WRER Journal of the Korean Institute
of Industrial Engineers
Vol. 13, No. 2, Dec. 1987

Congested Market Equilibrium Analysis

Hyung- Sik Oh*

Abstract

Congestion occurs whenever users interfere with each other, while competing for scarce
resources. In a congested market, such as a telecommunication service market, users of
telecommunication services incur costs in using the service in addition to the price. The user's
own time costs involved in learning to use the service, waiting for the service, and making
use of the service are typically greater than the price of telecommunication services,

A market equilibrium analysis is performed in which a method for user demand apggrega-
tion is developed. The effects of price changes on user demands and market demands for
congested services are examined. It is found that total market demands may increase as the
price for less-congested services increase under certain demand conditions. This suggests that a
nonuniform pricing scheme for a congested service may improve the utilization of the con-
gested system. The sign of price cross-elasticity for congested services is show to vary with
demand conditions. A possible complementary property of congested services is found and
the implication of such a property is discussed. It is argued that such a complementary
property may lead to a cross subsidy in a market with congestion.

Finally, comparisons between uniform pricing and nonruniform pricing policies are made.
A specific numerical example is given to show that a nonuniform pricing policy may be
Pareto superior to a uniform pricing policy. '

1. Introduction

Congestion occurs whenever users interfere with each other, while competing for scarce
resources. In a congested market, such as a telecommunication service market, users of
telecommunication services incur costs in using the service in addition to the price. The user’s
Own time costs involved in learning to use the service, waiting for the service, and making
use of the service are typically greater than the price of telecommunication services.

In a market where services are subject to congestion, congestion can be thought of as
creating quality differences among otherwise indistinguishable services. Congestion is an exter-
nality, because time is a cost to users, but is not revenue to providers. The problem is
complicated by the fact that the quantity demanded by users typically depends on the price
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and the user time cost, which in turn depends on the level of congestion. For a given set of
services and prices set by providers, the equilibrium levels of congestion are determined
through user-optimizing behavior.

The theory of congested systems has primarily focused on the control of congestion
through the pricing of services in nonmarket situations, such as highways or airports. An
extensive literature review appears in Agnew [1]. Diamond {5] examines the problem of
pricing congested facilities in the presence of consumption externalities in a general context.
Eric [10], Lecaros, and Dunn [7] present an equilibrivm theory for markets in which a
number of competing firms offer services subject to congestion. However, these studies are
limited to the case where all users have the same value of time. In most markets users will
have different values of time that they will use in estimating their costs for time spent
consuming the service.

In the absence of user heterogeneity with respect to vaiue of time, equilibrium will be
reached when all users incur the same user cost for the service [7, 10]. In the presence of
user heterogeneity with respect to value of time, at equilibrium, it is shown that users with
high values of time incur a higher user cost than users with low values of time [13].

Starting from the analysis of an individual user’s optimizing behavior in congested mar-
kets, market demand functions for congested services are derived from the aggregation of
individual user demands, and the structure of the derived market demand functions are
characterized. The analysis performed here allows for differences in both the value of user
time and demand among a user population.

Special features of the effects of price on the user demands and market demands are
examined. One of the interesting features observed in congested markets is that the total
demand for both a higher-priced service (less-congested) and a lower-priced service (more-
congested) may increase if the price of the less-congested service increases. This suggests that
a nonuniform pricing scheme for congested services may improve the utilization of the con-
gested system.

Finally, comparisons between uniform pricing and nonuniform pricing policies are made
using a numerical example.

2. User’s Optimizing Behavior

Users of a congested service incur costs in using the service in addition to the price. The
user’s own time costs involved learning to use the service, waiting for the service, and making
use of the service are typically greater than the price of such telecommunication services as
telephone service or electronic message service. Other user costs can also be important but
are not treated explicitly in this paper.

Total user cost per unit of service, u, can be expressed as the sum of price, p, and time
cost, ¢, which is the product of user time value, w, in dollars per hour, and the amount of
time required to consume one unit of service, T, in hours, Thus,

u=pt+c=p+wrt

Users view u as the decision variable in choices with respect to the quantity of service
purchased, rather than p. Service providers, on the other hand, can only control price.
Providers, therefore, seek information about consumer behavior in the form of cenventional
demand curves which plot quantity purchased as a function of price.



