X—>(X,\,p,\),le
A}

Proof Let ¥ g-converge t¢ x, then [, {¥) ¢,-comverges ic f,(x)
for each A€ A . Since (X,,q,) is p, -vegrular, I, (f.(¥)) q,-converges
to f,(x) By Lemma 27, f,(I.(¥)) q,-converges to fi(x). Thus I's
() g-converges to x

Corollary 2.9. If (X,.q,) s p -regular convergence spoce for each
AcA, then (1 X,,q) 15 ©p-regular, where p s product convergence
structure of p, on M X,

In p-regular convergence space (S,g), put p=gq, then the following
corollaries are easily verified.

Corollary 2.10. If (X,,q,) s regular convergence space for each A€
A, then (X,q) 1s also regular

Corollary 2.11. If (X,,q.) is regular convergence space for each A€
A, then (I X,.q') is regular.
Corollary 2.12, [f (X..,q.) ts T, convergence space for each A€ A,
then (I X,.q') 1s Ta
A regular convergence space (S,q) is said to be symmetric if ¥ q-
converges to f whenever ® g¢-converges to s and § g-converges to .

Theorem 2.13. If (X,,q9,)} s a symmetric convergence space for each
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Ae A, then (X,q) s symmelric.

Proof Let ¢ g-converge to x and % g-converge to y. Then for
each A€ A, f, (¥) q,-converges to f,(x) and f,(x) ¢.-converges to f
(v). Since (Xa,q,) is symmetric space, f(3) ¢,-converges to f,(y).
Thus ¥ gq-converges to y.

Corollary 2.14. If (X,,q,) 1s symmetric convergerce space for each
Ae A, then ([ X,,77) 15 symmetric.

3. Regular modification and regular series

Richardson and Kent ([10]) defined the regular modification (r(S),
r(g)) of a convergence space (S,q),

(r(S),r(q)) is the finest regular convergence on the same underlying
set which 1s coarser than (S,q);

(r(S),r(g)) is the supremum of all regular convergence spaces coarser
than (S.¢)

A convergence space (Sg) is said to be R-Hausdorff if (r(8),r(q))
is Hausdorff.

Lemma 3.1. Let g, and p, be convergence structures on X, such that
qr=pa for each A€ A, q be the wnitial convergence structure on X induced
by the famiy {f, |f,\.‘X—>(XA,qA), Ae A} and p be the witial convergence
structure on X induced by the family {f,|f.:X—>(X,.p,) A€ A} Then
(X.q) =(X.p).

Theorem 3.2. Let ¢ be the initial convergence structure on X induced
by the family {f,l[)‘; X=(r(Xa),r(g)),h € A}, Then (r(X),r(@)) =(X.q")

Proof. Since, for each A€A,(r(Xy), r(g.)) is the finest regular con-
vergence space on the same underlying set coarser than (X,,q,), by
Corollary 210, (X.¢") is a regular convergence space, Since ¢, =r(g;)
for each A€ A, by Lemma 3.1, ¢g=¢° But r(g) is the finest regular
convergence structure on X which is coarser than ¢, thus r(g) =2¢"

Let ¢" be convergence structure defined in Theorem 32. Then by
Theorem 25, 32, and Corollary 26, the following corollaries are
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easilly verified.

Corollary 3.3. (r(fLX,). r(g))= B (r(X,), r(q.,))-
Corollary 3.4. Let (X,,q,) be R-Hausdorff convergence space for each
Ae A Then
a) If there exists at least one pe A such that f, s wyectwe, then (X,
q") s Hausdorff.
b) (X.q) 15 R-Hausdorff

Corollary 3.5. Let X= JIX,. Then the following statements are
equivalent.
a) (Xi, q5) s R-Hausdorff for each Ae A.
b (X.¢") 1s Hausdorff
Furthermore, if (X,,q.) s R-Hausdorff for each A€ A, then (r(X),r
(¢ ) s Hausdorff.

For any convergence space (S.g), let {o(S), p(g)) be the convergence
space defined on the same underlying set as follows:

¢ p{g)-converges to s if and only if each ultrafilter ¢ finer than
¥ g-converges to s.

Then by definition of p-regular and [10], the following theorems
hold.

Theorem 3.6. Let q and p be two convergence structures on S with
the property;
if ultrafulter ¢ q-converges to s, then I, {¥) g-converges to s. Then
a) (0(8),0(q)) is p(p)-regular.

d) If (S,q) s p-regular, then (p(S),0(q)) is p(p)-regular.

Theorem 3.7. If (Sx.gx) is p, -regular on the same underlying set
S, ¢"=suplq, A€ A}, and p*=sup{p,|A€ A} then (S, ¢*) is p*-regular.

Let (S,q) be a convergence space. The set of all natural numbers
(including ¢ ) will be defined by N. An ordinal family {(rs(S).7«
(g)}} is defined recursively on the same underlying set S.

ro(S)=S;

¥ ri(g)-converges to s if and only if there exist n€ N and filter ¢
g-converging to s such that DI 7 (4);
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¥ r,(g)-converges to s if and only 1f there exist n€ N and filter ¢
g-converging to s such that ¢DF rlm( ¢)

¥ 1, (g)-converges to s 1f and only 1f there exist ne N, filter ¢ ¢-
converging to s, and f<a such that ¥ OI%a(é)

The family {(r, (S),7, (¢))} will be called the R-sertes (or regularity
sertes) of (Sg). Richardson and Kent ([10]) introduzed definition
of R-series,

Theorem 3.8. Let (X, ¢3) be the initial convergence space induced
by the famuly {fA!f,\.X-»(ra (X2) e (gR)) A€ A} for any ordinal number
a. Then (ro (X).ra (@))2(X,q5).

Proof. Transfinite induction.

Let ¥ r(g)-converge to x. Then there exist n€ N and filter ¢ g-
converging to x such that ¢DI7(¢) For each Aec A, [, (4)q.
-converges to f,{x) and

LT ¢ NDOTHH(S))
Therefore, f, () r(q,)-converges Lo f,(x) for each A€ A
Thus % g}-converges to x

Assume that (r, (X).r, (¢))= (X.,q;) for all S<a

Let % r,(q)- converge to x Then there exist n€ N, filter ¢ g-converging
to x, and ¥<a such that D . o(#)  Therefore, for each Ae 4,
fi(#) q,-converges to f,(x) and

fa (’!’)Df,\(Fr,m.((f’))DFf,,m(f,\(¢))
Thus f,(¥) r, (g,)-converges to f, (x)} for each A€ A

Corollary 3.9. Let (M X,,q7) be the product convergence space
of family {(Xag:){A€ A} of convergence spaces. Then, for any ordinal
number «,

(ra (,\Q\X.‘\)»ra(q )2A{£ (ra (X3), ra(q,y))
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