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ON CERTAIN SUBCLASSES OF ANALYTIC
P--VALENT FUNCTIONS WITH
NEGATIVE COEFFICIENTS

M. K. Aouf*

Abstract

Let So*(a,8,#) denote the class of functions f(z)v—-z"—-nz.:amn &
{@pn=0, p€N) analytic and p-—valent in the unit disc U={z:1z|<1}
and satisfy the condition

#'(z)
f(2)

2f"(2) _
e +p—(1+pma

<f, ze U,

where o<a <p, 0o<A<1 and o<p<]. Further f(z) is said to belong
to the class Cp™(a,8,1) if zf (2){p € Sp*(a,B,4).

In this paper we obtain for these classes sharp results concerning
coefficient estimates, disortion theorems, closure theorems, Hadamard
products and some distortion theorems for the fractional calculus,

I. In{roduction.
Let Sp denote the class of functions
[(D=P+3 0o 7™ (pEN)
analytic and p—valent in the unit disc U={z: z <1}

We say that f(z) belongs to the class Sp(e,8,1) If f(z) €8S, satisfies
the condition
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o' (z)
f(z)

) <f3 (ze U)

2f’(z

AE p—(1+

“ i TP (It

for o<a<p, 0<B<1 and o<u<] Further f(z) is said to belong to
the class Co(a,B,p) if 2f" (2)/p € Sp(a,B,1)

In particular, Sp(0,1,1) and Ss(a,l,1} are respectively the classes
of p—valent starlike functions and p—valent starlike functions of order
a, o=a<p. Also §(0, 1,0), S.(0,8,1) and S.(0,6,.) are respectively the
classes of functions studied by Singh [15], Padmanabhan [11] and
Lakshminarasimhan {5].

Let Tv denote the subclass of Sy consisting of functions analytic
and p—valent which can expressed in the form

[(2)=F =3 tpin 2" (apn=0, pEN).

We denote by Sg*(«,8,2) and Co*(a,3,4) the classer obtained by taking
intersections of the classes Sp(a,f,) and Cp(a,B,#) with Ty, respectively.
It is easy to see that

Sp*(an B ) C S (@, B,10) if a<ag,
Sp*(a, B,y CSp* (e, Bopt) tf B,< S,
and

Cp*(a'zsﬁ,ﬂ)ccp*(“uﬁ,f‘) if ay<ay,
Co*(a.B,) CCo™(@,Bu,00) If B< A,

In 1976, Gupta and Jain {3] studied the class S,"(a,8,1). Moreover
Silverman [12], Silverman and Silvia {13], [14], Ahuja and Jain
[1], Owa [7] and Owa and Aouf [9], [10] have studied certain subclasses
of univalent functions with negative coefficients. For other classes of
analytic p—valent functions with negative, Goel and Soh1 [2], Srivastava
and Owa [16] and Owa [8] showed some results,

2. Coefficient estimates.
Theorem 1. A function

f(2)=2"~ 3 Goun #"™(apn>0, pe N)
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is in the class Sp*(a.8,4) 1f and only if
S nt-Blunt (1449 (p— ) Japn S (148 —a).
This result is sharp,
Proof. Let |zl=1. Then we getl
Vel () —pf(2)} — B | uzf (2)+[p— (I +m)a)f(2)]

=
- Z_ﬂ Qpn Pttt

n=f

~Bl(1+n) ()
—STent(I+2) (p—a)lapnz"|

E';Z]{n+ﬁ[#n+ (142 (p—a) I} apon — (1 +2}B{(p—a)<0

Hence, by the maximum modulus theorem, f(z) 15 in the class
Sp™ (a8 ,2).
On the other hand, assume that

' (z)
()

2’ (z)
()

<f3 (ze U)
i

+p—(1+ma

Since |Re(z)| Slzlfor any z, we have

"Z;n Qpin 227

(It+2) (p—e)2° — X[ pen+ (1+p) (p—a) Japra 2

Choose values of z on the real axis so that Z;(S) is real. Upon clearing
the denominator in (2.1) and letting z—1 through real values, we
get

31 aon<B{(141) (p—ay=3[nH(I+) (p—)] apun)
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which implies that
S n+Blant+(142) (p—0) 1 apn=(1+)B(p—a).

