HB SN T L EWRHT) Journal of the Korea Society of Mathematical Education
1988. 12. Vol. XX VI, No.1 Dec. 1988. Vol. XXVI, No.1

Study on the Extension of Tonelli's Theorem with respect to
Product Measure, g4 X X+ X pn

Lee, Dong Hark

Gangweon National University, Chuncheon, Korea

1. Introduction

Let(X,Sur4), (X5,8,4),,(Xn, Snsn)be o-finite measure spaces. Assume that £f:X;XX;X:--
Xn—[0,00]is nonnegative $;X8;X -+ X Sp- measurable function. In this case, I show that
fd(ey+ s, X+ X ﬂn)=sxx(sxz('"(an—x(p(n(fxx,xz,'",xn—l)dl‘n(xn)xn-zsxxxxex"'xxn
dpny(¥ny) ) ¥nadpno(¥na) ) s )¥-dey (%) )%:d1(%;) YA pn (%) =X d g (%)X (%)
Sxad/‘a(xa)"’an—xd#n—x(xn—x)sxnf(xx,xz,"',xn)=and#n(xn)=andﬂn(J’n)an—1d/-‘n—x(yn)
Knod s (Ina) - Ked o (3)KE (0,32, In)dn(31)
by Toneli's Theorem and Mathematical Induction, where ¥; € X,y € Xjand (%, %5+ ¥ny) €X; X
X, X o XXy, (Y1, Y2,* Ina) € XIX KXo X Xy,
Theorem 1. Let (X,S,#) and (Y,Bp) be-finite measure Spaces. Then there is a Unique
measure uXv on the o-algebra SXB such that (uXv)(AXB) =pu(A)v(B) holds for each
AeS and BeB and‘(uXv)(E)=SGv(Bx)du(x) =Sypu (E¥)dv(y) for arbitrary set E€ SXg.

Theorem 2(Tonelli's Theotem) Set (X, S, ) and ( Y,Bp) be o-finite measure spaces, and
let f:XXY —[0,00] be nonnegative SX B-measurable function.
Then the function h: X—[0,00] is S-measurable and the fuction

w
xHSyfde w
k:Y —[0,00] is B-measurable and f satisfies that y —Xf'dpu
XX Yfd(pxv) =Y (Xdu)dv(y) =K (Y fedv)du(x).
Theorem 3. Let (X,, Sy, 1),(Xs Sz . #2),**.(Xn, Sn, #n)be o-finite measure spaces.
Then 8;X8;X+-+X 8 is an o-algebra on X; XX, X -+ XX,
Theorem 3. is proven by Mathematical Induction and the Definition of the Product of the
a-algebra Si and Sj(iFea:ia= 1, 2,c:n )
Theorem 4. Let(X,,8,m),(X;,822%), " ,(XnSn.ttn)be  o-finite measure space.
Then there ts a measure.
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Theorem 4 is proved by Mathematical Induction and Theorem 1.

Theorem 5. Let (X,, 8, m).(Xe. So, #2),7*.(Xn, Sn. #n) be o-finite measure spaces.
Let f: X, XX, X+ XXq—[0,00] be nonnegatible $,Xs,X -+ Xsp-measurable function.
Let h: X, XX, X+ XXp =+ [0, Jbe a function and

(xx,xz,'u"‘,xn—l) g an (fxl.-xz.-"':xn—l)d/‘n(xn)
let h: Xn—[0,00 J—=£7d (14X 1, X +++ X pts; n-)dtn(¥n)
;’i\ "'Sxxxxzx XX,H

Sor (%, %y %o,y ) EX\ XXX oo XXp and ¥n € X, 1,¥ ", Yn) EX XXX -+ X Xy and
Yn € Xn.
Then §g o X, x - xX,, 214X X" tin)

