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1. Introduction

A Problem that is often encountered in both the linear and nonlinear regression
analysis is the nonnormality of errors in the model. The classical method of testing
hypotheses about regression parameters assumes that the errors (so observations) are
normally distributed. Under this assumption, the likelihood ratio criterion provides
the most powerful test. Quite often, however, the normality assumption of the errors
is not appropriate. Rather there is good reason to admit the non-normality. When
this is the case, the likelihood ratio test statistic calculated on the wrong assumption
of nomality fails to perform.

In such a situation, the distribution free methods, especially the rank method,
may provide a good answer to the testing problem. This is so because in many rank
methods, it is enough to assume that the distribution function of the observations is
continuous. In fact, the chief merit of nonparametric tests lies in their generality,
and it seems useful that an assessment of their performance i8 not restricted by the
intrinsic postulates in their parametric tests,

This study is concerned with the test of the hypothesis:

W hen the observations are responses ), to input x, generated according to the nonlinear

regression model

Y‘:f(x“ 0)"“"6!: Frm 1,2y crry Foveere e e (1.2)
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The functional form of the Tesponse function f{(x,, #) is known function, @ is the
unknown px 1 parameter vector from a compact parameter space & K*. The errors
€, are assumed to be independent and identically distributed with zero mean, finite
variance and with the common absolutely continuous distribution G which has absol-

utely continuous density g, with finite Fisher information, i.e.,
1(g)= I (g'/8)*dG < oo,

The problem of the testing hypotheses about the unknown parameter # appearing
in a nonlinear model has received almost no attention in the statistical literature.
However, in the case of the linear regression model f(x,, #)=x/68, where x, is a
P> 1 vector, the use of rank tests as alternative to classical tests has been discussed
by many authors: Pitman (11), Hodges and Lehmann (7), Chernoff and Savage (3),
Hajek (5), Puri and Sen (12) among them.

Whether the given regression model is linear or nonlinear it is reasonable to
evaluate the performance of any testing procedure. The wusual measure used is the
power of test against alternative hypothesis. Power calculations require knowledge of
the probability distribution of the test statistic under the alternative hypothesis, but
the derivations of their even asymptotic distributions may often be impossible. Fur-
thermore, a test is consistent against any fixed alternative when the power of the
test asymptotically tends to ] as the sample size increase. Hence, for the study of the
asymptotic power properties, one confines oneself to some local alternatives for which
the power approaches to an arbitrary number less than 1. Such local alternatives tend
to the null hypothesis as the sample sizes increase, and Hajek (5) bas studied the
asymptotic normality of the test statistic under such local alternatives using the notion
of contiguity, which is due to LeCam (9).

In this study we shall employ the sequence of contiguous alternative
2 T H PP (1.3)

where }‘gg B.my=0, and use the concept of asymptotic efficiency as defined by Pitman
(See (11))

The contents of the study are as follows,

In section 2, a class of signed rank order statistic is proposed and the asymptotic
distribution of the statistic is shown to be normal under the null hypothesis and a

certain regularity conditions about regression function. In Section 3 we introduce
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suitable families of contiguous alternatives and derive the asymptotic normality of

signed rank order statistic under such alternatives, Also, we define a quadratic form

T e K PSR ppOY (1.4

as the test statistics, and, hence, we establish that the test statistics have a asym-
ptotic central chi-square distribution under the null hypothesis and a asymptotic
noncentral chi-square distribution under the contiguous sequence of alternatives. Here
S is a px1 random vector and X, a px p covariance matrix of the signed rank order
statistic, respectively. Finally, in Section 4, the asymptotic relative efficiency of the
proposed statistics @ relative to the least squares test statistic will be studied by

using the ratio of their noncentrality parameters.

2. Asymptotic Distribution Under Null Hypothesis

2.1 Asymptotic Normality of 8, under H,.

We consider random variables Y, ¢+ 1, --n, which are considered as observable and
satisfy the equations (1.2). As mentioned before,errors & in (1.2) are  independent
random variables with the absolutely continuous distribution function G.