The function

(1+m)B(p—e)
Bl (100 =] (n=1)

f(z)=zP—

is an extremal function.

Corollary 1. Let a function
&)=+ 3 000 #(apn=0, PEN)
be in the class Sy*(a,8,4). Then we have

e (WA
PO Bl pnt- (1) (p—a))

for any n=1. The equality holds for the function

n+Blun+ (14 (p—a)] ~

fay=2—

Theorem 2. A function
[(2)=2"—3 0o ™(apin=0, pEN)
is in the class Cp*{(a,f,) if and only if
S(p+n){ntBluant(1+2) (0—a)}aomS 1+ Bp—a)p.
This result is sharp.

Proof. The function f(z) is in the class Cy*(a,8,#) if and only If
zf' ()jp€ Sp*(a,B,1). Now, since

Al

HE _p Sy By, 2
p = op "
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ptn
p

by replacing apm by ( )} apsn In Theorem 1, we have the theorem,

Corollary 2. Let a function
H(2)=2"—2 ap@” (apm=0, pE N)
be in the class Cp*(a,B,p¢). Then we have

o (I+mB(p—a)p
= (ptn) {nt-Blan+(14p)(p—a)])

for any n=1. The equality holds for the function

o (I+m)B(p—ajp 0
M o o nt Blant (140 (=T}

3. Distortion theorems.
Theorem 3. Let a function
(=2~ 3 om? (aonZ0, pEN)
be in the class Sp*(a,8,12). Then we have

. (4 ) B(p—a) P
f(2) 212! 148 p4- I+ (p—a)] IZ[

and

. (1+wfp—a)
]f(z)‘iiz| + I+B[u+(1+p) (p—a)) I

for ze U. Further

’ - pl__ {(+)B(p—a) (p+1) p
1|2 Pl Tt (G 1

and

< vy (e B (p—a) (pt+1) B
= Pl A 1w ]
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for 2€ U. These estimations are sharp.

Proof. By using Theorem 1, we oblain
{1+BL+ (144) (p—) ]} t0un
<3 ntBlunt(144) (=) }apa<(1+mB(p—a)

which implies that

- (1+p)B(p—a)
2 90= Bk (1) (p—a)]

Consequently we have
12| = [2]"= X apun | 2{7

= |2P’_ IZ{D".l iap.;n
n==]

-~ |z|p_ (I1+mBp—a) ‘z |p+1
- I+ B[ p(1+p) (p—a))
and
|12)] < 2"+ S ol 2
leIp'i'IZ‘pn Eapm
< P (1+#)3(P_‘1’) 1
=l 1+8(pt+H(14p) (p—a)] Kis
for ze U.

In order to show the second half of the theorem, by using

(I+)B(p—a)
148 p+(1+p) (p—a) )]’

2 (p+nr)aon<=

we obtain

@)= plz =3 (ot n)gpm]z|™
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-3

Zpl2) P~z Z(p+n)aen

> prapio(t@Bp—a) e+ 4 i,
= plel 48[ p+ (141 (p—a)] iz}

f’(z)l < p[ZI’”+:§(p+n)ap+n!2| ponet
< ple|® [z gam

(I4w)B(p—a) (p+1}
I+A{p+ {1ty (p—a)]

< ple ™'+ |2

for z€ U The bounds are sharp and are attained for the function

e UtmBE—a) .
I = Bt (140 =] ©

Corollary 3. Under the hypotheses of Theorem 3, f(2) is included
in te disc with center at the origin and radius

(1+B)+2(1+8(p—e)
I+B8[p+(14u) (p—a))

Further f7(z) 1s included in the disc with center at the origin and

radis

pUIFBwy+(1+p)B(p—ea) (2p+1)
I+-B] g4 (14 (p—a)]

