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1. Introduction

We connsider a nonlinear population dynamics problem
pi+rati(a, p(t)p=0 a>0, >0
(1.1) P(a, 0)=p(a) a=0
P(0, )=§,8(a, p(t)) p(at)da, 0,

,where 2(at) is the pupulation at age a, time t, p(¢) the total population at ¢, A(a, p(£)) the
death modulus, and B{a, p{t)) the birth modulus.

Problem (1.1) has been first studied by Gurtin-MacCamy’s [1] in 1974.
And Marcus [3] obtained an equivalent solution of (1.1) as Gurtin-MacCamy's,

In this paper, we will construct an approximate solution of (1.1) to the solution of Marcus
sense in the spirit of Kannan and Ortega {2].

2. Definitions of Solutions

We construct approximate solutions of (1.1) using finite difference methods. We assume the
following conditions as Gurtin-MacCamy did.
(2.1) &, B': [0,00] X [0,00]—+(0,0) are continuous functions.
(2.2) supB=B< oo, sup A=A<oo
(2.3) 2 and B satisfy the Lipschitz condition with respect to p, that is, there exists a positive
number L such that

1B8(a, p)—B(a, p.)i =L p—pil

g, p)— Aa, p;)| =Li pi— Dl

(2.4) The initial population P(a) is nonnegative and measurable,

We now introduce concepts of solutions of the problem (1.1)

Definition 2.1. we define the solution of (1.1) in the sense of Marcus.
For p€C([0, T]), L(0, %), we define

(25) To(a, t)=p(a—t)— |, Aa—r, p(t—7) pla—T, t—a) dr, a>t
B(a—t)— §, AMa—r, p(t—) pla—7, t—a) dr, ast
. where B(t)= 1§, B(a, p(t) Pla, t) da.

Then Te(a, ¢) is the solution of (1.1)
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Definition 2.2. We call p(a, ¢) is an &-approximate solution of Te(a, ¢) if for any &(J),
{7 l(a, )—To(q, t) | dase(d)

Then From Definitions 2.1 and 2.2, we obtain the following lemma using Gronwall-Bellmans

integral inequality.

Lemma 2.1. Let p(a, t) and o(a, t) be &(S )and &(J) -approximate solution, respectively.
Assume that Afa, D(t) and B(a, p(t) salisfy the Lipschilz condition with the constant L
for p(t)SD(0 )e¥T  te [0 T] o _
Then(sr 1°(a, t}—py(a, t) a’a) sS(etg)e® g e te[0.T], where K=A+8+2 L p

3. Construction of Approximate Solutions.

From the character of population, we may approximate

: S t+6)—
(31) peto=lnLlats H’J’ rla, t)

Hence we can construct an approximate solution of (1.1) as follows :
(32) pla+d, t40)=p(a, t) - (1—dX(a, p(t))
(3.3) p(¢)=2r(a, t)d
(34) p(0, 1)=20(a, p(t)) rla, t) - &
But we know that the population is always nonnegative, we need restriction on 6,
T
-

We choose d and # so that Jxél, i<

We denote oy =p(kd, j&) p=p(jd)
Then we have following lemmas,

Lemma 3.1. Under the above restriction on &,
p k!l>0

Proof. By the mathematical induction, we can provethe reuired result,

Ltemma 3.2. If we let A=inf A(a, p(t)), then
plL)=p(o)e 3t for te (0,T]

From Lemma 3.2, We can weaken the restriction on &, so we have to choose ¢ so that
Sp(0) eBAT]

And we now have the following lemma which shows that p(¢) is continuous.
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Lemma 3.3. For t.t such that | t—t| <hS \ps(t')—pe(t)i <MAd,

where M, is independent of d.

Lemma 34. efine Be(t)=poy for t€[j6. (j+1)d]

Then | Be(t')—Bo(t)| =M+ § wB(a+hd, hd) pe(a, t) da

if | t—t| Sho, where wa(a : d)=sup{iB(a,, p)—B(a. p.)! @&, &[9, a+d], | a,—a) =7,

D D.€[0.0], | Di—D) SEMG), Where M, is independent of &.

Lemma 35 Ifl t—#1 <he. then §, (% t)= pe(a )l da SMpd+] Ba(t)—Ba(t')]
n S“’w(a%—hé‘)——gw(a){ da+ im =(§)d§,

"

where M; is independent of .

Lemma 3.6. If we define ps(a, t)=pw,; for (a. t)€[RS, (k+1)8)X[j8, (7+1)3),

Then pe(a, t) is an e-approximate solution of (1.1} In fact,

{7 losla, t) =T (a. t)| da=8( X p+1 B p)
We are now ready to state the main theorem,

Theorem 3.1.  Let {@on} be a sequence of s-approximate solutions depending on &.

