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ON CERTAIN CLASS OF ANALYTIC FUNCTIONS
WITH NEGATIVE COEFFICIENTS

Man Dong Hur and Ge Hwan Gb

1. Introduction
Let A denote the class of functions of the form

fB)=+3 an" (1.1)

which are analytic in the unit disk U={z"{z} <7}
And let S denote the subclass of A consisting of analytic and univalent
functions f(z} i the umt disk U/

A function f(z) in S is said to be starlike of order a if

szz) o
Re{m—f = Da (ze U) (1.2)

for some a(0<a< 1) We denote hy S*(a) the class of all starlike
functions of order «, Furthermore, a function f(z) n S 15 said to be
convex of order a if

Re{!ﬁ-%% V>a (ze U) (1.3)

for some «(0<a< 1) And we denote by K(a) the class of all convex
funections of order «.

It is well known that f{z) e K(a) if and only if zf'(z) € 8 (a), and
that 8" (@) S8 (0)=8", and K(@)SK(o)=K for 0 <a<1

These classes 8*(a) and K(a) were first introduced by Robertson
({6]), and later were studied by MacGreger([4]) and Dinchuk([5]).
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Let (f»g)(z) be the convolution or Hadamard product of two functions
f(z) and g(z), that is, if f(2) is given by (1.1) and g(z) is given by

82} =2+ 3o (14)
Then
(1:8) (2)=3 anbuc" (15)

Let T denote the subclass of S consisting of functios f(z) whose
nonzero coefficients, from the second on, are negative. That is, an
analytic function f(z) is in the class 7 if it can be expressed as

()=2—3 ae" (6n20) (L6)

and let T"(e)=TNS(a), Cla)y=TNK(«).

The class T*(a) and related classes posses some very interesting
properties and have been studied by Silverman([9]) and others, Also,
Gupta and Ahmad([2].[3]) introduced the subclasses of T and obtained
some of the results of Silverman([9]) for the class 7(a) and C(a).

For a function f(z) in S, we define

DPf(z)=f(z) (1.7
D'f(z2)==Df(z)=2f'(z), and (1.8)
Df(z)=D(D"'f(2)) 4=12,---). (1.9)

The differential operator I was introduced by Salagean ([7]).
With the help of the differential operator ¥, we say that a function
f(z) belonging to T is said to be in the class T(,«) if and only if

D™ fhy S, —
Re{—D,f—(z-)-}> (=0,1.2,--+) (1.10)

for some a(0<a<I1), and for all z in U.
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In particular, the class T(0,«) and T(Il,a) was studied by Silverman
(9.

In the paper, we investigate coefficient estimates and distortion
properties for the class T(;,a) Furthermore, we prove that the class
T(j,x) is closed under convex linear combinations. Also, we generalize
some results of Silverman ([9]) and Schild and Silverman ([8]).

2. Coefficient estimates

Theorem 2.1. Let f{'z)=z+2:;anz“. If 'z_'zzz’(n—a) an <l—a, then

D"f(z) =
Ref D) Da(=0,1,2,-+)

Proof Tt suffices to show that the values for
1
Ig ff( (22;) hes in a circle centered at w=1 whose radius is I—ea

We have

i Dfz)

Df(z) i
DYf(z)

= D*f(z) — Df(z)

1}

gﬂ" Y nh)an® 1
3 ntfad) ™

< En’(n—l) |@al 2

—Spi -1
1 n};_;n |@nfl2] ™

< gn‘(n-— 1 |@a|

1 '—Enﬂan(
This last expression is bounded above by I—a if

SRl (n—1) laa} = (2 ~a)(1—:gn‘ [@n] )

n=2
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whach is equivalent to

?:;n’(n—af)lanlgz‘—a {2.1)
+1
But (2.1) is true by hypothesis, Hence|%;;(7z)) ——1] < 1—a, and the

theorem 1s proved.

The following theorem give a necessary and sufficient condition for
a function to be in T(,a).

£

Theorem 2.2. A function f(z)=2—2 anz" is 1n T(,«) o and only if

a=2

S nin—o)an < I—a, (22)
a=m?

Proof In view of theorem 2.1, it suffices to show the only if part.
Assume that

" z~in’” a”
Re{% }=Re { ":2 !>a(|z| < 1) (2.3)
f(z) z-gn’aﬂz“ §
+1
Choose values of z on the real axis so that —% is real. Upon

clearing the demominator in {2.3) and letting z->1 through real values,
we obtain

1~2n’”an20(1—2n‘an)_
Thus gn‘(n—a)angl —a, and the proof is complete. Further, the
equality in (2.3) is attained for the function f(z) given by

f(z) =z——,1—__";—) 2Mz>2). (24)

n’(n

Using the Theorem 2.2, we have the following,
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Corollary 2.3. T(j+1,&)CT(,a) for }=0,1,2,---and 0<a <].

Corollary 2.4. Let the function f(z) defined by (1.6} be in the
class T(j,«), then

an< (n=>2) (25)

n(n—a)

3. Distertion Theorems
Using the result obtained in Theorem 2.2, we prove
Theorem 3.1. If f(z) € T(j,«), then

1—

__1_—_3_, D Sl
2’(2

T —

P<If2)| <r+ =7 (|2 =n)

with equality for the function f(z)=2——2_1(12__ aa) Z.
Proof. Note that

2’(2‘0)2%52 n—ajga<1—a.