Sxx(sxz( "(an(fxx,-xzy"',xn—x)dﬂn(xn))xn—zd/‘n—:(xmz))xn-sd/‘n—z(xn-z)' )%
dea(¥ 5) )@ ta(¥2) )dm (%) :
pildf‘l(xx)pizdﬂz(xz)p(sdﬂs(xs) . 'an-xdlln—x(xn—x anf(xl,xz,' **Xn) Apn(%n)
=Xndttn( Y0 )Kn-s@ptn1( Vo) - Ko 32)K L (91,32, Yn)d 1 (31)
Proof . Let’s prove theotem 5 by Tonelli's Theorem and Mathematical Induction,
i) Let (X, S, #4) and (X,, S;, £&) be o-finite measure spaces.
h(x,)=X.fxdm,(%,), k(y,)=Kf%dwu(y) for ¥,€X,%,€X, and y,€ X, 3. €X; since h
=0, 220, By Tonelli‘s theorem h is S;-measurable function and % is S,-measurable function

and
Xihd =S, x X,fd (14, X ;) ={K ked 11y
Hence Sxxxxzfd(ﬂxx/‘z) =p(1(gxzfxxdﬁ‘z(xz)dﬁ‘l(x)
=X, (X, £7%de (3) ) 32)
=X (%), (%,,%,)d s (%,)
=X 11,(3: )X (31, 92)d n (1),
where x,(%,)=f(%,, %,), £2(3,)=f(,3.).
ii ) Suppose that
XXX oo X X fd (4 X g X 2o+ X pim ;)
=X, (X, (X (- "SXm—z(SXm—l(fxx,xz,' “¥m-2)Bttma (¥m-1) ) ¥m-o@mo(¥me) ) ¥m-s Almeg)) )%,
d ps(%3) )% d gy (%)% per(%,)dpn (%)
=p(1d/‘1(xx)p(zd/‘2(xz)sx3d/‘3(x3)"‘sxm—zd/‘m—z(xm—z)Sxm—lf(xl,xzy"‘,xm—x)d/‘m-l(xm-l)
=X m1d s (Ym ) Kol 2 Ymes) 9@ ( 32 KL (%600 Y )d ().
iii) Let (X;XX,X++*XXm, $; XS, X+ XSyt X o X +++ X ptm 1) and(Xm, Sm, #m) be o-finite
measure spaces,
XXX, X XX 2 XX Y.
Let h: X, XX, X+ XX ,—~{0,00]
(%% Xmar )~ (£, %+ ¥y )t (¥im)
and let k: Xp—[0,90] be a funtion.

w
J’m."’sxlxxzx oo X Xy Mg (gt X g1 X o+ X m-1) (yuyz,"'.ym-l)
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By Tonelli's theorem and Mathematial Induction, h(h=0)is §;X S;X+++ X Sm_;- measurable function
on X; XX, X+ XXp and k(£=0) is Sy-measurable function on Xm. Hence By Tonelli's theorem
and 1), ii),

SXIXXZ-..XXm fd(,u,X/.sz...x/lm)

=SX1(SX2(9(3( e (Sxm—x(me(fxuxz,' * Xm1)d (%m) )xm—zd#m—x(xm-x) )xm—sd.”m—z(xm-z) )
x Ay (%3))%dm(%,) )dm(%)

=p(1d/11(x1)p(2dﬂz(xz)sxad%(x3)' R S 7 (xm—x)sxmf(xl,xz.' < Xm)d ey (¥m)

={Xnd ptn ()X m@ oo Yema) -+ $Kod 165 32 ) K (Y3, 320 “Ymdm ()

.". By Mathematical Induction

lexxzx...xxﬁz)fd(,ulx#zx... )

=X (K (K (o (K (K (03,00, - ¥ )ty (%) ) X0l ptn1(¥0a) ) Xn-s@ttno(Xns) )+ Xod g
(%3) )%,d 11 (%,) Y gy (%y)
= d g (%,)Kod 12 %, ) Ko 25 (%5) - Kot (¥ ) K (X, %5, X0 ) d (%)
=Xnd 0 (¥n)Kna@tn1 (Y1) Ko reo(32) - Ko (9,32, Y0 )d s (31) ;
where  (£2,%,, " %ny ) (¥n) = £ (%, %, X,).
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