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1. Introduction

The study of Chevalley groups &G of Lie type ‘g’ over an arbitrary field X, usually
denoted by g(K), has largely been motivated by the problem of classifying all finite
simple groups. Although this problem has been solved, very much is still unknown
about the structure of the group itself,

One subgroup of particular importance is the parabolic subgroup #. This subgroup
admits the Levi decomposition P=L.U, where L is the Levi subgroup and {/ is the
unipotent radical of B. If B is the Borel subgroup, then the unipotent radical of B is
a maximal unipotent subgroup of g(K). Gibbs[4] bas characterized the automorphisms
of U when P=5 and char(K)+2,3, Khor [8] has done the ¢ase when P is not the Borel
subgroup and G=A4,(K).

We characterize the automorphisms of [/ when P is not the Borel subgroup in the
case when G=C,(K). There are two cases to consider depending on the flag /' whose
atabilizer is P=P(F): Let V be a 2¢-dimensional vector space over K and let a family
F= (Vg V-, V) of isotropic subspaces of V be a flag where O=V, .V .--CCV,

In this paper we only discuss the cass of dim V,=4& where the associated root
system is isomorohic to a reducsd root system of type C,. For the caseof dim V,<¥,
the situation is analogous to a non-reduced root system of type BC, and we need to
check a lot of details which are more complicated than ones of type C,. Therefore it
is recommended for the reader to refer the author’s doctoral dissertation which will
be published in the near future for the latter(BC,) case and the details of the former
(C,) case which are not explained in this paper.

Also it will be extremely helpful for the reader to study two papers, [4] and

especially (87, from which we borrow notations and many results.
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In section 2 we explain some new notations and preliminaries.

Section 3 deals mainly with abelian normal subgroups to make an automorphism o
of U invariant on each root subgroup mod U,.

In section 4 we make our automorphism become trivial mod U, by studying a
diagonal automorphism.

In section 5 we use inner automorphisms to further trivialize the autnmorphism o.

Finally, in section 6 we define new extremal automorphisms and use one more inner
and a central automorphism to obtain the following main theorem:

Theorem: Let ¢ be any automorphism of U. Then there exist diagonal(d), field

{(f), inner (), extremal(e) and central(c) automorphisms such that g=d.f.i.e.c.

2. Notations and Preliminaries

The construction of Chevalley groups of Lie type over an arbitrary field X is well
known. Good sources of reference can be found in {27, [6] and [10].

Let G=Sp,,(K) be a symplectic group over an arbitrary field X, char(X)#2,3.
Let P be a Parabolic subgroup of G where P is not the Borel subgroup. Let P be a
stabilizer of a flag F=(V,, V,,:--,V,) such that dim V,=¢. Then in matrix notations,
relative to a symplectic basis, P consists of all 2nx2n block matrices A having parti-

tioned form,

Ahl Ah!”'Alvn Aly;"'Altf AhT
Az.z"'Alm Az.:"'A‘z,! Az-T
Amn Anu‘i"'Am!AmT
AssAnz Any

............

where A, ;=M.,..., ,(K) where m,n; , are positive integers and 1<i<j<2n. Let us
denote 7 =2n-/+ 1for the convenience and note m,=mrand m,=n, ,, that is, the sizes
of the diagonal blocks are symmertrical about the center. Assume #>>4 throughout this
paper.

So L consists of those for which A;,;=0 wheneveri<'j, and U consists of those for
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which A, =1I(m, «m; identity matrix). So U consists of those unimodular, upper

triangular block matrices. Let /,,; denote the(s,7)-block of size as same as A,,;. Then

any element A of U can be written as [+ 3%,., A,.; F,,; where A;,; E,,; denotes the

matrix A;,; in the(d, 7)-block(not matrix multiplication/). However ¢ consists of all
matrices A over K such that TAJA==J,

( 0 J) 0 1)

where J= jand J=i

L '\] 0 {1 0 J

Then J, 3= — /x5 s0 we often write J for J, 5 when i=1,---,m.

. Consider J :éfx Jus Eus

Therefore any element A of U should satisfy the following equation unless /=k=j:

LTAL i Jur Anr=0-(®)

Isisksjoan

From the above(®), U contains any element of the form

I+ Ai1E:7 wher A, r=JT(A;,D J for 1<i<n
and I+ A, ,E,,+A57Es; for 1<i<j<2n=1,7+#/,
where Agnr=—/;77(Ay) Jivs0 Arr=—JT(4,.)]
A;7=]7 (A7) J for j<n.
Natajon: Denote A=JTAJ. That is to say, get A by transposing A about the

second(not\ but,) diagonal. So A=A if and only if A is symmetric about the second

Xp (A i) =1+A; 0 B+ Am Ernyy where Amyr= —Adia
and Xg (An7)=1-+A.z7 E.7 where A,.,-;.-::A_::,.:
Let R,7=2 22 R,+ R, for 1<{/<n and

{5 han

R.,;= 20 Ry and R 75 R, ;4 R, 7 for 1<i<lj<in.

ink<d

Then the set 7= {R,;}:<... generates a root system @ isomorphic to C, with the highest
root Ry=R,=2(R+-+R, )+ R, Thus we have an analogous notion of the height
of a root in the positive root system @' and ht(Ry)=#ha=2n—1 where @' is the set of
all the above RK,;, R,;;; R;v for 1+0- j-.n.
Also we can associate each root in @' with a root subgroup as follows:
X, we Xor= (6,7(A): A A, 7650 7(K ) where
X A) I+ AE - with A= A} for 1<li<n.
Xp, o Xy { XAy A M (K) is any my,o>om;

matrix where X, ,(A)- [ AFK,, - AFr:) and similarly
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Xa, X {X,J(A):f-f-AE;,T-{‘-AEl,’,' for any A=M,;(K)} for 1<i<ign.

