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Abstract’

The present paper develops finite element procedutes to calculate displacements, strains and
stresses in initially stressed elastic solids subjected to static or time-dependent loading conditions.

As a point of departure, we employ Hamilton’s principle to obtain nonlinear equations of motion

characterizing the displacement in a solid. The equations of motion reduce to linear equations of

motion if incremental stresses are assumed to be infinitesimal. In the case of linear problem, finite

element solutions are obtained by Newmark’s direct integration method and by modal analysis.

An anlaytic solution is referred to compare with the linear finite element solution. In the case of

nonlinear problem, finite element solutions are obtained by Newton-Raphson iteration method
and compared with the linear solution. Finally, the effect of the order of Gauss-Legendre

numerical integration on the nonlinear finite element solution, has been investigated.

7l & 4 Y

a o 3ke] Ao

ai; DA RAF (2714 e )
Ci=[(A+24) /oolz

Co=(/00)%

H{t) Heaviside A =td4

n: Dok A E

T . Cauchy-$-24 4 g

*ERR, BhKREK THHCE BmT 80
** EEH, BESREAREH

Oo
Tij
T

’
Tij

Al Piola-Kirchhoff

%Ei il 2|
el elule el

b Bin |
A% A4

A Piola-Kirchhoff -4

SEEEIELERREP)

Kroneckert g}



z27158e] Ax 'K

Pt
h D ha=2e] FA
bo pop=+E 3 F
t ta/Co= A3k
;i uia=" AL
(27 thu= 27144
zis ru=TE3Y

1. A 2

27188 FH e 8¢ Feolv s|&Rofoly
de] FobE 4 gleonm, 2 YL 9gA, ex i
E=v £4WY F od7A7t g, mAlo] =g
T &27]¢%He w2 27 AR 2}
A HW 2Als EgsA Ao, QiR ez 27
8ol e nA A, 54 S ujAFH o]
v a2 277t AL Afole AFAL Aoz F
B 4 vk oldd 2/ SHEAE B ARE
of & ¥} g+w“", Reismanz} Pawlik

©g WEdeE o] g3to] EA A (hyperelastic

solids)ell @ 271$HEAE YAstn, FEg
ol BAE HOSL BOo| T TAAL Qre A

—

H

4315l o0, =4 JEFEREM:RIE (nonhomogeneous

elastodynamics problem)®8] Zojzde x7&
HEA &Asle] AALE5L Fle Aol AL
g 4 QEE g, #HF Aol gle) A

Feasye g Agoli} g4 E

Aol e

@ 2718

F2 A%

EEAAE A4 52 54q 35¢ 2k v
*éﬂlﬂ M9, 88 5% FE 4 Ik Fpex
4% sk o Aol QolAE: dadel L5
AL vAg Aol FESHo| o4 7ol
E Agstd 4 9ok webd fgesde AYs
ABH Aok WA Hd AS2 o] 47a
o AFEAel HE dpez: (1) AHE:
Gausst7, (2) 5813 : 29=ol oo 44 =
£ Newmarke] 42434998 g8z, vy
A FAC W@ dgez: (1) AuF:

Newton-RaphsonutE-19  (2) Z3}3 : Newton
-Raphson ®h5-4o /74 Newmarke] 2z=x
HE ARgEoh viAy A& FolAlo &
Newton-Raphsonub © 8 b &3lo]  #) abs}ud A
AR SrtAASFY) HYo] o] Fojx 5B Fu
2 A B 4o Aol daddl, ofu Az

L
o
Sl

9

NEEEE

]-/(éu}]EFJ/R,] _T_.X];d\ﬂ ] 7_}_71 q_%
Legendre =X A E_o].o:] ub Al g

Ay« 643

387 9e

24-9] Gauss-L

—1"‘2.

gezel d4g Ao 2l
of AZAZ e,

(1) A4

(2) 2714 :

= Ag9 E}H t:gl-.—]LH(materlally
rotatione] o o (geometrically lin-
431 Jorg 4 e 4

Ao 2Eede Jge nels
+ v ( onlmear due to time-dependent initial
stress) TH o A2 kg

L=
-

U

ear), A2

(linear)