Theorem 4. Let a function

{(2)=2—3 Gpun P (apn>0, pEN)

be in the class Ci/a,B,2) Then we have

[f)| = |217— (14mB(p—a)p

lprl

P+ D1+ (144 (p—al} 1z
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and

(1+m)B(p—a)p tz
o+ D{1+Blp+(1+) (p—al)

|f@)| < |z "+

|p+l

for ze U. Further

(1+l‘)ﬁ(p_a)p i 2|p
148l (1+p) (p—a)}

1] = plz|™—

and

(I+m)B(p—a)p [
I+-B[pt (14 (p—a)]

[F"@| < plz|>+

z|®

for ze U If pe N—{1I}, then we have

. 1yl pjpe— _(IHmBR—P@EY | o
|72 2 po—1)}2|"* I Blp+(1+n) (p—a)] 14

(I+m1)Be—a)p(p+1) | 2|7

7 _ 2 _
| = pe- Dl e T =]

for ze U. The estimates for f(z) and f/(z) are sharp and are attained
for the fnction

—_ P (I +;l)ﬁ (p —a)p +1
fe)=2 (p+1) {I+BLpt(I+p) (p—a)l} d

Proof. The proofs for|f(z)] and|f/(2)| are obtained by using the same

technique as in the proof of Theorem 3 with the aid of Theorem 2.
Further, for pe N—{1} and z€ U, we have

|/2)] 2 po—D| 2]~ 3 0+ ) (p+Hn—Lapwm| 21>
Zp(p—D21"*~|2|"* o+ tom

(I+mB(p—a)p(p+1)
1+8[ut+(14+4) (p—a)

Zp(p—1){z|"?— ] | z|®



ON CERTAIN SUBCLASSES OF ANALYTIC P-VALENT 4
FUNCTIONS W{TH NEGATIVE COEFFICIENTS

and
|7%@)| < p=D]2|"*+ 3 (p+n) @+n—1)apwl2l™
< pe=12|"* +z|™ 3 e+n) apan

(1+mWRp—app+1)

<plp— I)IZIP'z-!-I +B[”+(1 + ) (p—a)]

iZ{P—l

by using Theorem 2.

Coroliary 4. Under the hypotheses of Theorem 4, f(z) is included
in the disc with center at the origin and radius

(p+1) (1+Bm)+U+w) B (p—a) (2p+1)
(p+1) {1+B[p+ 1+ (p—a)]}

and f7(z) 15 mcluded 1n the disc with center at the origin and radius

p(I+B)+2(1+p)B3(p—a)p
148 p+ (141 (p—a)]

Further f7(z) is included in the disc with center at the origin and
radius

plo—1)(1+Br)+2(1+)B(p—q)p°
14-Blat(14-p) (p—a) ]

4. Closure theorems.
Theorem 5. Let
()= =3 apn 2 (apn=0, pEN)
and
£(2)=—3 bpun P (ap.n 20, pEN)

be in the class S;*(«,8,x).
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Proof. Since f(z) and g{z) are in Sp"(@.53,/), we have from Theorem 1
S{n+Blant (1445 (p—a) JYapn< (1+)Bp—a) (4.1)
and
S {n B+ (1w (p—a) Yoo < (1H0Bp—a).  (42)
From (4.1) and (4.2) we get

%g{ﬂ‘!‘ﬂ[#n‘f‘ (1420 {p—a) J } (ap+n+bmn) =(1 +;¢)l3(p—a'),

which implies that A(z) € Sp™(a,f p).
The analogus of Theorem 5 for the class Cp*{a,8,1) is :
Theorem 6. Let
/(z)=z"~—§ap,n 2" ap.n=0, pEN)
and
8()=2"— 3 bon 2 (bpinZ0, pEN)
be in the class Cp'(a,8,4). Then the function
h(2) =2~ %3 (ap.at-boun) 2™
1s also in the class Cp'(a,B3 u).
Theorem 7. Let
[(2)=2~3 apin 2™ (apaZ0, pEN)
and
£2)=P— 3 boun 2 (bpaZ0, pEN)

be in the classes Sp* (e, 3,40 and Co*(a,f3,4), tespectively. Then the function
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pt1

M= Cop

)nz;(amn”‘]‘bmn)zw n
is in the class Sp*(a,B,p).

