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ON THE IDENTITIES OF BOL-MOUFANG TYPE 

By A. R. T. Solarin 

Abstracl : ln this work we study properties of fivc idcntitics of Bol-Moufang 

typc (1). We establish a necessary and sufficient condition for a loop to bc an 

RC-loop. A corollary to this is the condition for a Bol loop to be an RC-Ioop. 

Some prφerties of a generaJization of RC-Ioops are discussed. We a Jso state 

thc rcJationship bet、、 een the supernucleus M (G) of a loop G and the nucleii of 

loops which do not ha\'e the invcrse property. Finally. we give t、vo tabJes of 

non-associative RC-Joops of order 16, wh ich are not BoJ loops. 

1. Introduction 

F. Fcnyves (4] , studi ecl Joops with identities of Bol-Moufang type and pointed 

out some basic properties of loops satisfying these iden titics. ln this study. 、\'C

look at fivc identities viz 
?? ? ') ?? 

x'.yz ~ x'y. 2(la) . yx'. z ~y. x'z (1 b). yz. x'~y. 2X' (1 C) . 
? ? 

(yx. x ) z ~y.x'z(1d). yx'.z ~y(x.xz) (l c). (1 ) 

F. Fcnyves showed that a loop G satisfies thc identity (1a) ((1b) Or (1c)) if 

and only lf x2 lies In thc lcft (Iruddle or rlght) nucleus of G and (l d) Ol ( lC) 

If and only lf x2 1Ies in the mlddlc nucleus of G for all x ln G. The classes 

satisfying (l a) , (l b) and (lc) contain loops from virtually all classes sat isfying 

the Bol.Moufang typc identities. We may refer to the identitics (la) , (lb) and 
(1c) as left square (LS-) , square (S-) and right squarc (RS- ) identitics rcs 

pcctively; in cach case, loops satisfying them may be call cd LS-, S-, RS-Ioops. 

We also rcfcr to (1d) and (1 e) as right middle (RM-) and left middle (LM)­

identities, loops satisfying them as RM-loops and L\I-Ioops respectively. 

Identitics (1a) , (lb) , (1c) are special cascs of a gcncralizatiOn of the associa 
k k k k k 

tivity identity viz: xß. yz =xßy.z; yx~.z =y.x~z; yz.xß =y. zx" , where x• X IS a 

mapping of the loop into itself; a loop satisfies any of thesc identities if and 

only if 상 lies in the left (middle, right) nucleus respectiveJy. 
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A loop (G,' ) is called a right centrc loop (RC-Ioop) if and on ly if , 

(zy. x)x=z(yx. x) (2) 

for all x , y , zεG. A 1001' (G .. ) is callcd a right 801 loop (01' BoI loop) if and 

only if 
(zy. x)y = z(yx. y ) . (3) 

for all x , y , zEG. RC-Ioops and BoI loops arc right altcrnativc [1]. [4J. Therc 

arc cxamples of 1001'S which arc both BoI and RC-Ioops, cspecially, all the six 

BoI loops of order 8 arc a lso RC-Ioops. A natural qucst ion is: \\'hat is thc 

condition on a 801 1001' to bc an RC-Ioop? Here wc provc a more gencral 
thcorcm in which casc. thc condition is given as a corollary. We provc that a 
loop is an RC-Ioop if and only if it is right alternath-e and thc square of its 
clcmcnts bclong to thc right nucleus. Since BoI loops are right alternativc it 
then follows that if thc sq uarc of cvcry elcment of a BoI loop belongs to thc 

right nucleus then it is an RC-Ioop. Sincc 801 loops have bccn cxtensively 

studied by a number of authors including 801 [IJ , Robinson [히 , Solarin and 
Sharma [7J , [8J we sha ll concern oursclvcs morc with those RC-Ioops 、이lich 

arc not BoI loops. 