Let uj be the unit cost of service j to user k. User k has time value w* per unit time and
takes fime 7 ; to consume one unit of service, where 7 ; is taken to be a function of the total
amount of service provided by provider j but independent of the user k. Then

u?=p5+ C.fk= p;+ wkrt, {xi)

One service is said to be more congested than another, if the unit congestion costs, 7 i of
the two services have the same functional form and the more congested service has a higher
unit congestion cost.

The user’s decision problem will be stated under the assumption that user k has a benefit
function B* which is his monetary willingness to pay for the total quantity of service q* that
he consumes. Given a set of n services, user k maximizes net benefit, the difference between
B* and user cost. His decision problem, assuming a concave benefit function, is then
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If u* is the equilibrium (unit) user cost, then u* is the minimum user cost

At such a demand equilibrium, no user has an incentive to modify his choice of services or
the quantities of service purchased, and supply equals demand.
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At such an equilibrium, the demand of every user group is allocated among the services in a
way that yields the minimum user cost.

3. Market Demand Functions for Congested Services

In this section, market demand functions for congested services are derived from the
aggregation of individual user demands, and the structure of the derived market demand
functions are characterized. The derivation of the demands for congested services is based on
the demand equilibrium conditions obtained from the analysis of user optimizing behavior in
section 2.

Consider now a simple case in which only two services are offered, each of which js
characterized by a price, pi» and a unit congestion cost, 7, which is a function of the
amount of service provided, x%;. Congestion costs are further assumed to be linear functions of
the amount of service provided

=@, J= 1, 2o s ()

¥

where the coefficient @ is positive.

In order to explore some of the effects of price on demand, it will temporarily be
assumed, further, that both services have the same coefficient . This condition will be
relaxed, in making a sample computation below.

The quantity of service demanded by user group Kk, g%, is assumed to be linear in user
cost as follows,

qk= a — bkuk’ k: 1’ e e e e e A b e s R At e nra e an anen e enraaas (11}

where a, and b, are positive constants. Thus, the users are inhomogeneous both with respect
to the value of user time and their demand functions.

Four different cases can exist at demand equilibrivm, depending on the prices and user
time values.

Casel: Service 1 (the lower priced service) captures all the demands for services by
both user group.

In general, a reduction in price may not capture all the demand in a congested market.
But in this case, one service has captured the entire market demand. Since users choose
services by user cost, under this case both user groups incur a least user cost for service 1.
The demand for service 2 is thus zero and the demand for service 1 is the sum of thé
demands by both user groups. The corresponding demand equilibrium conditions are

u'=p, +wlax, <p,+ w' (g Tt st o b et e ] )

u? —p, +wlax, <p, + wiax, e [

X =:Z (ak—bkuk){ltl)
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Substituting u' and v’ from Egs. (12) and (13) into Eq. (14) and solving for x; yields
x,= (14+bw'atb,wia)! ((a,+a,) - fbl—i'bz)p;]l’lﬁ]

which is equal to the total market demand for services. The user costs, u' and u° can be
obtained as a function of p, by substituting x; from Eg. (16) into Egs. (12) and (13),
respectively:

w'= (1+bwiatbwia) ' [{a,+a,)w e+ (1+b a(w! —w))p, Jrrerrereerremmniiicnnn (1)

uf= {1 +b,wia+ byw?la) ™! [{a,+a,)wia+ (l—i—b,a(w‘“w’))p]] ........................... 18

The user demands, q' and g* can be obtained as a function of p; by substituting v and W’
from Egs. (17) and (18) into Eq. (11) :

¢'= {1 + hyw'a+b,w’a)™!