21 =7\1S¥EH< 7jg4
Fig. 1014 27]4elol e 149 Q% B2

A2k, Be 271489 Bl #igsis 3l
Boll A o] mAlo] QR ehicl,

047]/(‘] %‘?‘]H—J]E{”\__‘ ux:ui(aly aZy )9'}' 7z 0]
EAE 4 gz, Aol FEate o) 98 %
He o o] TAH),

U=f30wdvo=fs (t - %)dSe
+ [(F - @) Java (1)

o714 Fx AA#, J& Jacobian, we £
U5 2 ebgic

WY Aol e HPALe dgn o] A=,

des+deV=o
e &

(2

Cauchy-& A4 Piola-Kirchhoff 22w



644 ok -8 B R

S

o

8o s

X

Fig. 1 Subregions before and after deformation

He sz 2 4de e H¥ez W
A2)+ A(3)34 o] Hrf,
f tinidSo+ f FJdV,=0 3)
B4R E ANl AEHT 4 (D)L ol Fao
Aelshel A (4)7h Aol Ak,
U='/};°(t.‘ M it,j)dVo (4)

SHU% =4 w2 e Fo] e +

st

+%T§j Ukr,i uk,j) (5)

wetA FEdyselviAe o5 A 2ol 24"
2

1
Z'uEu +72’?j Ur,i Urj

U=Lodeo=_/;o[T?jEij+—%“Z'z{j6ij

1( o 2 {.)
+ 2(1,,+ 37u

x(uh,i uk.j)]dVo (6)

agja aAel &4t e ofg AL oF
3} 7ol BAIH <},

W='/l;n]FiuidVo+_/s‘oti‘ u:dSe (7)

0:17]“] A8 iu‘i‘?—’i Wl g & Q]U]f&t}-. w3
o $FolUAE e 2o,

T:Lf Oothi Us dvs (8)
golldl T3 ZREFLAUA U, el

ol W o %oz TE Hamiltons] $1]jel 4]
@ AWt bt i AL ol ga A
(10) o] odelAiet,

[FGT-sU+sW)dt=0 9)

t

[feT-su+sw)at

1
tz . 0
= [f {—Poui+(2'ij
t Bo
+ T:"j+ Z'J?k Uit Z'J,'h ui,lz).j

+]F,~}8u.~dVo]dt

[l

+ ol Uint Tix Uin) N;
— 12 }6uidSs|at=0 (10)
A7 t, t: @ B, Sor HYAQ Helzmz
A 2547 Fol sHojok dc), wheld zIAes}
Byl AS o 2L TEUHAA H AA=A
o] dojx|A e},
(Tij+ Tie Ui+ Tix Wik) 5+ Fi = poiis

N,

(11a)
(Z':I'j‘*‘ Z'J("n u:‘,k+ 2“;"1. ui,h) n;= l.’-' (llb)
ui=ul (11¢)

T=Th+ Tl (12a)
ri; =AYk Em (12b)
Al - A4 oA o shA ELA (12¢)

22 =7|230| Ye Eof Eef 7|24@
% S7t=718%

AR o]lEg AU13FH L 27| FHol

44 wwde] Timoshenkoxol =34 4l (14)

o e 5l A

]

;0
il

c(z) 0 0
5= 0 0 o0 (13)
0 00
ANM A g
(1+ E) WM Q=puld (14a)

2@+ Mot L)+ P=podiv (14D)



z27]-%80] Y& B
o 7} A
0'1‘: (0’22/10) dAo
AQ
ot = [ (0] Av) dAs
R
M=Fl,5- o
—p2 iw_)
Q=rGA{ 4+%
1= [ 2*dAs
ux=z¢(x, t)
B A A A S
W= U=z
A(14) ol A SAutske g Hile 27188 o(2)
v E5127)188 5f9 o2 AR & dFT @
Z o)), w3 olwiel 2713 o(2)7t AFSH
o] AL gf=00] HI, B AF ofKENE
2 AEgd9 oJgko] gleiAA A}, @A A
wrgko gab wW3lE AFLHL Timoshenko 3. ¢}
AR e FHLH JdE FA FEw & 5
Rt
o] FAY o] BL A(15) % B 27]|3Hel
V= gAe EAe ol AL FEYAFAL
A (16) 7 ko] EA|HTH
2 (2) t9(2) 0
[r5]=] w3x(2) v(z) 0 (15)
0 0 0
(Map+1Io T8 o) 64— Qa=00lo¢u (16a)
(Qn+hfur wr) o+ D= po bl (16b)