Proof. Since f(z) € §p"(a,3,1) and g(z) € Cp'(«,8,44), by using Theorem
1 and Theorem 2, we get

g?{“/”[wﬂlﬁ-n) (o—a) }apa < (1+1)8 (p—a)

and

& . (I+#)B(p—a)p
2AntBlant (14 (0—a) ] }bpun< 1)

Therefore we have

(::;"D:ll)g;{n+ﬁ[/tn+(l+#) (p~a) 1} (@peat-bpun) < (1+1) B(p—a)

which implies that k(z) € Sp*(a,5,2).

Theorem 8. Let
fo(z)=2" pe N)
and

(I+mBp—a)
nt+BLun+(14p) (p—a)]

foin(z)=2"— Pz N)

for n=1,23,--- . Then f(z) belongs to the class Sp'(a,8,2) if and only
if it can be expressed in the form

f(z):glpmfpm(z),
where Ap.n=0 and i}lpm=l.

Proof. Assume that
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(2)=3 Ao foua(2)

P~ (1) B(p—a)g Ao, 2P0
== Sin-Blunt(144 (p—a)] "

Then we obtain

n+Blpn+(1+m)p—a)] (141 Bp—e) }
(1+p)B(p—«) n+Blpn+(1+p) (p—a)]

=3 Aon=1—Ip<1

PP

This shows that f(z) € Sp"(a,8,1) by Theorem 1.
On the other hand, iet
f(2)=2P—3 Goin #apm20, pE N)
be in the class Sp*(«,8,2¢). Then, by using Corollary 1, we get

PN n-Blunt (1) (p—a)]

for any n=1. On putting

Ag, = HBlent U+s) (p—a)]
o (1+)B(p—a) ] o

and
Ar=1=3 Apun,
we have the expression
(=2 Roun fom(2)
This completes the proof of the theroem.

Theorem 9. Let
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fo(2)=2" (pEN)

o (1+)Bp—a)p n
fom(z)=2" (o+nY{n+Blun+ (144 (p—a)l} & @t

for n==1,2,------. Then {(z) belongs to the class Cp*(a.3,2) if and only
if can be expressed in the form

H2)=3 Aoun foun(2),
where Ap.n=0 and gpm=l.

The proof of Theorent 9 is grven in much the same way as Theorem

8.
5. Hadamard products.
Let fxg(z) denote the Hadamard product of two fundctions
f(2)=2°-gamn &M (apmn=o0, pEN)
and
g(z)=z”-gbpm 27 (bpin=0, pEN)
that is
[-8(2)=2"— 3 nin by 27"
Theorem 10. Let the functions
(&)=~ 3 amn #MannZ0, pEN)
and

£(z)=2— 3 boun 2 apnZ0, p€ N)
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belong to the classes Sp*(a,B,2) and Sp"(a,, B8, r), respectively, Then
the Hadamard product f+g(z) belongs to the class Gp*(ay,By.4), where
Cp*(ﬂ’oy Bo, ,U) =(Cp*{a), B )N G (@, 13,, £0).

Proof. The proof is similar to the proof of [4, Theorem 1].

Since f(z) € §p™(@,,8,,1¢) implies f(z) € Sp(0,1,1), we have

> (0-+n)apn=p.
Therefore
(p+n)apn=<p, for all n=12,-, peN (5.1)
Swunilarly we have
@+n)bpn<Dp for all n=12,-----, pe N (52)

In order to establish the required result we need to show that
fxg(z) belongs to both Co'(a,.B,.) and Co"(@,F,, ).

By using (5.2) we get
Sto+m){at Bl (142) (—a)]}apn boin
Sg pln+Blan+(1+m) (p—a)]}apn
(I8 (p—a)p, since f(z) € Sp’(a,BLx).

This shows that fxg(z) € Co*(a,B.4)
Similarly, by using(5.1), we can show that fxg(z)eCGla, 8, 1)
Hence f+g(z) belongs to Gu"(a, B, Co(ce,Bo.t).