In [3]. O. Chcin defined supcrnucleus M (G) of a loop G as sct of elements 

satisfying the identity ("0. o)y=x (o. oy) for all x, y in G. Hc thcn proved that, 
a lS ln M (G) lf and only if a2 iS ln the nucleus N o[ G.lVc cxhlblt some pro­

pcrties of M (G ) which is a C-ioop, and slalC its connection 、이th various nucleii 
of loops which do Ilot have the inversc propcrty. 

1.oops satisfying the identical relat ions 

(x. "y)z=x(x. yx) (4) 
(yx. x)z=y(x. xz) (5) 

for all x , y , z $ G are ca lled left C-Ioops (1.C-loops) and C-Ioops rcspcctivcly. 

LC- Ioops arc dual to thc RC- Ioops. Jn Section 4, wc discuss thc algebraic 

propcrties of the c1asses of loops satisfying thc idcntitics 
(xk, xy)z= xk(x.yz) (6) 

(yx. xk) z= y(x. x‘z) (7) 
(yz. x)xk=y(zx. xk) (8) 

for all x , y , zEG, whcrc / is the image of x under somc mapping k of thc 

1001' into itsel f. 1.oo"s satisfying (6) , (7) and (8) arc ca llcd GLC-Ioops, GC­

loops and GRC-Ioops respcctivcly. 

Thc rcader may consult Bruck [2J for thc dcfinitions of the follo、ving tcrms 
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1eft nucleus N " midd1c nucleus N “. right nuc1eus N
p

' nucleus N. centrum C. 
Centre Z. 1eft multiplication L(x) . right multiplication R (x). 1eft inverse 

상. right inverse :l for x in a 100p G. All 100ps are written multiplicative1y. 

2. 、iVe dcfinc the following ncw properties of a 100p which are 

considcred in this sec(.ion. 

DE f'INIT!o)I 2. 1. A 100p G satisfies the 1eft ( right) square-a1ternati vc pro 
422 422 

pcrty if x'y= x-. x-y (yx' =yx". x") for all x. yεG. lt satisfies thc sq uarc 

altcrnative propcrty if it satisfies both 1eft and right square alternative 

propcrties. 

DE f' INITIO)l 2.2. A 100p G satisfies the 1eft (right) squarc-inverse property 
2λ2. 2 0 ’ if y-= x". xy-(y"x. x’ =y") . for all x. yEG. 1t satisfies the square- inversc preperty 

if it satisfics both 1eft and right sq uare-invcrsc properties. 

DFINITIO)l 2.3. A 100p G satisfies thc 1eft ( right)-inverse squared proper ty if 
2 λ 2 2 2 

(x")". x"y=y( yx". (x"Y =y). for all x. yEG. 1t satisfics thc invcrse squared 

propcrty if it satisfics both 1eft and r igh t-inversc squarcd propcrtics. 

’ DEFI :-J ITIO :-J 2. 4. A loop G satisfics the sq uarc flcxib1c propcrty if xy-. x = 

r-Ex, [or aIl x, ye G. 

TIIEORE~I 2.1 lf G is an RS-looþ. Ihen for all x E G. 

(i) G has Ih. righl square-alt.rnalive proþerly; 

(i i ) G has llze lefl square- inverse proþerly; 
o I o~2 • 2~ Å. λ 2 I 2~ 0 • 2~). (iii) (x")'=(x’)" ; (x ,,)oo=(XOO

) "; (x.)'=(x.)"; 

(iv) G has lee righl- i’‘verse sq1tar.d proþerly; 
。

(v) x" is in IIze riglzt nucleus N
p 

of G. 

PROOF. Lct G be an RS- 1oop. satisfying thc identity 
? ? 

yz. x"=y. zx- for all x. y. zE G. 