o714
hi2
= [ (1821 dz

rer = f (r8:,/h) dz

Maﬂz'z_{ (1—v) (fast Ps.a) +2V‘/’7,78aﬂ}

Qe=F Gh($atw,a)
3

D=ﬁ<§ﬁTZ>

IL= h3/12

Ua=2¢a

B AR E A A S

W= Uz

rlr

» 5
i o, ¥ R

pe o o

2
N
X
e
o
mu
ol
B
oy }‘;J e,
r!!.

ﬂi e o
rgl

ol

o

N2 2

o

do g 4
ol
ok

o
po-}

3.1 =7|88EHMY 2
Hamllton«] %JEM] 2] 3

4 xt 9HT

o SEARAL HIAG
o, Wee olARe FASE AU

Ao Ay o YA 645
FAHG, ojwle) x7|gHol AFITHAL Lk
$ar < Mardl 73 °°\\% FEuAA ) 2715

2714

EXSF
o A4
28]

— SRR

o8 wiez F4UFE ARG
A6), AM, 4@ =2 A9z4d d59 &
$494¢ 98 + A
MUY+ [K{U}=(R} an
o] 71 A
—§ [, ovTVIay
k)= [, (BY (5] 8]

([ET(TIED AV
(Ry=E([ NI (Fyav

+f. [Nslf{t'}ds)

{U): AAA 7h5 =

{F'}: 5% A=2s

{): &% 204y

N]: g484 s

Bl 93— HE=x

[E): @siadtde—ns Heds



646 # ok 48 # R

AO0OO
[T]1=| 0 A 0}

0O 0A
A=[r%]+ 4]
ol A=[r%]8 F9 TEutdAle] AYszct

3.2 7|20 U S S7 &I
8%
Fig. 29} 72 o|x4 =Zulo] A
9l 7% Gauiss-Legendre® ¥& <4zz 3lo
FARLA, AAAHELAE 3 2ol A
2 4+ g
(K]=[K)+[K]* (18)
o714

KP=3 [, BB (Blav

(K]*= erx(y )[C]®

1000
0000
C(e):ET EV(e)
(C1©=[E] 0000 (E]
0001
v weas 249 yHE

%
271849 9% »}EM
. Hoz [KI*w [K]
vlgte] o] Ayt zemz —KkEEHEe] o)
2HAEAY Aol sk, WA FA® 27
27148 %E VAL dv = e HEY
2dlg AR, A7A =rhLdd £ 229

A ngAst BolATL Y it eAd

_&9.

Fig. 2 The finite element model

7ol A,

3 2% (59) (40 TLC1 9 for)
Z'xx—e_1 Ne (19)
2 (4 7[C19 (40}

o] 7] A {¢o. t 271%Yel gle 76‘

i%%a@,4<mwww+¢°aﬂ
23 4% AAD Yt A2y mde 1ﬂﬂ
Wr gASel A Ao =3 0

20k 4SS nfuHE Qe mds g

£ ge] mold 4 gtk wekAl

A
-
©
L
2
N
N8

N A

5]
e
offt
ny
olo
.
L.
R T S T A SRS S

D)

oX
2
4 qm
A

lno,\’_,—v—'

ol o

= &

I
ol

=

o o v Iy
3
e
RUNNCS

£
o

A] 7"‘1“’” dds] wlS

-

A

1;
_zj_:’
de
Hr

ad oy

A3
A
E
2
=
>
Nlﬂl r
o
B o
rir
He
_)‘J_.‘
>
e

:lo

o
=
PO

o
3
N iy
2 g
ol
on
X

s
AR
S,

o Ph)

o,

ko
=0

pi o
N
ole
B
=Y
e,
PR ofm

L £
)

4
30,
2
o ko
L ® 0
oy
Lo

r‘r):‘
o

N
N

s
ok
»
2L

5 o
22 e

R TS )
oft

e o

3

=l oo &

$
O S
T I T O

al
*
o
= o
o
- 2
32
— ot
=
d
-/

ol >
34

By

P

flo

N

)

o o
ol
-{0 oX,
2

Aol A& =2 Fig 33 zel 10749 83
Haizz 3EHAG 7 dolAe FEH AR
ezt 2ok, & SddgEdde] Hol g, ¢
5% %%x]xlﬂoi Aok, =3 %% Fd Ll

dﬂﬂ
() Bol T 2Alsl Aol 7]

b Agan Yo A¥elg e ALIHE AS!
SEEEE FERTLERE S



271880} gt "4 A o wAYHA 647

AXIS OF SYMMETRY

RH(t)

L

(—
foe——

l

e Il
R AXEEREREEN!

