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1. Introduction

The contents of this thesis is described as follows. In section 2 we develop the
general theory of sheaves used in later section. The main contents of §3 is to prove
Theorem 3.6 concerning coherent analytic sheaves: Let & be a sheaf on a closed
complex submanifold N of M, and # be the trivial extension of F to M. Then &
is coherent if and only if # is coherent. Section 4 deals with the properties of
coherent analytic sheaves. Especially, we concentrate the Theorem 4.2 which says
that if # is coherent on M, then Supp (#) is an analytic subset of Af. Also using
this Theorem we shall prove Corollary 4.3 that is one of local properties of coherent

sheaves.

2. Preliminaries

Let & be a presheaf of rings on X. It is clear that {FU), pvy} is an inductive

system (direct system). Thus, for each x&=X the inductive limit ring is defined as

—lim . . T
Fo=r F(UY (U: open in X.) (I81).

Each #, is called the stalhs of F at x, and each element of &, is called a germ at

x. In this case, lthere is a natural mapping
FU) ——> -5‘1' x
R

and f, is said to be the germ of f, where U X is an open set containing x.
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With the above notations, set

~
F= | F,
X X

and let 7: ¥~ »X be defined by 77'(x)==#, for all xe=X.
Given fe# (U) (U: open in X), define

FoUe— 7
U Y
X o ) f(x) fx

For a base of open sets for the topology of F , we take the family of sets F(U) over

all U= (x) and fe&F(U). It is obvious that the local section ;’:U» »«~»>.’13;. Jfe=FWU),

are continuous in this topology. Moreover, it follows that

(i) =: F-—X is a local homeomorphism.

(ii) the induced topology on # ,,CZ.; is discrete for all xe=X,

({3]). We call the topological space 5", together with the projection B F X,

sheafification of the presheaf #. In general, a sheaf is defined as follows.

Definition 2.1. Let # and X be topological spaces, and let z: %+ X be a local

homeomorphism. (&,r,X) is called a skeaf of rings on X it

(i) each stalk #,(=n"'(x)) has the structure of a ring for all x&=X.

(ii) the ring operations are continuous in the topolegy on #.

~o
It is clear that (#,r,X) as above is also a sheaf of rings on X.
For a complex manifold M with dimension m>0, we define the contravariant

functor
Ou: (M) ———> King

—> 0}?((] Y= {f:U~—C|f is holomorphic},

where Ring is the category consisting of all rings and ring homomorphisms.
Of course, the functor £y is a presheaf of rings on M. Let us denote the sheafif-

ication of &y by the same letter ¢, That is, we put Oy as a set

Ou= ) Ou,x
eM
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This sheaf ¢y of rings on M is called the OKA sheas of, M or the structure

sheaf of A ([ 107). We shall use the following notations.
Cu=0, Oux=0; and €|;= ¢y (restriction to U).

It is important to note that for each =M, ¢, is a Noetherian local domain with
unique factorization property. Furthermore, f,£5¢, is a unit if and only if f(x)=£0
(031, [43, [141). Throughout this paper, .#,, will denote the maximal ideal of #,.

Let X be a topological space and # (resp, #) be a sheaf of rings (resp, abelian
groups) on X. Then % is said to be a sheas of #-modules on X or #-sheaf on X
if

(i) #. has the structure of an #,-module for all ye=X

(ii) the module operations are continuous.

In particular, if #=6y then # is called an aemalytic sheaf on M. Let # be an

analytic sheaf on M. Then we note that for each open subset U/ of M,

E(U)={a: U-—»¢|o is a continuous section on U/}
and

FWUy={o: U--~>Flo is a continuous section on U}.

Let M and N be complex manifolds. By a map ¢: M--—>N we mean a holomorphic‘
map of M to N ([7], [14], [157). By the natural way the sheaf #, is a sheaf of
Oy-module. That is, for each x&M and each g4 =0Ov,ico>

gﬁu)'ﬁu,x::' (g(,?s)x.li“,x ................................. (‘L\)

Definition 2.2. Let Y be a subset of a complex manifold M. Then Y is said to be
an analytic subset of M if for each x¢=M there exists an open neighborhood U of x

and a holomorphic function
J:U~—~-C? such that Y (U= y"(0) (p may depend on x) ([57,197,[13D).

Notice that an analytic subset of M is necessarily closed. .
Let Z be an analytic subset of M. For each open subset U of M, we put [,(U)=
{f:U«-,—)CIf is holomorphic and f|;=0}. Then I,={I,(U),pvy} is a presheaf of
ideals of -gx. The sheafification of I, is denoted’by the same letter J;. Then for

each x=M, we have

§
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ﬁﬂ,x if xt;{Z
Iz,x:':

an ideal of @y, , if xe=2Z.