X[atab,wiae—~abw'e—b; (1 4 b, @ (W —w')Ip, ] =]
g*= (1 +bw'at+ bywia)’

X (as+ a;byw'e — abyw? @=by (1 4 by @ {w' —w?))p, J-oreverremerermomaneanieineenen {2

Define R, as the set of prices for which this case can occur, then we can find the set of
prices R, which satisfies constraints (12), (13), and the nonnegativity of the user demands, g
and ¢’ defined in Eqs. (19) and (20), respectively.

Case2: User group 1 consumes both services, and user group 2 consumes service 2 only.

This case can happen if user group 1 incurs the same user cost for both services and user
group 2 incurs a least user cost for service 2. The corresponding demand equilibrium condi-
tions are

ul=p, + whax, =p, + wlax, B e L e )

ui= p: + Wzan = o -+ wgax] LT T U N (22)
2

X+ x =2, T T G OO TUNN 23
k=1

Substituting u' and ' from Egs. (21) and (22) into Eg. (23) and using the relationship
between x; and x, from Eq. (21), we obtain the market demand functions, X; and x, in terms
of prices, p, and p;:

1= {2 +bw'a+bwia)?

1 +bw'atb,w?a 1+b,a(w?—w'
hid ¥ p, + 1( w') Dy Jerrrereereesasesernennins (24
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X= (2 +bwiath,wia)!

1 1+b1w1a+bzwla

wla wla

X [(31“‘32) +

The user costs, u' and v can now be expressed as a function of p; and p, by substituting x,
and x; from Eqs. (24) and (25) into Eqs. (21} and (22), respectively:

ut = (2 +blwla+bnga)-l b4 [(al+az)wlﬁ+(1+baa(w2—wl)}p2+p]] ..................... (26}

u'=1(24+bw'atb,wia)’
2 2
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w

w

Equivalently, the user demands, ¢' and g* can be expressed as functions of p, and p,:

q'=(2 +b,w'atb,wia)'x [(2a, +a,b,w'@—a,b,w'a) ~b;p, - b (1+be(w?—w!)]
DEY e rrerneren e et ser e ar ettt etttk ettt e s esenasrearsarasrantesennersessarss ()
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The demand for service 2 by user group 1, q,, can be determined by subtracting x; from
g'. Finally, the total market demand x can be obtained by summing x; and x, or q' and g*

x=(2+bwlatb,wia)"!

byw'a+b,wia ba{w®*-2w')—bw'a
% (2 (a, +a,)— P+ 90 O PN i

wle wla

Define R, as the set of prices for which this case can occur, then we can find the set of
prices R, which satisfied constraint (22), and the nonnegativity of x;, %, q', ¢°, and g}
defined above.

The market demand for service 1 (service 2) decreases as the price of service 2 (service
1) decreases. Since both services are same, except for the degreee of congestion, the two
services compete with each other as if they were substitutes in this case.

Next, it is of interest to examine the signs of the cross derivatives of the user demand
functions. The demand of vser group 1 increases as either service 1's price or service 2°s price
decreases. The demand of user group 2 increases as service 1’s price decreases, although user
group 2 consumes only service 2. This is because, as a result of a decrease in service 1's
price, some users who purchase service 2 switch to service 1, resulting in a decrease in service
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2's congestion level. Hence user group 2 incurs a lower user cost than before, even with a
fixed price for service 2. The effect of a price change of service 2 on the demand of user
group 2 is indeterminate. A price increase of service 2 can lead to an increase in user group
2’s demand under certain conditions. This is likely to occur when the demand elasticity of
user group 1 and the congestion coefficient are high. The economic reasoning is as follows.
As service 2's price increases, some of the users in user group 1 who consume service 2 turn
to service I. This results in a decrease in the congestion level of service 2. If a decrease in
the congestion level of service 2 compensates for the price increase, user group 2 finds it has
a lower user cost for servie 2 as a result of a price increase of service 2, thus increasing user
group 2's demand for service 2.

Finally the effects of price changes on total market demand are examined. As service 1’s
price increases, total demand decreases. But an increase in service 2's price can result in an
increase in total demand of bya (w*—2w')—b,w’a >0. This property may lead to the case
where a total surplus maximizer sets service 1’s price below marginal cost. Therefore cross
subsidization may exist under total surplus maximization.