(i) Substituting z=i in the RS- identity g ivcs 
2 2 4 

yx . x =yx 

for all x. y < G. Hcnce G has thc right squarc 'a1ternativc property. 
). 2 

( ii) Substituting y = i ' in thc RS- identity. we obtain z"z. x" = zoo. zx". Since 
? ? 

z“ z = 1. it follows that x"= i'. zx" for all x. z三G. Hcncc G has the 1eft square-
invcrsc propcrty. 
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( ii i) In the RS-identity, let y= x , z = x , x = x' , Then:l (X,)2= X(X. (x'/) = 
p, 2 / __ 2, p ,\L _ 1 _ .. À. _). .. 1.. __ , _)., 2 .2 x(x.x' x')= 1. This implies that ( x')"=(x"y. Also lety = x", z = x", thcn (x")". x 

ì." À , , 2,). ,, )., 2 "1" 2" 2, Â. = x"(.<".xx)= 1:::=;'(x")"=(x")". Moreovcr, Ict y=x", z =(x")", thcn 
’ 2.) .. 2 2 .. 2,). 2. 2 2; 2~ ì. [x". (x")"J x" = x"[(x")". x"J = x":::=;.x". (x")"= 1. 

? 1 ? " 
Thercforc ( x")" = ( x")' 

P 2 ( iv) In the RS- identity, let x = x' , z = x". Thcn 
:2 , p, 2 2 , J1, 2 __ 2/ _2 .... p yx". (x')"=y. x"(x')"=y. x"(x"y=y. 

’ 2 2 .. 2, p ._'- ~ _ r __ _ 2 /_.2, .0 A lso yx-- (xp) = yx • (x ) , there[orc yx . (x ) = y fOl all x, yeG. 

Hence G has the right- invcrsc squarcd pr이>erty. 

(v) T he RS- idcntity and thc dcfinit ion of right nuclcus 

Np==ix2εN p for all xE G. 

'1‘ he LS- identity is dual to thc RS- idcntity. Thcreforc analogous resul ts to 

T hcorcm 2. 1 hold for LS- loop5. 

T HEOR E.\I 2.2. Jf G is an LS- Iooþ , then for all xεG. 

(i) G has the left square-alternative þroþerty; 

(ii) G has the right square-inverse þroþerly : 
。 o _ 0 , 2 ，， 2~ ì.. , ),, 2 J 2~o , 2~;' 

(iii) (x"Y=(x’)"; (xT=(xT ; (x"y =(x") 

(iv) G has t/te left - invers. squared þroþerty 

(v) x" is in the left ’‘’‘cleus N J. of G. 

PROOF. The proof is similar to the proof of Theorem 2. 1. 

’l ‘ HEORB I 2.3. Jf G is an s- Iooþ; then for all xεG . 

(i) G has the square-afternative þroþerty; 

(ii) G has the inverse sq“ared þroþerty ; 
p , .Æ (iii ) x'= x^. 

(iv) G has the square ff exi’ bility þroþerty 
。

(v) x" is in the l/Iiddfe nucfeus of G. 

PROOF. Let G bc an S- Ioop, satisfying thc idcnt ity 
yx2. z=y. x2z for all x, y, ze G. 

。

(i) Substi tuting y = x" in the S-identity gives 
422 

x' z = x". x"z, for all x , zEG, 
224 

also substituting z = x" gives yx". x"=yx' , for all x , yεG. Hence G has the 

sq uare.al ternative property. 
’ o . 2 , 2, 0 2, 2 

( ii ) Substitut ing z=(x")" in the S-identity gives yx". (x"Y= y. x"(x.Y=y; for 
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~~i. i 2~i. 2 
all x , y E G. AIso substituting y =(X-Y' gi vcs (X-Y'.X-Z= Z: for all x. zEG. 

Hence G has thc inversc squarcd property. 
( iii) Substituting y=상， Z=(X

O
)2 in the S- identity gives 

’ .0 .. 2 À. ’ ” ’ þ j. (x". X- )(X'-)"= X •. (x-. (.<')")=:::;> X"= X 

( iv) Substituting Z=y in thc S- identity gi\'es 
yx2.y=y x2y, for all x, ye G. 