We put the quotient sheaf #,//,=¢;, then we have an exact sequence

Definition 2.3. For complex manifolds M and N, let ¢: M~ N be a map (i.e.,

holomorphic map).
(i) <Inverse image sheaves>>

Let # be an analytic sheaf on N i.e., #=(&,7,N).
We 1ut

¢—1,§':‘: U y‘(r)
xXEM

For each open subset U of N, we can choose an open subset V of M with p(VHU.

Take an element sc=# (U), we put
SW) = (s 22V}

For a basis of open sets with respect to the topology on ¢ %, we take the family
of sets S(U). Then for each x&M, (¢ '#), is an Oy j-module. It follows from

(A) that O, . is an ¢y, 4.~module, and we also can define
GrF =1 F @p1gy
Ou

Then ¢*# is an analytic sheaf on M which is called the analyiic inverse image sheaf

of #. Note that, for each y&=M,

(¢—l§)x='yf(s)
(¢*g)x:y4(a—)®ﬁﬂ,¢(,)ﬁu,x

(ii) < Direct image sheaves>>

Let # be an analytic sheaf on M. For each open subset U of N, {#(), Dyy} is
a presheaf. The sheafification of this presheaf, denoted by @.#, is called the direct
imagesheaf of F. Since (¢uF ey THF,, GuF is a sheaf of ,~modules. For each
*&=M, since 1€y, x and Oy is a sheaf of #y-modules, $,# is an analytic sheaf on N.

The following are elementary properties related to ¢, and ¢* whose proofs can be
referred in ([21, (31, [4], [8]).
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(2). ¢u a is a left exact functor.
(b). ¢* isa right exact functor.

Let X be a topological space and Z a closed subspace of X. For the inclusion map

i: Z—— X and a sheaf # on Z, i # ::,;; is’ called the trivial extension of # to X,

or the sheaf of X obtained by extending F by zero ontside Z.

Proposition 2.4. With the notations above the following hold:

- [o if xe 7
(i) Fyx=
L7, if ve=2.
(ii) NG = .

3. Coherent Sheaves

In this section, by X(resp, M) we denote a topological space (resp, complex
manifold).
Let # be an #-sheaf on X. Then finitely many sections s, -,s,c=# (/) define

an #%,-homomorphism
*
G Byt F, (Ay,x 0 Aty n) ?ﬂ;,xsi.x(XGEU)-

We say that #y is generated by the seciions s,,--,s, if 0 is surjective. An #-sheaf
# is called finitely gemerated or of finite type at ve=X if there is an open neighbo-

rhood U of x such that #, is generated by finitely many sections in # over U.

Definition 3.1. An #-sheaf # is called of finite type on X if it is of finite type
at all points x=X.
Let # be an #-sheaf on X. If o: Ry* — F, is an A y-homomorphism determined

by sections s,,, s, =#F (U), the sheaf of relations of s,,:,s, is defined by
»
gel(sh "ty S') :Ker(ﬂ) r:xléju{(al'" "ty at.x)eaz'l ?ai.xsi,zxo} .

Obviously this is an @,-submodule of #,*. An #-sheaf & is called of -relation finite
type at x=X if, for every finite system sy, -, s, of sections over an open neighborhood

U of x, the sheaf of relations ®el (s,,---,s,) is of finite type at 1.
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Definition 3.2. An #-sheaf # is called of relation finite type on X if # is of
relation finite type at all points of X.

The following property can be proved by using the Weierstrass Preparation
Theorem ([37, (61, [111, [120).

Property 1. For an open subset U of M and s,, -, 5,520,°(U), the sheaf of relations

#el(sy, -+, 55) is a subsheaf of #y* of finite type.

Definition 3.3. An #-sheaf & on X is called coherent if # is of finite and of
relation finite type on X.
An analytic sheaf # on M is said to be of finite representation if, for each x=

M, there exist an open neighborhood U of x such that the sequence

Oyt~ Oy'— F g0

is exact.

Property 2. Every analytic subsheaf of ¢, which is of finite type. is coherent.

By Definition 3.3. and Property 2, the following is easily proved.

Property 3. Let # be a coherent analytic sheaf on M. Then for any open subset
U of M and sy,-, s;&#F(U), #el(sy,-+,sp) is also a coherent sheaf. '

Let dim M=m. Then from the Hilbert Syzygy Theorem ([3], [4]). and Definition
3.3, for every coherent analytic sheaf # on M we can find a free resolution of #

over some open neighborhood U of each x¢=AM such that

Q- ﬁu"”‘“""’ ﬁvb.—ll_wm_, ,V.,':;?U!a ey FF e ()
(£3D).
We have the following basic properties of coherent analytic sheaves whose proofs

are referred in ({37, [41).