1
|
Fig. 3 Finite element model of the simply supported
plate strip using quadratic guadrilateral ele-
ments

(2 wol FUL 2rle Aolwyel 271¢d
b 3493 Qlm, FEEAY % ndHE
Wagelee dLae A% olw Ae 4Y
¢ 24de vass AgelE) 4 g4l

AxH,

(3) Thol ofxtol] A|zkol| whel AAFA Frtste
Zolutskel 31F(—tAl0er|/36; A= B H,
Or=FFZH) o] A&t At ol 2754
of A7kl wizl widmz Aol AHEol £t
F3tet

(4) ol ZAgste 2715HL oo AL
Zou 27| $HNERLY SR LA AEATE
3 A4 PR (AEg=1) AL e AL
ojwjel Azt (3)9] 799 wmsE=, MHKRBE
THke eteddol e,

Fig. 49} Fig. 5% (1) A%l digt sFgyel
WY =W HASHE A7 st 22 JEd Aol
o, AEAFE 22 dto] AAHEH29} 27]18Y
e s FRAFHLIGES, oWl FEEHY 4
sfo] 2slx] gomz ArdsjEdLr A3
Aatatol "asith, of7|A, AFolEL HE3)
2oy ARArder 7 8L
Art Aoz FAH o|Eslet 2 IXNTT F
4 9tk & Fig. 4o vebd H4oiMe Hoix e
S x37h 1.6% 4 =91, Fig. 59 &HAA& Hd
o ezt 1.5% A =2 debgeh, zeln o714
27582 QA-2HY Aen ¢&§He AR
of 2 o] F& & 4 AUtk F o] 2L WA
o o] 27]gHe| diel vlAFHYE ReAF2

t,

o 2

)

30,

—upl1/2 —hI2,t) /Py

e

(=4

é ~ t ANALYTICRL SOLUTIONS
@] a 1 F.E.N.{MODAL ANALYSIS)

a: F.E.M.(DIRECT INTEGRATION)

g

(=3

wd

™~

8 9 /lag = —~3/4
}=4

&1

(-4

2

2

-1

o

<

Q

E-

50.00

0.00

—

50.00

-00 3.00 6.00 9.00 12.00 15.00  18.00

Fig. 4 Center deflections — u.(1/2, —hk/2, t)/Ps
obtained by analytical method and finite ele-
ment methods: £=0.1 and y=0.3

)
=3
g’ - ¢ ANALYTICAL SOLUTIONS
<7 a & F.E.M.(MODARL ANALYSIS)
ol®? F.E.M.(DIRECT INTEGRATION)
~
s
g
™’
[~
©
e
o4
~N
8
Te
o &
=
-
99
T o
—
- -
M

70.00

0,00

=70.00

(=)
Q

=)
w,
Q

=}
)
=Y
=3
©,
o

o

12.00 15.00 18.00

Fig. 5 Normal stress components 7:,(1/2, -k/2,
{)/P, obtained by analytical method and
finite element methods: 2=0.1 and y=0.3



648 g ok 482 & R

150. 00

1 —® : LINEAR ANALYSIS
—— ; NONLINEAR ANALYSIS

106. 00 125.00

15.00

—Y2(1/2.-h/2.t) /Py
50. 00

25.00

0.00

=25.00

0.00 3.00 6.00 9.00 “12.00 15. 00 18. 00

Fig. 6 Center deflections —u.(1/2, —h/2, )/Pobtained by linear and nonlinear finite

element methods: £=0.1, y=0.3 and % = —0.5| gcr |
(=3

240.0

7 = : LINEAR ANALY¥SIS
—— ; NONLINEAR ANALYSIS

80. 00 120,00 160,00 200,00

"11(1/2.-h/2.¢) /Pg

40.00

—40.00

N
—

0.00 3.00 6. 00 9.00 12.00 15.00 18.00

Fig. 7 Normal incremental stress components 7i,(1/2, —h/2, t)/P, obtained by linear and
nonlinear finite element methods; #=0.1. »=0.3 and ?,=—0.5| g, |