Case 3. User group 1 consumes service 1, and user group 2 consumes service 2.
The demand conditions are

ul=p1 +w1axl g P: _+_ Wla)(z“""""'"‘"““““““’“'"'"'"“'“““'"'"'"'"'"'“‘""""’"'"" Bl}
U2=pz +wiax, = p, +wlax, L P T P PP )
xx=ak—bkuk‘ k=1, e e N s e e et A ey e E e R e A R4 e 4 4y e e e e EE A N A A e (33}

The market demand functions, x; and x,, can be expressed in terms of prices of substituting
u’ and v’ from Eqs. (31) and (32) into Eq. (33) and solving for x; and x,, respectively:

®=g'={(1+b w'a) T {a; — by, e e e 34

x'=q*={(1+b,wa)! (ﬂ-z. =B P e e e e v e (85)

Define R; ad the set of prices for which this case can occur., then we can find the set R,
which satisfies the constraints (31), (32} and the nonnegativity of x; and x,.

Case 4 User group 2 consumes both service 1 and service 2, and user group 1 consumes
only service 1.

User group 2 incurs the same user cost for both services, and user group 1 incurs a least
user cost for service 1. The corresponding demand equilibrium conditions are

u"=p] +wlﬁ'x1 = P: +Wlaxz"“'"'""""'““""'""""'"'""""""'""'"'"'"'“""""""""""(36]

ul =D +w’ ax, =p, +w=axl D T T (37:]
2

b +xz =kz=1 (ak —bkuk) .........--..........................................................---.....................(38}



Substituting v' and v’ from Egs. (36) and (37) into Eq. (38) and using the relationship
between x; and x, from Eq. (37), we obtain the market demand functions, x; and x,, in items
of prices, p; and p;:

H H
x, = (2+b,w'a-+b,wta) " ((a,+a,) - L T2 AEbwTE L 59
wa wia
X, = {2 +b wieth,wia}! X
1+boafw' —w?) 1+b,w'aetb,wia
X [{a, +a,) + —ia P — T Da) rerrrersenrasniennninnsrnensens df)

Substituting x, and x, from Egs. (39) and (40) into Eqs. (36) and (37} yields

u'= (Z2+b,w'atb,wia}™!

wl 1
—)

X ((a, ta)w'e+ (2 +b,a(wi—w') -~
w

ut = (2 +byw'atb,wia) " [{a,4a, ) wia+ (1 by (' —w2)p, 4, ) -rerreerreerreereeeracnenne §)
Substituting v’ and v from Egs. (41) and (42) into Eg. (11) yields

qQ'= (2 +b,wlatb,wia)' xX{2a,+ab,wia—gabw'a

1 1

—by (b & (W —wh) 2 gy —by o ) e reeere e )
w w

q* = (2 4+b,wat+b,wa)’

X (2a,4a.bwi@—a,bwla—b,[1+b a{wl —w?))p, —hyp,] sereereeresrorniramre i 44

The demand for service 1 by user group 2, qj, can be determined by subtracting x; from
q-

Finally, the total market demand x can be obtained by summing x, and x, o1, equivalent-
ly q' and g

b,wla—2b,wia—b,wia

w'e

x= (24+b,wretb,wia) ! (2 {a,+a,)}+ P

b, wl'a+b,wa

wia

Define R, as the set of prices for which this case can occur, then we can find the set Ry
which satisfies constraint (36), and the nonnegativity of the user demands and market de-
mands such as q', ¢°, qj, X; and x,.
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4. Properties of the Demands for Congested Services

A number of interesting observations can be made from examining the structure of
market demand functions and user demand functions. '

The effect of price changes on the market demand for each service is considered first
(see Table 1). The market demand for each service decreases as its price increases. The
market demand for the high-priced (less-congested) service may increase as a result of the
decrease in the price of the more-congested service. In terms of cross-elasticity, this corres-
ponds to the case where the services are complements. However, a more-congested service
acts always as a substitute for a less-congested service; the demand for a more-congested
service increases as the price of a less-congested service decreases.