Pfoperty 4. “(bi). Suppose O%‘zf;-ﬂgr--‘»%—w»o irs a shor;t exact Vs;qﬁencé of
analytic shéaves on M. If aﬁy two of ‘the shea&;es F, 9 and ¥ ;.re cc;ﬁe;erit, $o is
third. |

(ii). Let a: F -9 beﬁ a homomorphism of coherent analytic sheaves on M. Then
ker’(‘a)’," Im(a) ‘and Coker(a) are also coherent analytic sheaves on ’VI S

Proposition 3.4. Let N be a oomi)lex submanifold of M. Then I,; and Oy=0u/1I

are coherent analytic sheaves on M.

— 24 —
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Proof. (a). If N is an open submanifold of M, then, by the uniqueness of analytic
continuation' (Note dim M =dim (N), Iy=0 and so f v i8 trivially coherent,

(b). In case of dim N=k<m(=dim M). Let {(U,¢,)} be a local coordinate
system of M. Then since ¢,:U~C", we may assume that M =C" and N=:Ch= {(zq, -,
2;,0,-,00&C". By our definition, we have Iy(y=A{fe=ou(U)] fle=0) for each
open subset UC", But since U(\N=¢ implies [,(U)=0,(U), Iy, =0y, for all
2¢N. Hence Iy is coherent on M—N, because ¢, is coherent.

lf 2&N and U is an open neighborhood of z, then Fay, 0, 2,0, -,0)=0 for each
JEI(U) where (zy,+,2,,0,,0)E=N{U. Writting z, as 7-th coordinate function
for =1,2,,m, f is gener ated by {z;.,,-,2,}. Thus Iy is of finite type and so I,
is coherent on N (by Property 2). ]

And also since Iy and £, are coherent sheaves, by (ii) of Porperty 4 &y is a
coherent sheaf. Q.E.D

Let Y be a proper analytic subset of M. If for each x&Y there exist an open
neighborhood U of x in M and an element fe&=A(U) such that f-1(0)=U (1Y, then
we say that ¥ is an\analytz’c hypersurface of M.

It is remarked tha\‘; Y is an analytic hypersurface if and only if Iy, is a principal
ideal of &y, . for each v&=Y (Vol. ] of 03D ).

Proposition 3.5. Let Y be an analytic hypersurface of M. Then Iy and £, are
céherent sheaves. ‘

Proof. As in the proof of proposition 3.4, in our assertion being local we may
assume that AM=C" and ¥ is an analytic h.ypersurface of C™. By (C) above, fof each

x<Y, since Iy, is a principal ideal of #,,,, we can put Iy, =(P.), ie., P,lis

contains x, then there exists an open neighborhood V' of x in U such that Iy,,=(P,)
for all ye=V (Y (see Vol. 1 of [3]). That is, Iy isof finite thpe. By Property 2, Iy
is a coherent sheaf. Moreover, by (ii) of Property 4, ¢, is of course a coherent
Sheaf. ///

Let N be another complex manifold. A holomorphic map ¢: M—N is said to
be finite if ¢ is a closed and ¢~'(¢(x)) is a finite set for each xe=M. Therefore, if
M is a closed submanifold of N and ¢ is the inclusion map, then ¢ is a finite map.
Furthermormore, if a holomorphic map ¢: M-—>N is finite and the sequence of

sheaves on M.
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[ Ny N 1 [ g—

is exact, then

0 f”;; *y’,qﬁ*; S ¢* G ()
is the exact sequence of sheaves on N ([6]).

Property 5. Let ¢: M->N be a holomorphic map and x&M be an isolated point of
the fiber ¢-!(¢(x)). Then, there exist open meighborhoods U of ¥ in M and V of
$(x) in N such that

(i) eHV
(ii) the induced map @yv: U--—V by ¢ is finite.
(iii) for any coherent analytic sheaf # on U, the direct image sheaf (¢yvy) #

is a coherent analytic sheaf on V' ([4], [6]).

Theorem 3.6. Let N be a colsed complex submanifold of M and ¢: N-—> M be the
inclusion map. For a sheaf % on N, letting ¢*£r»:;’ be the trivial extension of #

to M. Then # is a coherent analytic sheaf on N if and only if # is a coherent

analytic sheaf on M.

Proof. (=). Clearly, # has the structure of an ¢y-module and since &y is Oy
module, # has the structure of an O y-module.