271830 Qe DA A7 3 v Aga4

$0.00

7 —* : lst ORDER OUADRATURE
—— : 2nd ORDER OUADRATURE

75.00

60,00

45.00

~Y2(1/2.-h/2.t) /R,
30.00

13.00

0.00

-15.00

Fig. 8 Center deflections — u,(1/2, —h/2, t)/P,
obtained by nonlinear finite element methods
of different orders of numerical integration ;
h=0.1and y=0.3

75.00

7 -2— : 1lst ORDER OUADRATURE
— : 2nd ORDER OUADRATURE

T1(1/2.-h2.¢) /Py
-25.00 0.00 25.00 50.00

-50.00

~75.00

=100. 00

-]
(=3
]

t
Fig. 9 Normal stress components z,,(1/2, —h/2,
t)/P, obtained by nonlinear finite element
methods of different orders of numerical inte-
gration; #=0.1 and y=0.3

0-00 3.00 6-00 9.00 12.00 15-00 fB-OO

3 00 .00 9.00 12. 00 15.00 18. 00

Fig. 62 Fig. 7& (2)& 7%l
1Y 2 3HE dehd Aoz gex4E 2% 9
2 3}3ieh, o]l Newton-RaphsonulE-#) Al o]
TS NALFE Y AR ZRFZ o) 4 9
HFEA AR AEZE A2EE A A AE o] o}
goh A7 AR B g dYPade A
o v AdgMHe AE wmsted 2w, Fig 63
Fig. 70 ztz} vjebd w9 o) S8le 7%q] g0
Al ool HAAY 937} 0.0% AR A 9
A3 AL A4S & 4 grh o)k 2.2d
3.2 A AlAbsHR o] 3ol FAWEoz Wil
+H (27183 F¥8HY )L awy HFe
gl 2713H oz dAL 4 9L oudic}, o
BHAl o] Afok 2ol S-2el FAutere WFo| A

Zoll weh Wata gy Afole FESHS e
A Fotx F839 A4 AHE JL 4 glen
2 AYolEL A B Fusitn & 4 9ok,

Fig. 8 3 Fig. 9% (3) 4 (4)9 7 %ol Wt a2
e 1A Y A e Jehd ez, oW
27188 hrt Aol whel Wiloz wldyol
< ALY & gholl glomz, AagujEdas o
AZES et =@ A4 TRl A 9] ubE A
AAlatet A 2o] Abslol slmz guis ge A

Abo] Mesleh, o7]M BE FHH B9 24
28 3ol AARE (3)o Afel glelAde Ao},
Alzdled 2 27 Sl ag T4 a9
HEAFE W30 12 st A @) 459 A
#& vlms] ¥, Fig. 8 % Fig. 904 ®: u}e}
o] W9 o FHHNA ] ol 2zt 0.61%9}
1.5%3=2 HAlz & dAsdn Yes & 4 9l
r} &g 27]%Heg A9 ARz 2004 1
2 HdFozH 7—“114%“1] »101*1“ 2 ‘?& 7.}:.‘_—3*
7tA 9t ()9 AE
CPUA| 72 %a T Ak olAL AxwHue 2
2% Z27|¢HEd2E A9 BAdE"ds

A7kl whel Welz] gfom g BBl A ALz
7 Ea

Nl

£ A7 sete Aol £257) W Fo),

o
My
rhu

AFAR A4 % AgARY va 5E ot
o Gg3} 2L ABE AL 4 9ok

() 2718380l Q& B4 FRLeH LA



(3) AolWgsl 271380l
ol glold 271 4o FAFo 2 Wtk 3
$olt ol FUH SHxSHoE WAY 4
sck, oldsl z713eel BFIHA A 2
A%t A $H21$Hoz WA 4 gens
HEsHe A £Fol 434 Y FA
0.1-..‘:_;}.