Thcrcfore G satisfics the squarc flcxible property. 
(v) T hc S-identity and the definition of lhc middlc nuclcus 

’ Nμ=:::;> x -εNμ for all x E G. 

This complclcs thc proof of Thcorcm 2.3. 

COROLLAR Y 2. 1. Evcry linitc RS (S, LS )- Iooþ olodd order ,"hose elc1lle,"s 

havc odd oTdeT is a grouþ. 

PRoor. lf thc ordcr of a loop G is odd. thcn for every y E G there cxists 
x s G such that y = x2, Slncc order or y ls 。dd.

’ ( i) lf G is an RS- Ioop. then x- t N . for all xEG=:::;>yεN. for all yE G. 
P 

Therefore N。=G， but N p ls a group. Hencc G ls a group. Slmllally, lf G lS 

an LS (S)-Ioop, lhcn 
X2G N -(N ) for all x든G， =:::;>y E N ,(N J 

A μ A 
for all yc G. Thus Nλ(Np) =G， but Nλ(Nμ) is a group. thcrcforc G is a group 
Th is complctes the proof of Corollary 2. 1. 

In thc nex t Theorem wc considcr the propcrties of R~Hoops. Thcy satisfy 

propertics similar to thosc of RC- Ioops and Bol loops. 

THEORDI 2.4. [1 G is an RM- Iooþ , 'hen lor all x. y E G, 

(a) G has Ihe righl alternalive properly: 

(b) G has Ihe righl inverse proþerly: 

(c) G has Ihe sqttarc Ilexibilily proþerly: 
1 p 

(d) x"= x 

(e) ,/ is in Ihe 1Iliddle nttcletes 01 G: 

(f ) ( i ) xy’ = xy” l. y= xy. y l 

(ii ) For any inleger 111 , xy’” y” =xyι. +’ . wheTe n ε Z. 

PROOF. Let G bc an RM- Ioop, satisf)' ing thc idcntity 
(yx x)z = y. x2z for all x. y, za-
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(a) Substitut ing z = 1 in the RM- identity gives 
? 

yx =yx.x 

Hence G has the r ight altcrnativc property. 

(b) Since G is a quasigroup, Jet y , bEG. Then therc cxists xEG such that 
yx = b. Substituting z = x" in thc RM-identity gives (yx. x)x"= yx. Putting yx = b 

we obtain bx. xP= b for all x , bE G. Hence G has the right inverse property. 

(c) Jn the RM-idcntity, Jetting z = y givcs 
” (yx. x )y = y. ",.y aJso (yx. x)y= yx. x)y=yι. y 

2 ’ (right alternativc property). Tbereforc yx •. y = y. x-y for aJJ x , y E G. Hcnce G 

satisfics thc squarc fJexibJe property. 
(d) Sincc x"x = 1, we havc x끼x.xP=xh but x2x. xo= xA- (by rlght lnverse pro­

perty). Thcrcforc 상=xp• This proof is generaI for aJI right (left) invcrsc 

propcrty Ioops. 

。 。

(c) Applying the right altcrnativc propcrty to thc RM-idcntity, wc obtain 
yx-. z = y. x-z for all x, y, zE G. Thercf。rc x2εNp for aIl xEG. 

( f) (i) We sha Il considcr two cascs viz 
(a) nεZT， (b) nEZ 

까'hcn n =O (i) reduccs to thc right invcrsc propcrty. Thc casc n = 1 is tri via l. 