In this section, we construct a signed rank order statistic, and then derive the
asymptotic normality of the statistic under the null hypothesis. For this we need the

following assumptions in the sequel.

Assumption A. The distribution function G satisfy

(1) g(»)=dG(y)/dy exists and is absolutely continuous on K.

(i) ¢(u)=~(g'/g) (G *(u+1)/2)) can be written as the sum of two square
integrable functions ¢,(#) and ¢,(x), where ¢,(«) is non-decreasing and non-negative
and ¢,(«) is non-increasing and non-positive on 0<z#<Cl,

(iii) & is symmetric, that is g(y)=g(~y) for all y.

If G is the logistic distribution function G(»)={l1+e ?}"!, we easily see that ¢(«)
=u. Also, if G is chosen to be the normal distribution function ¢, then ¢(u)=¢""!
(- 1)72).

We also need some assumptions of the regression function f(x, 6).

Assumption B. All the first order partial derivatives, —-a—“):»(g‘f ----- 4 L. j=1,,b, exist
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and satisfy the following conditions;
(i)
(ii) lxm i 2__. [ Bf(x,, ) J

Let R, be the rank of |Y, ~f(x, #)| in the sequence of
Consider the rank order statistic S;

B/ ) i 5 continuous on 6,
28,

absolute values [¥,—f

(%10 O], oo, Y~ S (20, 0} of the » guantities.

defined by

= A 5 3S(x, 0)
=i B LG #(5h) et s )

tul

, b where Sign (¢)=1,0, ~1 as v>>0, =0, <0, respectively.

for j=1, -
"'1pv

The following lemma gives the asymptotic null distribution of S, for j=1,

under Assumptions A and B.
Lemma 2.1. Let Assumptions A and B be satisfied. Under the null hypothesis,.

S;(j=1, -, p) is asymptotically normal distribution with

E(\Sj) = ()

Var(Sp) =lim 5 22 [2LGa LT [1gtdu

Proof. Now introduce statistics

and

L= 22 2 8) 4(Gr(1y,~f(xi, 6)1)) Sign(¥,~ 1 (5 )

where G* is the distribution function of |¥Y,~ f(x,, )], i.e., PollY ~f(x,, 8)|<e} =

G*(e) for ¢>0. Note that if we let

2= gy 558 W signor,

S(x,, 6)!) which are independent variables uniformly distributed

“f(xu B))

where U, =G*(|Y,—

on (0.1), then L,:‘z; Z,, with variance ¢,%;
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For the independent identically distributed random variables ¢(U,), {=1,---,n, the

2n random variables
¢(U1)l'“! ¢(Uu)y Signcyl_f(xu (}))y A Sign(ynwf(x“ 0))
are mutually independent. Then, the Lindeberg condition of ‘the central limit theorem

amounts to showing

T "J 2 AELT Yo (Qererenronseneiaonaneases
tm 5 22 [, #0420 0 e

fopoe

for every €>0. Before taking the limit, the left side of (2.1) is

..,.1,._. a 154 ﬁ 2
L] (s 200,
Tey e {u:j/%laf xj 9 4y >ea,,) :
<[ 60 dT [ | gy ey PO duTen (2.2)

where

e i
a..:Uf, ¢ () du] max wl,,‘ 0f(x, 0 t
15esn J‘,‘, ;

Furthermore, Assumption B implies that d,-»oo as m—oo, and then the upper bound
(2.2) goes to zero. Therefore, (2.1) is satisfied and L, is asymptotically normally
distributed.