The effect of price changes on the demand by each user group is considered next (see
Table 2). The quantity demanded by users with a high time value may increase as the price
of the more-congested service increase. This is because as the price of the more-congested
service increases, the demand by users with a low value of the decreases. The decrease of the
demand by these users reduces the equilibrium level of congestion. The user cost incurred by
users with a high value of time may therefore decrease, and consequently their demand can
increase in spite of the increase in the price of the more-congested service.

In summary, the market demand function for each service has been derived as a function
of prices, user time values and other user demand characteristics. Since the market demand

for each service is a result of user self-selection process, for any given set of services, prices
set by providers, user time values, and user demands, the corresponding demand faced by
each provider can be uniquely obtained.

Table | . The Effects of Price Changes on Market Demands

x Xz x("'xl ‘F‘X;)
a‘l /aP1 81(1 /apz ax, /ap: axz /apz ax/apx Ix / apz
Casel - 0 0 0 - ¢
Case?2 - + + - +
Case 3 - 0 0 - -
Caseq - + + - -
Table2. The Effects of Price Changes on User Demands
q‘l

afll/aill aql/ap: al’/apl aq’/ap,

Case 1l - 0 - 0

Case 2 - - - +

| Case3 - 0 0 —

Cased - - + -




5. An Example Comprising Uniform vs. Nonuniform Pricing Policies

In this example, a provider of service, such as a university, is providing a service. such as
timeshared computing service, initially to a user population at zero price. It is assumed that
the user population is divided into two user groups {possibly users with an immediate dead-
line and users with a more remote deadline for completing their work), each of which has
different time values. In this case, let wi=1 and w’=2. The user demand and congesticn
functions are assumed to be linear as follows:

d = 10—’
q* = 20-u’
T (x)=alx1

where @, denotes the congestion coefficient of an existing facility, and is assumed to be 1.
The cost per unit time of providing these services is assumed to depend on the value of the
congestion coefficient of the system. This cost is assumed to be (10/«,). Since the services
are provided at zero price, the university incurs a net cost of 10 in providing the services in
this case. Given the user demands of the two user groups and the existing system, the
equilibrium congestion level and user demands are (see case 1 above)

7 (% )=7.5
q'=2.5 u' =7.5
g®=5 ut =15

The university feels that the level of congestion is too high and decides to increase the
budget from 10 to 15. With the increased budget, two alternatives are considered: the existing
zero price policy and a nonzero price policy. Under the zero price policy. a new facility with
a congestion coefficient 2 will be made available, in addition to the existing facility, and the
net cost involved in providing the services will be 15. Under this zero price policy. the
equilibrium congestion level for each facility and user demands are (see the case 4 above)

x, = B.68

x. = 3.33

7 (x1)=X1 = 6,67

Ty (xz‘) = 2x, — 6,67
q'=13.33 u' = 6,67
q’ = 6.67 u? =13.33

where x, denotes the quantity of services provided from the existing facility, x, denotes the
quantity of services provided from the new facility, 7, denotes the equilibrium congestion
level for the existing facility, and 7, denotes the equilibrium congestion level for the new
system. The congestion coefficient for each service is different. However, the equilibrium
congestion level (unit cost) for each service is the same. The user cost has been reduced for
both user groups and the quantity of service provided to each group has been increased, as a
result of the increased budget allocation.



We now consider a nonzero price policy. Under this policy the university will charge for
services from the new facility and use the revenues collected from the new facility to cover
some of the cost involved in providing the services from the new facility. The university
decides to set the congestion coefficient for the new facility and the price for services from
the new facility to the values that maximize the user surplus subject to the budget allocated:

max jf:' Q (v)dv+ Eu: a® (Vdv

Pz, &;

subject to

P:X; = {10/“2) - 5
ul = p, +wla;x,

2
u® =p, + Wz“zxz

where x, is the demand for services from the existing facility, x, is the demand for services
from the new facility, and p;, ¢,, w!, and wW? are set to 0.1,1, and 2 respectively.