(a) "EZ ~ . Wc shaJI estabIish this by induction. Assumc that (i) holds for 

k> 1. tha t is, 
k k - l k - l 

xy =xy . y = xy.y 

In particuJar, puttjng x = J yicJds 
k k - 1 k - l 

y" = y" '.y= y.y" . for aJJ yεG. 
k+1 ' - 1 ì\ow xy" ' ' = x (yyy" ') 

' -1 = (xy. y)y" . (by RM-identity) 

= xy. / (by induction hypotehsis) . 
‘ L? AIso xy". y=(x . yyy‘ -)y 

' - 2 =((xy. y )y" .)y (by ~\1-identity) 
' - 1 = (xy.y)y" . (by induction hypothesis) 

* = xy.y 
R-'- l k k 

fhercfore xy" - ' = xy.y"= xy".y. Thcrcforc ( i) holds for k + 1 whcncvcr it holds 

for k . Hcncc it holds for aIl nE Z +. 
k+ l k r_ _ __ " ~ ，， C" __ L _ ，~ .. :_ _ - 1 (b) Let kεZ ' . then xy''"= xy".y from ( i) . Substiting y = y . in this equation 

- Lk-+- I _ - Lk - 1 
givcs x ( y ') ‘ = x(y T .y 

- k - l - k - 1. -k 
xy " '.y =(xy ".y ' )y = xy ‘ (by right inversc property) 
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-1. k+l k 
also substitu ting X= xy and y=y " in xy" ' "= xy. y" gives 

- l , k+ l - 1,,, - l , k - l , k xy. (y ")" ' "=(xy. y ")(Y T =(xy ' ) " (by right invcrsc property) 
===>xy. y - • -k xy. y = xy 

- k - k- l - k- l _+ 
Thcrcfore we obtain xy "=xy ". y = xy. y Since kE Z ’ • -kE Z. This 

completes the proof of ( i) for any integer n t Z . 

( ii) The result holds triviall y for n =O. For n= l . 

(i)===>(ii). 
For any intcger n> 1 assumc that (ii) holds for any integer '" and all x. y t G. 

That is 
m k m+k 

xy . y =xy 

Consider m+k+l ’n+k =xy .y 
=(xym.y*)y 

’11 k 1 1 =xy .y 

(by (i)) 

(by assumption) 
(by (i)) 

T hcreforc (i i) holds fo r k + 1 whcncvcr it holds for k. Hence (ii) holds for 

all kE Z + for any intcgcr '" for all x. y르G. Also replacing '" by 1II - n. gives 
m-"" m xy .y = xy . 

Thcrcfore (xy ’'/' - ". y")y - " = xy nt . Y - 1' 

(xy”- ”.y”)y- ”= xy”’ - . (by right invcrsc property) 

Hence xynl - ”= xy”l.y- ”. for al l lntegers n르O. any intcgcr '" and all x. yE G. 

This completcs thc proof of (i i) for a1l integer nεz 

This completcs thc proof of T hcorcm 2. 4 

COROLLARY 2. 2. Every finile RM - Ioop is power-associalive. 

m" nf +n PROOF. Lctting .< = 1 in f ( ii ) givcs y ... . y .. =y . .. for a1l yE G and integers 111 

and n. Thereforc y gcnerates a cyclic subgroup of G. for all yE G. sincc G is 
finite. Therefore G is power-associativc 

THEORE~I 2. 5. Let G be an RM- Ioop. Then Ilze following slalelllenl are 

cquivalent : 

(i) G is an C- Ioop; 

(ii) G has Ihe lefl alternalive properly; 

(i i i) G has Ihe inverse properly. 

PROOF. By Thcorcms 2 and 4 of Fenyves [4]. ( i. e. Theorem 4. 3 below) 

cvcry C-loop G has both lcft alternative and inverse properties. Thereforc 
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(i)~ (ii) .nd ( iii). 
- 1 2 

( ii ) implies ( ii i) let y = x . in the lü'!-identity. we obt.in xz =x .. x-z thcrc. 

forc 
- 1 - l i - 1 ’ -2 2 x .. xz = x . (x .. x-z) = x -. x-z (by (ii)) 

Slncc x2 t N . mlddlc nucleus of G, themfore 
- 2 2 -2 2. - 1 x -. x-z= (x -. x-)z=z:::::;>x .. xz =z for .11 y. ZE G 

Ifence G has the left inverse property. Conscqucnlly. G h.s thc im.crsc property 

( ii i)~(i). Letting y = x - 1 in the RM- idcntity. WC obt.in 
- 1 2 . - 1 2. 2 xz= x .x-z~x. xz = x(x .. x-z) = x-z (by (i i i) ) 

Thcreforc x. xz=,/z for .11 x. zE G. Substituting this into thc RM-identity 
yields (yx. x )z=y(x. xz) for all x. y. zEG. which is thc C-identity. Hcncc G is 

a C- Ioop. 