(4) %+ %*ﬂ (HddEdEd = HHAEHEA)

A5 TR it L Fd3 a
719 —7}*71—8—6 22 JgAHE 4 gler, mx9
50l oM AAAel Aol & WA Y

@#3} @Wezie z/3de FAHL &
Zadgucs B2 2707 2AY ¢ 3
4 9o @Pd FasdAd 2

'é"\!_‘u]'—‘— =

7144 WEZ 2o s Gauss-Legendred=).

A A4S 2E 4 Yo, o ALAHS
vag FA o el sl glen

(5) =etM 27188 FAYF Hio] Azl
wetA W] g %%oﬂ% asﬂqo; 2y
3 B A °é-§—

(6) 271539 FA
3t Afele Hl*i%sﬂ*—i%

3
H4o Aol LG 2789

A| 7kel] whe}

of &}z, olu] B
H "4*4 A 3
FAuc &

o

(1) A.E. Green. R. S. Rivlin, and R. T. Shield, 1952,

-% # R

“General Theory of Small Elastic Deformations
Superposed on Finite Elastic Deformations”, Pro-
ceedings of the Royal Society, Series A, Vol. 211.

(2) C. Truesdell, and W. Noll, 1965, “The Nonlinear
Field Theories of Mechanics”, in Encyclopedia of
Physics, S. Fliigge, Editor, Vol. IIl/3, Springer-
Verlag.

(3) A. E. Green, and W. Zerna, 1968, Theoretical
Elasticity, Second Edition, Oxford University Press,
London, pp. 113~147.

(4) R.J. Knops, 1973, “Theory of Elastic Stability”, in
Encyclopedia of Physics, S. Fliigge, Chief Editor, Vol
VI a/3, Mechanics of Solids I, C. Truesdell, Editor,
Springer-Verlag.

(5) H.Reismann, and P. S. Pawlik, 1977, “Dynamics of
Initially Stressed Hyperelastic Solids”, SM Archives,
Vol. 2, Issue 2.

(6) H. Reismann, and P. S. Pawlik, 1980, Elasticity-
Theory and Application, John Wiley and Sons Ltd.,
pp. 378~407.

(7) H. Reismann, and H. H. Liu, 1977, “Forced Motion
of an Initially Stressed Rectangular Plate-An Elas-
ticity Solution”, Journal of Sound and Vibration,
Vol. 55, No. 3.

(8) H. Reismann, and P. S. Pawlik, 1974, “The Non-
homogeneous Elastodynamics Problem”, Journal of
Engineering Mathematics, Vol. 8, No. 2.

(9) R. G. Anderson, B. M. Iron, and O. C. Zienkiewicz,
1968, “Vibration and Stability of Plates Using Finite
Elements”, International Journal of Solids and
Structures, Vol. 4.

(10) D. J. Dawe, 1969, “Application of the Discrete
Element Method to the Buckling Analysis of Rectan-
gular Plates Under Arbitrary Membrane Loading”,
The Aeronautical Quarterly, Vol. 20.

(11) B. Tabarrok, and A. Simpson, 1977, “An Equilib-
rium Finite Element Model for Buckling Analysis of
Plates”, International Journal for Numerical
Methods in Engineering, Vol. 11.

(12) R. A. F. Martins, and D. R. J. Owen, 1977, “Struc-
tural Instability and Natural Vibration Analysis of
Thin Arbitrary Shells by Use of the Semiloof Ele-
ment”, International Journal for N umerical Methods
in Engineering, Vol. 11.

(13) K. K. Gupta, 1981, “Development of a Unified
Numerical Procedure for Free Vibration Analysis of
Structures”, International Journal for Numerical
Methods in Engineering, Vol. 17.

(14) N. M. Newmark, 1959, “A Method of Computa-



271890) 9t BYAY 4Y % AN 651

tion for Structural Dynamics”, Journal of the Engi- Structureal Dynamics, B. V. Sijthoff and Noordhof
neering Mechanics Divison, Vol. 85, ASCE. International Publishers, pp. 102~105.

(15) K. ]J. Bathe, 1982, Finite Element Procedures in (17) Y. D. Kwon, 1985, “Forced Motion of Initially
Engineering Analysis, Prentice-Hall, Inc.,, pp. 490 Stressed Elastic Solids-Analytical and Finite Ele-
~491. ment Methods”, Ph. D Thesis, State University of

(16) L. Meirovitch, 1980, Computational Methods in New York at Buffalo.



