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Abstract

Let M be a positive real number and ¢ @ complex number such that |c—1]|
<M< Re{c}. Let f, f(zg)=z-+ap,z*+..., be analytic and univalent in the unit
disc. It is said to belong to the class S(¢, M) if [af'(z)/f(2)—-¢|-ZM. We
find growth and rotation theorems for the class S{¢, M).

1. Introduction

Let S denote the class of functions f(z)=24a@2z*..., which are analytic and
univalent in the open unit disc E = {z, {z2]<1}. Let 0-<a<’l and S*(a) be the subclass
of S which is starlike of order a. Let m and M be positive real numbérs such that

|m-11-M-"m. A function f€S is said to belong to the class S(m, M) if, for 2z in K,

z:;: l((:)) —m| <M.

It is clear that S(m, M)CTS8*(m—)M). The class S(m, M) was introduced by Jakubowski
[2] and has also been studied in [[17, (4] and [5]. In this paper we generalize the class
S(m, M) by letting m be complex. Let A be a positive real number and ¢ be a

complex number such that
[1~¢| <M= Re{c}.
Let a function f of S belong to the class S(c. M) if, for z in E,

2/(2) -t
Fy ¢ <M.
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We shall study growth and rotation theorems for the class S(c, M).

2. A Growth Theorem for S(c, M)

Let feS(c, M) and define
8(2)=[2f (R)/F(2) —C I/ M. «oreermeereimiimiiaitiiiiiniaiens o))

For |z]<(], the function g is analytic and bounded, |g(2){<J1, hence the values

of g(z) are contained in the disc C onto which |z{<(r is mapped by the linear

transformation
O T 2
14-g(0)z
(3], p.167). It is convenient to define
b= @(0) 7= (1 =-C)/ M, worrrrvreeinrmriseeiiis it 3
and, if c+#1,
A=M (1 [BI2)/ 18], vt e @

Suppose the disc C has centre at the point 8 and hasradius p. Since the mapping

(2) has the inverse

. b-w
SR

the points (b—B)/(—1+88) and—1/b are inverse with respsct to the circle |z| =7,

hence

=B R
ey Y B

for some £2>>0. Also

211

_b-8 &
—1+8B 1

{o

Thus k= |b]** and ) gives
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b(1—r* )
ﬁ: lf-ltbr,;r)z ......................................................... (6}

The points & and 1/4 are inverse with respect to the circle |z—3|+=p, hence |f—b
|8—1/8]=p* which gives

BIAL
p= (TLTL%J’r)’r ......................................................... @

We shall now prove the following

Theorem 1. Let f&S(c, M) and b and d as defined above, then for 'z]=r<},

re ¥ f(2)| <reM, (if ¢=1),

Re{b} 1, Kel{b}
- {5+ S5
7(1—1b]7) ( 2lb f)mxbm ( ¢ 20b )m>lf(z)l
1., Refd) I Re(b}
d(z 218| )(]._]b]r)d( 2 + 216} )(if c1).

<r(1+1bln)

Proof Let g(z), B and p be as defined above, We have

Re{B} —p=Relg(z)} << Re(f} 4
First let c¢#1, c=c;+4-fc; and b=>b;-+-ib,. The inequality ®), in terms of F{z), becomes

Mb(1—7r)  MQA—1bi%)r _ , (2f(2) Mb(1—-r  MA-—]b]%)
T TS Re [ —e s R e e

A simple calculation gives

_MQA—-1818) 1+ K,Re{ 2f'(2) _1}/, MQA~-18])~br)r
1—T[o]%* - 7@ 1-[6[*r*

Since Re{zf'(2)/f(z)—1} ~r—a—» log|f(2)/z], the above inquality gives, on inte-
gration from 0 to r,

byd d 1+1bir

) 2 f(z)
5 logQ— (b1~ § log LELIZ <10 |

d
2,2 . [V ADLES o0 S S,
£2m log(1—161**) + 5 log 50,
where d=M(1~{b|*)/1b]. On exponentiation we get the desired growth theorem for

S(e, M).
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If ¢==1, then &=0 and we have

m,\flrf\_fke[%}__llgﬂh,

which leads to

r exp(—Mr)=_11(2)|<r exp(Mr).

The function f(2):=2z exp(Mz) shows that the result is sharp.
This completes the proof of the theorem. ///

Remark If ¢ is real we obtain the results of Silverman [4].

3. Rotation Theorems for S(c, M)

The function g as defined in (1) maps £ onto a domain which is pontained in a
disc centered at B and has radius g, Hence the image of 2f'(z)/f(z) is contained in

a disc C’ centered at MB-+c and of radius Mp. Also Mp< Re{M B¢}, thus the origin
lies exterior to C’ and

larg{ﬁ?((:)) }l*j jarg (M B+C}| +arc sin»TA%%a s (10
Since

L=t ([0 Der?
MB+e= =552 ,

i becomes

MEIMCORI (1 —1818) Im e} |
Iarg{ f(i“)“”barc W T [B1E) Relel 7

. 3 e G T I I IR I I I R R R
f-arc sin A +‘c TV (3]
To consider sharpness of the above result, let

Fo(2)=2(1+ Beyucr- ik,

We have
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[543

- N
Laf'o(@)/fo(2) —cl/ M=

Since |#}<C1, the right hand side maps the unit disc onto itself, hence f,&S(c, M).
Obviously f, attains the bound in (D.

Now consider the imaginary part of g(z). It is clear that

—p+Im{f} <Im{g(2)} <o +1m (B}

In terms of the function f, we get

~Mp+M Im(B) +Im (e} <Im| 35{((;)) | =Im| ‘f;g)} 1} £ Mp+ M Imif)+1m (o)

or

(lmlblz)f(M Im{c}r) ~Im lzf’(z) _.1} (lhfblz)?'(M*FIm{C}f) 1
1= (575 HOREN B L-[ol*r |

Since r~a—a;— arg(f(2)/2} =Im{zf'(2)/f(z)—1}. an integration from 0 to r gives, if

b0,

14 [6|r d Imic}
~1olr T 2lelM

oy 1+ |blr d Im{c} P .
=) IOg 1”"lblr~ Blb”\’[ k’g (1 JbIZ,Z) 03)

~Z1og log (1 15/t < arg{-L{2)

If ¢=1, {.e.b =0, then @) gives
»—Mr/arg'[f( )]<Mr

The function f(z)=ze¥* shows that the result is sharp. We have not been able to

establish the sharpness of (3. We combine the above results in the following theorem:

Theorem 2. Let feS(c, M) and b,d,8 and p as defined above. Then

af' () )] (1—151» Im{c} |7* in el ...
larg{wf(z) H;}arc tan AT 16D Releir +arc sin i c/M] a4

and

|arg (L) -4 tog(1- 517 | < tog FEGL, if et1-(150)
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iarg [__[_;(1_{2_} l::_;;Mr, HE L], veeerereieresenenn o ene e (15b)
The results (4 and (15b) are sharp.
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