This complctcs thc proof of Theorem 2.5. 

? 

RDIARK. Since .ny loop G with thc pr이JCrty th.t x- is in its left (middlc. 
right) nuclcus for .11 xεG. is an LS (S. RS)-Ioop. thcrcforc. .11 RM-and 

DHoops are S-Ioops. 
1'0 end this section. 、，ve st.tc • thcorcrn connccting 801 loops and RC-Ioops. 

THEORE~1 2. 6. A looþ G is aη RC- Iooþ. tf and only if it is right alternalive 
’ 。nd x- is in Ihe rigilt nucleus of G. for all x드G 

PROOF. Lct G bc • loop. If G is an RC- Ioop. thcn it is right altcrnativc .nd 
’ x-E N of G fcr .11 x E G. 

p 
? 

,,"0 ,," Ict G be a loop which is right .Itcrn.tivc such th.t x-E N " of G. Then 
。? 。

2y. x.=z. yx‘ for .11 x. y. zE G. By right alternative propcrty of G. zy. x- = 

(zy.x)x. zy.i=z (yx.x) . for .ll x. y. zE G. Thereforc (zy.x)x = zy.x
2
=z.y/= 

, 。

z(yx. x ) for all z. y. x e G. which is the RC-identity. Hence G is.n RC-Ioop. 

This completes the proof of Theorem 2.6. 

。

COROLLARY 2. 3. A Bol looþ G is an RC-Iooþ if and only if X-E N
p 

of G for 

all xE G 

PROOF. The assertion follows from Thcorcm 2.6. sincc every 801 loop is • 

right .Itern.tive loop. 
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3. In this section. we consider 50me propertie5 of GLC (GRC)-loop5. 

THEOREM 3. 1. lf G(. ) is a GLC (GRC) - Ioop , then 

(i) G(. ) satisfies tlle left (right) inverse property. 

(i i) x'= xP for all xE.G 

(iii) N).=Nμ (Nμ=NP) 

(it') L (x‘ x) = L(x) L(x‘), (R (x) R (x‘ )= R (x. x‘ )) , for all xE G. 

PROOF'. ( i)a Let x=/ in (6) , then 
k 1.. .. ). (x". y'y)z= x" (y". yz) 

tt , ì. , , k À ., _ k X' (y".Y2)=(X".y"y)2= X"2 for all y , zE G. 

Thcrcfore / 'YZ =2 for all y , Z드G 
Hencc G(. ) 5atisf ies the left inverse propcrty. 

(i)b Lct X=2' in (8) , then 
P __ k, k 

( yZ. zP).< =y (2ZP. x") =yx" for all y , zE G. 

Thcreforc yz. / =y for a ll y , zE G. Hence G(. ) satrsfies the right inverse pro. 

pcr ty. “l)a Let z=yP ln yl, yz=z. then y2yyP= yP for al l ye G lmplles yA=yp 

yEG. 

( ij)b Lct y=/ in yz. 상=y then zAz. zP= zA fOl a!l zεG lmplles zP=zA 
Zê G. 

for all 

for all 

( iii) In a left (right) L P. loop the left (right) and middle nucleii coincide. 