Because the vactors (Rls "ty Rn)y ('Yl““f(xls ,@)‘n Y EYn"f(xM Q) l) and (Sign(Yl
—F(xy, B)), -, Sign(Y.— f (%, §))) are mutually independent, and E(Sign(Y.--f(x.,
00)))=0 for all ¢{, we obtain

B (S~ Lotl= 3o [ 2Ll eg(GRy ) -swor
Clearly,
E(EY) —swor - Ele () - T

for every f=1, -,#. Using Theorem 8.3.23 of (13) it is seen that
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S;—Ly~--0 in probability, j=1,-,p.

This completes the proof. ///

3. Asymptotic Distributicn Under Contignous Alternatives

3.1 Asymptotic Normality of S; Under H,.

The limiting distributions of test statistics under alternative plays a vital role in
the study of the asymptotic power. Particularly, for the evaluation of the efficiency
of the consistent test statistics, it is necessary to find its distribution function under
a sequence of alternatives tending to the null hypothesis at a suitable rate. In this
section we consider the distribution of S; for contiguous alternative tending to H, at
a certain rate. For this, we shall follow the method based on LeCam’s contiguity
lemma (6).

Let @, be the distribution function of {Y,~—f(xy, £), -, Y,.~—f(%,, §)) under the
alternative hypotheses H, and let P, bs the corresponding distribution function under
the null hypothesis H,. If g. and p, are densities associated with the distribution

functions @, and P,, respectively, we have
an= I (Y 1= (20 )
and
Po= 1T g(¥,—f (x:,80))
We proceed to verify the asymptotic normality of W, where
wa=agz] (=Lt | 1]
Toward this, let

St = o (o g0~ F (2 o] |-t 5

and

S(Y.~f(xy, ) =(g(Y,~ f(x, GNP
s0 that
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S s = L [T s 7]}

2 ﬁf [ Xty
Also, we need the following assumptions in the suquel.

Assumption C. The function f{(x,, §) is continuous on @ and satisfies the following

conditions;

0<l1_'r2 ?_;;. [ (xey 86)— F(%4y Benr) P00
where lim §¢,,=0,.
We are now ready to state the asymptotic normality of 7 S.*

Lemma 3.1. Let Assumption A and C be satisfied. Under the alternative hypothesis,

v S is asymptotically normally distributed with
E(7 S*)=0

and
var (Vi S%)=lim 32 [f (%, 80) = vy Q)T [ P00d

where g* is the density function corresponding to the distribution function G* and
P(u)=—g%¥ (|Y— f (%, §0) )/8*UIY = [ (%4, Fo) ).
Proof. Let

23 =01 G ) = S (s o)) |-~ S i f

Xyy
Because of the symmetry of the density function g, we may write
23 =Uf G 0= F (s o)) |~ G | o sigm v~/ (xi, 00)
=[S (% o) =S (%43 Bn2) ] (UL Sign(Y:—f(x,,600))

1t can be easily seen that £ are independently distributed random variables having

-expected value zero and variance,

Var(Z2) =Lf G )= f (¥ fou) T || 2()

n n
then v S* =33 Z* with variance ¢,2~ 2, Var(Z}).
tox t-)
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For every £>-0,

lim b 52 [ e s e (00 dGGR)

. -t -
<m0 [0 g0 50 o) 00 S0y $100

élirg {_ﬂ P*Gydu]™? [{u: by | 88, PR datereeneeiniieinnn, (3.2)

e

where

(£ 07 G g0~ g7 ||

= Tmax 17 G, 89~ o o) ([ ¢ audh.

Assumption C implies {,—>oc as n—- oo, and the upper bound (3.2) goes to zero.
By the Lindeberg central limit theorem, the proof is completed.
In order to show the asymptotic normality of W,, we obtain that because of

{ss Ygt: (%4 fend)) }2

Xy Qo

[] -
= | Bl D) oG- 400y dy-1

:K_ (e~ S (%, fenr)) dy—1,
s(Y,— f (2, fen ))—s(Y,— f(x,, ﬁ N2
E | ST o) )

s(Y '—f(xt; fin)) —s(Y.—f(x,, o))
af e T B D} ]=0

Consequently,

o[- e[| o))

Since s(y) is absolutely continuous, so that Ihxrgn {s{y+h)—s(»}/h=5(y) a.e and,

furthermore, for every A>0,

f-.