Corollary 5. Let the functions
()=~ 3 o 2" (apin =0, pEN)

and
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£(2)=2—3 boun 2™ (Bpun20, pEP)

be m the same class Sp*(«,8,12). Then the Hadamard product fg(z)
belongs to the class Cp*(@,B,u).

Theorem 11. Let the functions
[()=2—3 tpm #(apin20, pEN)
and
8(2)=2"= S iboun #*(boun>0, pEN)
be in the classes (p%a, B 1) and (Co*(a,, B, 10), respectively, Then the
Hadamard product fxg(z) is in the class Cp*(a.B,1¢), where a=
Min(a,, a,) and B=Max (B, 5.).

Proof The proof is similar to the proof of (7, Theorem 1),
Since f(z)e Co*(a,B,,12) and g(z) € Co*(a,.B.,12), by using Theorem 2,
Sto+n) {ntApmt(1+r) (p—a)Yapn

=(I+y) Bp—ap.

and

g(p—l-n) In+8 ln+(14u) (p @)t by n

S (140 Bp—a)lp

Hence we have

= (1+)By(p—a)p
S D (1B (1) (e}

and

(1+)BAp—a)p
< T
Zbon = p+D{I+B[pt 1+ (p —a) ]}

<1
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Therefore,
> (o+n) {(nt Blun+(1+#) (p—a)]}am bou
SMax {330+n) {n+Blun+(1+2) (p—a)]}om
S @+n){n+Blunt (144 (p—a)]}boen)
<{1+m)B(p—ap,

where a=Min{a,a,) and B=Max(53.5,) Consequently, the Hadamard
product f+*g(z) belongs to the class Cu*(«,/3,2) by Theorem 2,

Corollary 6. Let the functions

[(2)=2— 3 o 2 (ap0 20, pEN)

and
g(z)=2p_'§bp+n Zm(amnzo: DE N)

be in the same class Cpo'(e,5,4). then the Hadamard product feg(z)
15 also in the class Cp“(a,f,x).

6. Fractional calculus.

There are many definitions of the fractional calculus, that is, the
fractional derivative and the fractional integral. In 1978, Owa [6]
gave the following definitions for the fractional calculus,

Definition 1. The fractional integral of order kis defined by

1 2 f(£)dS
Tk Jo =57

Di*f(z)=

where >0, f(z) is an analytic function in a simply connected region
of the z—plasne containing the origin and the multiplicity of
(z—&)X" is removed by requiring log(z—¢) to be real when (z—&)>0.

Definition 2. The fractional derivative of order kis defined by
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1 H&)E
f'1—*k) dz o (7—(;)k

D f(z)=

where 0=k<1, f(z} is an analytic function in al simply connected
region of the z—plane containing the origin and the multiplicity of
(z—C€)™ 15 removed by requiring log (z—¢) to be real when (2—§)>0

Definition 3. Under the hypotheses of Definition 2, the fractional
derivative of order (n-+k) is defined by

. f(z)':%D-'zf f(z),
z
where 0=k< and ne N {0}

Theorem 12. Let a function

f(2)=z°—§;ap,n a0 >0, peN)

be in the class Sp"(a,8,x). Then we have

@) |2 B e
(1——ptl (I+mB(p—a) I2()
Ptk (1AL (10 ()]} |
and
[0 | = FLRT el
{(14—P*tL (I+m)B(p—a) (2|}

p+it+k {148 p+(1+p) (p—)]}
for 0<k<I and z€ U The result is sharp.

Proof. Let
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_L@HI+h) s
F(z) ot D) Z2D2*f(2)

__i[’(p-HH—I) P(D+I+k) 8pen zpm
=t (p+nt+1+k) I'{p+1)

=23 A(n) apm &,
where

Pptnt+ DI p+1+k)
p+n+t1+k) I'pt1)

An)= (n=1)-

Since

0<A(n)SA(1)=?(f_%"

we have, with the help of Theorem 1,
|F@] 2 121°= A1) 12]* Zamn

> poppo—oED (1+)B(p—a)
= (p+1+k) (1Bl (I4r)(p—a)])

{zlpﬂ

and
|P@) [ 2P+ AW 21 Famn

o+ _ . (I+p)Bp—«

St Tl Tt ) =TT

lml

which prove the ineqgualities of Theorem 12. Further, equalities are
attained for the function

Ipt1)

N )

D@ =iy T
(- PtD_ (1+)B(p—a 2
(p+1+k)  {1+B[pt(Hw) (p—a)]} Y
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or

(1+p)B(p—a) (
18t (+r) (p—a)]

f(z)=2"+

Thus we complete the proof of Theorem 12.