Since in T heorcm 3.1 (j) we have shown that G ( . ) is L( R) J. P. then (ii j) 

foll o\\'s. 
k k (i、 )a Let y = l in (6) , then (x ‘ . X)2= X"(:rz) for all x , zεG. Thus zL(x)L(/ ) 

= zL (x ‘ x) implics L(x )L(x") = L(x" . x ) for all xεG. 
k k 

(i,')b Let z= l in (7) , then yx. x"=y(x. x") for all y. 2E G implies yR(x ) R (x") 

=yR(x. /) implies R (x ) R (/ ) = R(x. x') for all xE.G 

THEOREM 3. 2 If (G. ) ts a GLC-loop and xke N2 for all X드G， 'hen G(.) is 

a group. 

k 
THEORE、1: [f (G(.) ) is a GRC-loop and x 르Np for all xE G, tlle/l G(. ) is a 

grmψ. 

4. LDIMA 4. 1. M (G) is a C-loop. 

PROOF. By definition of M (G) , (xa. a)y = x (a. ay) for all a. x , y , in M (G). 
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COROLLARY 4.2. M (G)=G il and only il G is a C-Ioop. Tlzis corollary 

appears inleresling in Ilze light 01 corollary 1 of O. Chein [3J . We slzall relιrn 

10 il slzort/y. (corollary 4.3). 
5ince M(G) is a C-loop conlaíned ‘n G. we 1IIay refer 10 il as Ihe C-looP parl 

of G. 

THEOREM 4. 3. J f G is a C -1 oop. Ilzen 
(a) G has Ihe inverse properly 

(b) G ís bollz lefl and right alternalive 

(c) x2 lS tn tIae nucleus N of G. for all x m G. 

PROOF. Follows from Thcorems 2 and 4 of F. Fenyves [4J. 

Thc ncxt thcorcm givcs thc connection bctwccn C-loops and other di-associa. 

tivc loops. At this point 、.vc likc to rcmark that thc condition that a
2 

belong 

to the nucleus of G is not ncccssary in O. Chcin ’s lemma ln [3] , xa2= xa a 

and iy= a. ay are left and right alternative properties (Theorem 4.3) . 

THEOREM 4 '4. A di- associalive loop G is a C-loop if and only 'j i is in llze 

nnclens N of G. for all x in G. 

? 

PROOF. Supposc G is di-associativc loop such that x- is in N for all x in G. 
then (yx . x)z= ( yi)z=y(iz) = y(x. xz) for all y. z in G. Therefore G is a C-loop 

COROLLARY 4. 1. A Monfang loop G is a C-loop if and only i! i is in llze 

nucleus N 01 G for all x in G. 

PROOF. Jmmediale from thcorem 4.4 sincc a 1I10ufang loop has thc di-asso' 

ciativity propcrty. 

This corollary 4.5 wilh corollary 1 of O. Chcin [1]. indicatc that cvcry 
iV(3 -loop is a C-loop. and thcrc is no contradiction sincc cvcry cxtra loop is a 

C-loop [4J . 

Thc anaJogous of thcorcm 4.4 hold for RC-. LC- Ioops [4J yiz: A right 
(left)-Invcrse pr0%rty loop G lS an RC, (LC)-l。op lf and only lf x2 IS ln the 
right (left) nuclcus N / N )) of G. fo l' all " in G. 

THEORE~I 4.5. Jf G is a right Uef t) -inverse properly loop then N p (Nλ)ç; 

M (G). 
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PROOF. If G is a right inverse property 100p and a is in N p = Nμ• (xa. a;y= 

xa. ay =x(a. ay) . therefore a is in M (G) . Similar argument ho1ds for 1eft inverse 

propcrty 1oop. 

W e can define RC-. LC-1oop parts of a 100p G as sets of e1ements which 

satisfy the RC-. LC-identitics, dcnotcd by .RC(G) , LC(G) respctive1y , then 

M (G) = RC(G) n LC(G) . 
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The two tabJcs above \Vcrc tested on the computer and were found to satisfy 
the RC-identity but not BoJ identity. Their commutativc patterns rcveaI that 
they arC non-isomorphic 
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