Then the limit of the sequence is a solution of (1.1)

Proof. From Lemma 1.1, we can show that {#sn} is a Cauchy sequence in L={([6, T],

1Y(g, )). And by Lemma 3.5, the limit p is in c([g, T], L'(g, o)). Furthermore, we can
show that the approximate solution is continuously dependent on initial data. In fact, we have
the following lemma,
Theorem 3.2. Let ps and Py be approximate solutions of (1.1) depending on initial data
o(a) and P(a), respectively. Then | po(a, t)~—ps(a. )1, <1 p—p| €2 P+ 1+ B

Proof. Let @ and % be in L;(g, o) and let @p and ¢ - be - correspending solutions, respectively,

Assume that
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| Ma, p)—2A(a, p)! SL p—2.l" | B(a, p)—ABa, p)l SLI p—2d, 2, pzéz
" sup A(a, p)=A<oo sup B(a, p)=B<oo

, where p=max{py, D}, P=P

(1) a>t
lee(a-t)—p,(a—t))
| p(a—t)—p(a—t)] +] JA(a—7, po(t—7)) Pela—T, t—7)
— AMa—7, pp(t—7)) pe(a—7, t—7)| dr
=| pla—t)—¢p(a—t)|
+L s;lpv(t-") (t=7)l-1 1| p ola—1, t—7)dr
+8 1§, lee(a—m, t—7) — lpp(a—r, t—7)| dr

We get the following inequality by integrating both sides,
{ "lee(a, t)—pra, t)| da
{1 ((a—t)—y(a—t)| da
4L 87 01 pelt=m)—pu(t—7)| prla=, t—7)dr da
4187 501 pela—r, t=m)—psla—T, t—T) dr da
Sl e—9l, +L S;lp'(f“f) | De(t—7 ”:"’b(a—--r, t—)dads
+2§. 871 ewla—r, t—1)—py(a—T, t—7)\ dadr
(2) ast
| pola, t)—Py (a, t)
<! Bo(t—a)—Be(t—a)l + §,A(a—7, p(t—a)) pe(a—r, t—7)~
C Ma—7, p(t—7)) p((a—T, t—7)l dT
éis: \B(a, pv (t—a)) pe(a, t—a)— B(a, ps(t—a))rs(a, t—a)l da
+§5 1 Ma—7, po(t—a)) sola—7, t—7)— Aa—T, p(t—7)) pola—r, t—7)! dr
<L{,I%(t—a) .| po(a, t—a)da +B. | opla, t—a)— psla, t—a)l da
+L§) po(t=r, polt—7)] pola—r, t—r)dr 41§ |os(a—T, t=7)—pe(a—r, t—7)| dr

Hence
fo ! tola, t)—ps(a, t)| da
s, §, Itv(a—t)—pe(t—a) | ps(a, t—a) dada .
+8§, 1 Pela t—a)—prsla, t—a)l da da
+L§, §i p(t=r)—po(t=7)| pe(a—r, t—7)dr da
+x§, §of pla~r, t=7)—ps(a—7, t—7)| dr da
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SL §y §o1 pe(t—7)—py(t—=)] po(r, t—7)d7 da
+§S; S:I oe(T, t—7)op(7, t—2)| dz da dr da
+L o pe(t—a)—pe(t—7) §. po(a—r, t—7)da dr
+X5. §. | pela—r, t—7)—ps(a—r, t—7)| da dr

Adding (1) and (2)

§o1 oe(a, ty—ps(a, t)| da

< lp—9l, |
+L § o po (t=7)~ pe(t—7)| | pela—r, t—7)da dr
+L § ol w(t=7)—pu(t—7) §'0s(a—2, t~7) dadr
X5, §71 esla—r, t—)—pe(a—, t—7)| dadr
+L§, §o1 po(t—7)—pu(t—)pe(r, t—7)dadr
+B 5§, 5.1 oo(zt—7)—po(zt—7)pe(r, t—7)dadr

sl e—vl,
+Lp | pe(t=7) ty(t—2) §.pela—r, t~7) da dr
+2 S; S:g | ee(a—7, t—7)—py(a—r, t—7)| da dr
+8 S:, S:I pe(a, t—a)—ps(q, t—a)| da dr
+L §y § 501 e(t=7)—pu(t—) po(7, t~7) da dr

sl e—vl,
+Lp §y pe(t—7)—pu(t—2)| d7
+X 1§, §o1 pela—r, t—7)—pe(a—r, t—7)| dadr
48§y 1ol oola, t—a)—poa, t—a)| da dr
+L B i pelt—m)—pe(t—)| dr

s| o9l
+1p§, s:l pe(a, t—r)—py(a, t—r)| dr
+x§, §,1 pela—r, t—1)—ps(a—r, t—7)| dad~
+B 5, §o1 pela, t—a)—psla, t—a)| da dr
+15 8, §71 pe(t—7)—ps(t—7)| da dr
+13 §, §sloe(a, t—7)—po(a, t—7)dadr

=l -9,
+2up §, §,leela, t—7)—po(a, t—7)| dr
+x§, S:l pe(a—r, t—7)—ps(a—r, t—7)| dadr
+B 5, §71 pola, t—a)—ps(a, t—a)| da dr
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=| p—9¢l ,
+L2§, §51 pela, t—7)~ps(a, t=7)| da dr
+1§, §.1 eela—r, t—7)—ps(a—7, t—7)} dr da
+5 8, .1 pela, t—a)—pula, t—a)l da da
s| ¢l
+(Lp+A+B) §, §,1 pela, T)~pula, 7)| da dr
Now applying Gronwall Bellman's inequality, we get
§o1 pe(a—t)—pe(a, 1) da
=l g—9l + S;(2L5+X+E) | o=l e (eprrtmads

1
2Lp+-A+-4

)(1—euprtmn

=l o=9l rHl p—9l (2Lp+A+5) (-
= lp—¢l, - eaptr+on

i e

los(a, t)—pe(a, )<| p—phecsirion
We prove the continuous dependence of solution on the initial condition,

Finally, from Theorem 3.2. we obtain the uniquencess of approximate solutions of (1.1).

Corollary 3.1. The approximate solution obtained by (3.2)—(3.4) 1s unique.
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