Corollary 7. Under the hypotheses of Theorem 12, Dz%f(z) is included
in the disc with center at the origin and radius

FptD) Itk (I4B+m+(+mBp—e) Gpt21h) )
I'o+1+k) (p+1+k) {1+B[a+ 1+ (p+a)l}

Using Theorem 2, we have
Theorem 13. [.et a function
f(z)=zp_gap+n 2PN apa20, pCN)

be in the class Cp*(a,f,2). Then we have

lpt+1)

Dik P
|2+ fe)| = Pt 1ty X
{1_ 1 . (I+/1)/3(p—a’)p Izl}
(p+1+k)  {1+B[ut (142 (p—a)]}

and

- Mp+1)
D2 f) | < Bty 121

{1- 1 X (14-p)B(p—a)p [2 )
(o+1+k)  {1+8[pt 1+ (p—a)l}

for o<k<{1 and z€ U The result 1s sharp for the function

(I+#)Bp—a)p oy
p+D{1+Bln+ 1+ (p—a)l}

f(2)=2"~
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Corollary 8. Under the conditions of Theorem 13, D;* f(z) is included
in the disc with center at the origin and radius

LoD ¢ (ptIth) (bt mbpte) (2p+14k)
Ip+1-+k) (p+1+k) (1Bt (111 (p—a)])

Finally, we derive
Theorem 14. Let a function
(&) == pun 2 (@pun=0, PEN)

b 1n the class Co*(a,8,1). Then we have

kil > D@D o
[P = gy 275

(1— 1 ) {(14+1)B(p—a)p | z| }
(e+1+k)  {1+Blpt+(1+n) (p—a)]}

and

I'pt1)

1 . (I+p)Bp—a)p
U+ orm (Lot (o—m) 1)

for 0=k<1 and ze U The result is sharp.

Proof. Let
__ TIpt+1—k) K
G(z)_wr(p+1) 2DEf(2)
—pp Lot D) Fpt1—Fk) o

»=i P(pt+nt+1—k) M{p+1)

=23 (p+n) B(n) apen 2N,
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where
lp+n) Flp+1—k)
B{n)= n=1),
M=Fornti—k rpty =D
Noting
1
< P S
o< B(n)=<B(1) o2
with Theorem 2, we have
|G(z)| =} z|P—B(1)|z|*" ;‘_:, {(p+n}apin
. 2 (140 8(p—a)p 2]
Ak 1= OBt (it (p—all} |
and
|G| < |2+ B |2 3 0+n)asm
Slzlp_!_ 1 (I—I_,l)ﬁ(p_"a)p iz‘ prl

(p+1—k  {I+B(pt+(1+r) (p—a)]1}

which give the nequalities of Theorem 14. Since equalities are attained
for the function f(z) defined by

k . _{’.M Pk
Dzf(z) Tod ik ° X
(1— 1 . (I+)B(p—a)p 2)
p+i1—k)  {1+plpt(1+w) (p—=)]}
that is, by
f(z):zp_ (1+ﬂ)ﬁ(P_'a)p Plal

(p+1) {148t (14 (p—a))}

we complete the assertion of Theorem 14.

Corollary 9. Under the conditions of Theorem 14, D% f(z) is included



2z

in

M K Aouf

the disc with center at the origin and radins

I'p+-1)
Mpt+1—Fk)

{(p+1—k) (1+Bm) (14 +(1+m)Bp—a) (2p+1—k) }-
(p+1—k) {1+B[p+(142) B(p—~B)]}
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