Let ¥ be any element of M—N, Then there is an open neighborhood U of » in M

such that U[)N=8. Hence ;,,::0 and so .;[.,_N is wherent analytic sheaf. If xe=N is
an element, then x is an isolated point of ¢ '(¢(x))= {x}. Then by Property 5, there
are open neighborhood U of x in N and V of ¢(x) in M such that U)XV, ¢yv:

~~ ~
U-—-V finite map and # = ($4,F )v coherent on V. Thus ¢,# =# is coherent ana—
Iytic sheaf on M.

(&). We assume that ¢,F =4 is a coherent analytic sheaf on M. Then, for each
xe=NM, there exists an open neighborhood U of x in M such that

ﬁ,,’-~*0u"~-* }uw’()

is exact, where p and g are positive integers. Since ¢* is a right exact functor, we

have the exact sequence of sheaves:

P*Oyt—— P* Oy ¢';v““" 0



Remarks on Coherent Analytic Sheaves 9
We put N[¢ '(U)=V. Then, since

We have ¢*(ﬁu}’) = (5’1. % V)b
Thus

(Oxle)P s (O | ) §¥ F gy )

is exact. On the other hand,

Q*Fy= T F Ry Oxlv = F et p Ouly

and
FvQe g, Onlv—"—>F v
¥ ;
FQg > g
‘Therefore,

(Ou 1) (B ly) s Fy-mmr)

is exact (#is of finite representation). . That is, # is a coherent apalytic sheaf on
N/l

4. Supports of Coherent Sheaves

Let # be a sheaf on M. We define the support of %, written Supp, (&) by
Supp(F )= (x&M | F .70}

Proposition 4.1. If # is an analytic sheaf of finite type on M, then Supp (&) is
a closed subset of M.

Proof. Let xe=M-Supp(#) be any element. Then, since # is of finite type on M,
there is an open neighnorhood U of x in M and f,, -, FA&# (U) such that fy,, -, fi.,
generates #, for each ye=U. But since x¢Supp(#), we have #,=0 andf, . =f4x
==(0. Hence there exist an open neighborhood V of x in U such that f,|y=+«=f,|y=0.
That is, #|v=0 and so VC-M-Supp(#). Thus M-Supp(#) is an open set in M, and
80 Supp(#) is a closed subset of M. ///

Theorem 4,2. Let & be a coherent analytic sheaf on M. Then Supp & is an
analytic subset of M.

— 27 —
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Proof. By our assumption, for an open subset [/ we have an exact sequence of
sheaves:

So g S;
ﬂu’~ 2 )Ff"uq BRI s >,

where p and ¢ are positive integers. In this case, therc exist iy FEEF (U) such
that, for each x&=l, (fy., -, Fo,x} generates &, and for (ay,,, g )E0T

q
Sl(al,n Ty a?,x) *“Zx a.‘,xf;‘,x-
-

Similarly, there exist gy, -, 2,26°(U) such that {g, ., -, ..} generates #el(f,, -,
So)« and for each (b, -, by P!

14
So(bx,x- “tTy bP,m)x}gl b.i,.egi,x'
We put
&= (g.il’ _,,’g-iu)ea((/’)v’ (giln ""gquJ(U))

then s, can be written by a ¢x p-matrix

!/ "
| g%,xt"":g;,x |
So,x(bl.:n "'bp.x)m :

gt
KRN +

bl,ng.x“*“, Y] ‘f’bhxg}h*
. bl.xﬁ.#"‘t Ty ";‘bhngg,x

It is clear that, for each 1=1,2, ¢,
{gf,«, -, &5,x} generates an ideal 2, . of #,.
Noting that from the exact sequence
Ou* 20,00 0L,y 0,
we have, for each xe=U, the exact sequence

3 5
LRALLY LA SO
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and
{x=Supp(#F)NU} = {(x&U |5, , %0}

= (xe(jlﬁm’,-@l.x:#o} U o U {xEUax/gq,x#:O}

In facf,

F o= 00028y, 0= 052280, I8 surjectivey =2 @y o=, =@,

Recall that .#p, is the maximal ideal of &, (see §2). Then since

ax/gi, x#():;&) -021', x{:—:*lﬂaﬂ

we have the following:

O/ 2;, s #02g,0%, -, g% are not invertible g,/(0) = =g, (x)=9.

Hence we have
(x&U [0./24, x40} = (&))" [+ {1(g+")1(0)

and it is an analytic subset of M for 15/=<¢. But since a finite union of analytic

subsets is also an analytic subset, Supp(#) is an analytic subset of M.///

Corollary 4.3. Let # iz.«»,@_.é,,.x’ be a sequence of coherent analytic sheaves on
M such that

(i) boa=0

(ii) for a fixed point xe=M, & %=, b”;.)f is exact.

Then the above sequence is exact on some open neighborhood of x.
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