=1 [ swariay

S(:V+h)“3(y)ldy .......................................... (3.3)

<[t [ 1wy ay
=[" 151 ay
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Note that

& E[{ R §’(‘f/’.’?.‘}’€;f.‘§;)’3f = "3“”121

. - 2 [T (SO =Sy Bnn)) (e~ F (%4 B0))
§ [f(x, go) S (% Bemd)] J~¢{ f(xn(g:)) Fix,, W‘L(” ]

In particular, by (3.3), Under H,,

r { (Y= S (%es Genr)) —=S(¥e - S (%, ﬁo))}” dy
- T (x:, Go)—Flxy, Beav)

<[ = f i, g .

therefore,
EO(Wn)g"’—iW- :l [f (20, Go)— F {2y Bear) TP
” g,(yt_'f( (31 2
xjvm[ g{Ye— ;,, o ] g, ~f(x, .@o)) dy
then

E (W, )<—~- Var(vm S})
where Var(Ja 8. )= [f(xu o) — S (%, Q)

- ’( !"'f ty ) 12
xj*‘m[i Y ;;. 0 ) g(Y:wf(x” ga)) dy

B 2';1: [lf(x" QO)""’f(x‘, Q(n))]z J: (’ﬁz(u)du:,—.a-nz
and that
Var(W,."ﬁl"S,,* )= Eo({W, EW,)—J7 A S RRTE (3.4)

s [l D) 1 L0 8- (e B (£t o)} |*

4 UG 0~ G e P (R ) 20 e D)

e S ] | .

Then (3.3) implies that the right hand of (3.4) goes to zero as #——o0, We have
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W, is agympiotically normal distribution (3.5)

with E (W)= ,-1(02
and Var(W,)==a?,
where c*=lim 0,2

now

Lemma 3.2. Let Assumption A and B be satisfied.

Under the contiguous alternative hypothesis, S, is asymptotically normally distributed
with E(S,-)xlirg "

and
Var(S,)=lim L Z {-a—[%ﬁ—i— ]a I; @*(u) du
]:1’..~,p

where p;=Cov(S;, v S*)

= 3 U G )~ (s fen)] 2L G5 000 [ (SR
&G )
x[ (Y~ T (% 0‘3 } G

Proof. By virtue of LeCam's third lemma (6), to establish the asymptotic norma-

lity of S; under contiguous alternative hypotheses it suffices to show that

{ By — S (%, Q(n))),__l x>e} =0

lim max P CTEN LN 3))

LR T T ]

For every €20,

lim max PU ng;f(x,, :’))-1‘>E]

ne®  ygtgn Xy

<tim max - £[ Hp =t diss -]

BT B oS (% Bar)) = f (2es f (%0, ))
lim max g 1S (xS e o) ||| ELL G ) g 01 [ (1 80) | gy,
NOW ‘ g(yl-f(xn a(n)))”’g(yl”f(xn ,QO))‘
f(xu QO)“f(xh Ly}

1 Y S o o) |
ST TGy 5= 7oy 18 () dx.
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We obtain that

lim max 415080~ f (e fo | || EL= L0 Lop)) S0 T (20 )|y

<lim max 5 |Gy f0) =S G| [ 187(0) 1y o (3.5)

Lia b £ §-4 4

Since g has finite Fisher's information, the right hand side of (3.5) goes to zero as

H o LR ///

3.2 Asymptotic Distribution of Test Statistic

We now consider the main result of this chapter, important theorem that establis-
hes the asymptotic distribution of the test statistics under the null and alternative
hypotheses. The preceding series of lemmas leads to the following one, which provides
the key role in the construction of the asymptotic distribution of the test statistics Q.
As mentioned before, the test statistics @ for testing the null hypothesis in (1.1) are
defined as quadratic in signed rank order statistics. Writing S for (S,, Sa, -+, Ss), the

test statistic @ is given by
Q=S"¥:'S

where 3, is the px p covariance matrix of (S,,S;) with elements as

Cov(s, S = 32 Mgt WGl [ gru) du.