This last inequality follows from Theorem 2.2.

Thus
P o l—a
[1(2)) <r+3an rnsr+r2§=:2ansr+—~2,(2_a) .
Similarly,
o o I—a
1f(2)| Zr—fgaﬂ r“Zr—-r?EQUZr— 21(2_0,} r

Theorem 3.2. If f(z) € T(.«), then

1—
}~Wr< |f(z)l<1+

1

P S S
2}—1(2 ) r
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. . ; R St
with equality for the function f(z)=z Fo—a) 2
Proof. We have
| <143 000 |4 < 1473 00, (3.1)

In view of Theorem 2.2,

D5 nan<I—at+al’y o

1—« =2(]_—a)
22 —a) 2 —a’

<l—a+ta2

A substitution of (3.2) into (3.1) yields the right-hand inequality.
On the other hand,

|F@| 21-3; nantel™ 2 1-rEn oo 21—'24_—11(;‘1«) 2

This completes the proof.

4. Convex Linear Combinations

In this section, we shall prove the class 7'(},«) is closed under convex
liear combinations.

Theorem 4.1. T'(;,a) is a convex set,
Proof. Let the functions

h(2)=2~3 apn (@, 20, 1=12,) (4.1)

be in the class T(,a). It is sufficient to show that the function
h(z) defined by

h(2)=A\(2)+(1—2)f(2)(0 < ALT) (4.2)
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is in the class 7(,«), Since
h(z)=2— 3 (Aot (1—A)ayn)2", (4.3)
with the aid of Theorem 2.2, we have
> rn—a){Aayat(1—Naua} <I—a (4.4)
which implies k(z) € T(,«).

Theorem 4.2. Let f,(2)=2z and
1—

l(n

fa()=2— Z“ (=0,1,2,---, n=2) (4.5)

for 0<a<I. Then f(z) is in the class T(,a) if and only if 1t can be
expresed in the form

1(2)=3 Anfa(2) (46)
where A0 (n=1) and gl\ﬂ=1.

Proof. Assume that

D=3 hfa()=2— 3= Aoam. (4.7)

= n’(n “)

Then it follows that

s~ n(n—a) (1—a)
; (I—a)n)(n—a) *n
= S An=1-A<1
which shows f(z) € T(,a)
Conversely, assume that the function f(z) defined by (1.6} belongs
to the class 7(,«)
Then, since

(n=>2), (4.9)

an=

n’( )
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we may put

M= 4 (n22),

and

h=1-31n

(4.10)

(4.11)

Hence, we can see that f(2) can be expressed in the form (4.6).

Above Theorem 4.2 shows that the class T'(,e) is closed under convex

linear combinations,

Corollary 4.3 'The extreme points of the class T(j,«) are the

fimetions fo(z; (n=>1) given by Theorem 4.2,

5. Convolution Properties

Let the function f,(z) (:=1,2) be defined by (4.1). Then, we define

the modified convolution (fi* f,)(z) of fi(z) and fi(z) by

(f,+ F) () =23 Gyynpd®

(5.1)

Theorem 5.1 Let the function fi(z) (:=1,2) defined by (4.1} be
in the class T'(¢,«). Then (f,* f.)(z) is In the class T'(;,3), where

1—a

P25 )
s =
(o)

The result is sharp.
Proof. From Theorem 2.2, we know that

o @

}'_;n’(n —a)an<1—a, and nZn‘(n—a)bnSI—-a

n= w2

We wish to find the largest 8=4#8(a) such that

gn‘(n—ﬁ)anb,.s1~/i

(5.2)
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Equivalently, we want to show that

2_“‘__“‘-_ an$1 (5.3)
and
pRACCONES (54)

imply that

anba=<1 (5.5)

From (53) and (5.4), we get, by means of the Cauchy-Schwarz in-
equality,
S n—a) st

v Gada =1 (5.6)

n=2 ]—

1t will be, therefore, sufficient to prove that
r(n—F) nn—a) ——
.!'_ﬁ anbn_é_ I_a anbn
for B<B(a)and n=2,3, -

or

n —a 1—-74
v anba <( —a )(n"—ﬁ)'

1

From (5.6), it follows that ./ anb, <——%_for each n (n=2,3,-).
n'(n—a)

Henece, 1t will be sufficient- to show that

A

1—a n —a 1
(n—a) <( > ) (n

) for all n=223,---. (57)
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Inequality (5.7) is equivalent to

mon ’ll:Z d wn—a—n(l—a)?
ﬁ.<_. m: nj(n_a)z_’(lqa}z (5.8)
n—a

The right hand side of (5.8) is a increasing function of n (n=2,3,---).
Therefore, setting n=2 in (58), we get

ol
,6<2;_2_(12_'_‘_‘_"_)
T g LT e
2= (5, )

The result is sharp, for the functions

|—«

ﬁ(z)':Z-m

ZeTy.a) =12) (5.9)
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