Solving this optimization problem for p, and @.,, we obtain the congestion coefficient for
the new facility, the price for services from the mew facility, equilibrium congestion level for
each facility, user demand of each user group:

p, =4.15

a, =0,19

7 (x|)= 5

T, (%) =218

qQt=5 u'= 5§
q° = 11.47 u? =853

Again, both user groups have reduced user costs and increased consumption levels in com-
parison with previous cases. But the budget allocation is still the same as in the preceding
case.

The cost involved in providing services for the new facility will be 52.63= (10/ @ ;), which
is the sum of the revenues collected from the facility, 47.63, and the increased budget, 5. The
use of the revenues collected from the high time value users has permitted the university to
acquire a facility with a substantially higher capacity than was possible before. The compari-
sons between the two alternatives are surnmarized in Table 3. From Table 3, both user
groups are better off under the nonzero price policy. This example shows that total welfare is
increased simply by charging for services from the new facility and allowing the users to
self-select which facility to use. Total welfare is defined here as the difference between’ user
surplus and the university’s net cost.

Since the university incurs the same net cost under the two new system alternatives, the
comparison of these two alternatives is appropriate. The users with low time values still
obtain service at zero price, and their time costs are reduced, because the nonzero price
facility draws off high time value users. The users with high time values must pay a nonzero
price, but their total user costs are reduced.

In this case, the higher priced product attracts the user group with the higher value of
time, and & form of discriminatory pricing is made possible in which uvsers self-select them-



selves. Benefits to both the user group with the low user time value and the user group with
the high user time value are greater for positive pricing. It appears that there may be
opportunities for increasing both user benefits and provider profits in congested systems
serving user groups with different time values, simply by offering the same service through
multiple sources at different prices.

Table 3 The Comparison of a Zero Price Policy and an Nonzoro Price Policy

Existing System New System

Zero Price Policy | Zero Price Policy {Nonzero Price Policy
&1 ¢ 0 0
P: - 0 4,15
a, 1 1 1
a, - 2 0.19
X, 7.5 6.67 5
Xz - 333 11. 47
o 0 ) 7.5 6.67 5
T, (x,) - 6.67 2. 18
u’ 7.5 6. 67 5
u® 15 13.33 8.53
University Net Cost 10 15 15
Welfare 21.25 40.58 141,98

6. Conclusions

In a congested market where users differ in their values of time and have linear demand
curves, a method for aggregating user demand has been developed and used to obtain market
demands for services from different sources as a function of prices of services set by provid-
ers. It can be shown that, for any set of prices, user time values, and user demand character-
istics such as demand elasticity, the resulting market demand function for each service is a
continuous function of prices and is piecewise differentiable over the whole price space. For
any set of services the method developed here can be used to predict the equilibrium levels
of congestion, the amount of service consumed by each user group, the amount of each
service provided to each user group, and so on.

An examination of the cross elasticity of market demand revealed the special features of
a market with congestion, which are not observed in a market in which product qualities are
set solely by producers. The market demand for a high-priced (less congested) service may
increase (decrease) as the price of a low-price (more congested) service decreases (increases),
when the demands by users with a low value of time are more elastic or the difference
between the two user time values is large. In this case a high-priced service is seen by
suppliers as a complementary service of a low-priced service. However, the market demand
for a low-priced service always increase (decreases) as the price of a high-priced service



increases (decreases): a low-priced service is always seen as a substitute service of a high-
priced service. The policy implication of this property is of significance; a profit-maximizing
monopolist may engage in a cross subsidy between the two services by setting the price of a
highly-congested service below the marginal cost.

Another important feature of such a market is that the increase in the price of a
less-congested service may result in the increase of the total demand for the service. For
example, consider the case in which government provides pure public services subject to
congestion. Simply by charging a price for a less-congested service, the revenues provided by
such charges enable the government to partly avoid the conflict between efficiency and
benefit finance which it confronts with respect to the congested services.

Finally, comparisons between uniform pricing and nonuniform pricing policies are made.
A specific numerical example is given to show that a nonuniform pricing policy may be
Pareto superior to a uniform pricing pelicy. This suggests that a nonuniform pricing scheme
for a congested service may improve the utilization of the congested system.
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