Observe that @ is well defined since both 2:* and its limit as m—oo exist with
Assumptions A,B and C. Furthermore, it easily seen that by Lemma 2.1, 3.1 and
under I,, (S;, vz S;*) tend to the bivariate normal distribution with correlation

coefficients 7;, s=1, -, p, where

yye  COV(S,, VA S?)
{Var S;}% {Var(va S*}%

ﬁ:[(fx,.ﬁo>~--f<x., Bl @Ji%-ﬁ-l jo $*(u) $u) du

(5oL " [ o [ 53 (2o -7 (o 0¥ [ 9200 ]

Combining the test statistics @ with Lemma 2.1 and lLemma 3.2, we have the
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following result.

Theorem 3.6. (a) Under Assumptions A,B and the null hypothesis, @ has asym-
ptotically the central chi-square distribution with p degrees freedom.

(b) Under Assumptions A, B,C and the contiguous alternatives @ has asymptotically
the noncentral chi-square distribution with p degrees of freedom and noncentrality

parmater
A=t w3
=TT A #

where )% is the px1 vector of u#; (Lemma 3.2) and the limit of a covariance matrix

is the matrix ¥ formed by the limit of each entry in the matrix.

Proof. The proof follows immediately from Lemmas 2.1, 3.2 and LeCam’s second
Lemma (6). ///

Let X,%(a) be the upper 100a% point of chi-square distribution function with p-
degrees of freedom. From the discussion above, we have the following test procedure
for large »:

Reject or Accept Hy: f=0, according as
Q > or < X,¥a)

where a{Q<a<1) is the desired level of significance of the test.

4. Asymptotic Efficiency of Test Statistics

4.1. Asymptotic efficiency of @ test.

In this section we consider the comparison of two test procedures due to Pitman
(11). As mentioned before,if two tests of the same size of the same statistical
hypothesis have asymptotically noncentral chi-square distributions, the asymptotic
relative efficiency of the second test with respect to the first is given by the ratio of

their noncentrality parmeters.
For the first test statistic @=38" ¥.:' S, it has been shown that under a sequence-

of contiguous alternatives H,: §

-~

=0 tending to the null hypothesis at a certain rate,
@ has an asymptotic noncentral chi-square distribution with the noncentrality

parameter
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RQ::‘.{ T et F S SILILERT 4.1)

~

where 3 is the pxp matrix with the (4,/7)th elements as

lim ”l’ 1,':: af(g,‘@",- o) af(axé: 80) j: F*(u) du,

Reawo te]

and y is the px1 vector with the j-th element u; as

lim e 350 (o 80— Grs ) 2520 [ 0y 9wy .

nea

On the other hand, it is well known (see (8)) that under certain regularity cond-
itions, the classical least squares estimator, #.*, has an asymptotic normal distribution

in the sense that

Ji (GF ) 2N, ot T%)

where 37* ' is a px p matrix with the (7, j)th element as

ol 3 0f (e, ) OS Cxyy ) <
lim " ,2—;' fag‘g dQ,-Q ............ (4.2)

LTS

and § is the true parameter of §.¥. The sscond test statistic Q* based on the quadratic

function in then least squares estimators " is therefore given by
Q*" n R ag gr
= ‘E! Qn - Un

Under the given alternative hypothesis of the form f=f.;, & has a symptotic
noncentral chi-square distribution with p  degrees of freedom and noncentrality

parameter

where y* is the px1 vector lim V7 f..

From (4.1) and (4.3) the asymptotic efficiency of the @ test relative to @* test

is therefore

-y s ’ oy k]
cqg* = oty T ul/{u* Nt
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