Then we are equipped with the following commutator relations:
[a,b1=a"'b"'ab and so [a,b] '=[b,a] for any a,be=U. 1f R+S&@*, then [ X;, Xl=1.
If R+Sesd*, then for 1<i<j<n, and for 1< k< f<» the products can be written as,

[X::(A), Xu(B)] =X, .(AB) if j=k,

[(Xi(4), X51(B)]=X.7(AB) X, (—ABA) if j—-k=1t,
=X v(AB) if j=kest,
=X 1(AB+BA) if i=k, and j=t,
=X.3(AB) if i<k, and j=!,
=X, 7(BA) if i>k, and j=t,

and Xa(A4) Xp(B)=Xa(A+B) for all Rez@*,
Now we claim that U is generated by all root subgroups X, for Re&@*. Then by

the above relations every element of U can be expressed uniquely in.the form
Xa(Arg). Xp,(Agg) X, (ALT)

where {R;}e=®* are arranged in increasing order,
For 1<k<2n, let U, denote the subgroup of U generated by all root subgroups of
U corresponding to the roots of height at least k. Then

UA?—"{“%’Xg(A)—’-‘-O whenever ht{R)<k for AE=M(K)}.

By the commutator relations, we obtain,

Proposition 2.1 U is generated by the fundamental root subgroups X, for all R=
RfE?f.
Note: X, will be also written as X, for K= R &n.

Proposition 2.2 U=U,;>y>Usm=1 is the lower central series of U.

3. The Abelian Normal Subgroups of U

For 1<s<n, let .4, be the subgroup of U generated by all the root subgroups X
for 1<u<s<w<2m. Then .«, iz a normal subgroup of U. Indeed for i=1,2,", 7,
[X.; X..J=.# by the commutator relations. Also since [4,; 4. A, ]=1, A, isa
nilpotent subgroup of class 2 for s=1,2,", #—1. Especially .4, is an abelian normal

subgroup because all the commutator products are trivial. Moreover we have the
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following desirable proposition:

Proposition 3.1 .4, is the unique maximal abelian normal subgroup of U.

Proof: Let # be any normal subgroup of U such that 4% .#,. Then it is enough
to show that & is not abelian.

Take any element A such that Ac=#/.#4,. Then A can be expressed uniquely
(arranged in increasing order) in the form II,(;X;(A:;) mod .4, where A,;#0 for
some A, esM,(K) and AU, , mod 4, for 1<i<ji<n.

Chose 7,7 such that j-i is minimal satisfying A4,;;#0
We claim . always has an element B=X,,(B) mod .#, for some nonzero B&M,,(K ).
There are four cases to check by using the normality of .4

1) For 1<é<(j<n, we have

(LXu(V), Al Xin(W)1=X (VA W)EN mod 4,

for all VeeM,,(K), WeM . (K).
Then there -exists a nonzero B=V A, ; We&M,.(K) for some Ve=M, (K) and WeM,,
(K) since A;;#0.

2) Suppose ¢=1 and j+#n. Then we have

(A, X;u(W)]= X (A1 W)=H mod «, for all WesM,,(K). Thenthere exists a nonzero
B=A,We&M,(K) for some WM. (K).

3) Suppose i#] and j=m. Then [ X, (V), Al=X . (VA)EN mod #, for all Ve
M,;(K). So there exists a nonzero B=V A,;.&=M.(K) for some V&M, (K).

4) Lastly suppose /=1 and j=». Then B=A4,,.

Now Let us prove that .4 is not abelian. In fact, we have the following element

contained in [4; #]:

[BiLBi Xa(W)T1=[B; X1n(BW) Xn(—BWB)1=[X1a(B)i Xin(BW)]
=Xy(BBW +BWB) = Xy(2BWE)

which is not the identity because 2BWEB=+#( for some WesM, «(K)={W:W =W} since
char K+#2. ///

Therefore we have the following useful corollary:

Corollary 3.2 ¢ induces an antomorphism on the quotient group U/.#, which is
ismorphic to Khor’s unipotent group of type A, , [8].

Therefore we can apply his results to get the following:

For i=1,2,:, n—1, either (1) ¢(X,)<2X; mod U,#, or

@ o(XDeX, . wod Ujyd,.
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But we can rule the second pbssibility out by considering [ X,, .#4,] and [ X,.,,.#,] mod
I/, and furthermore we get the following proposition:

Proposition 3.3 Let ¢ be an automorphism of /. Then o is invariant on each
fundamental root subgroup X, mod U,i.e., (X, )X, mod U,.

Idea of Proof: Since .#s is a nilpotent subgroup of class 2 for é<#—1, o should
send .#s to a nilpotent subgroup of class 2. Proposition 2.2 about the classification of
abelian normal subgroups and the proof of praposition 6.1 from Khor [8] are needed.

A couple of pages of manipulating delicate commutator calculations are necessary. ///

4. The Diagonal Automorphism of U

For the definitions and some properties of “elementary” automorphisms which are
necessary for the characterization of the automorphisms of U, the reader may refer
to (2], [4] and [8].

Assume proposition 6.9 and its proof from Khor [8]. Also assume the above pro-
position 3.3. Then o:X,(A;,)—X(0,(A;)) mod U, where o, is additive, since

Xi(0.(A;+B)=0(X(Ai+B:))=a(X;(A) X:(B;))
=0(X:(A)) o (X, (B))=X(a,(A:))X(0,B)))
=X (0.,(A)+0o,(B)).
We have [ X, ;(A4..1), Xou(A) =1 mod U, if and only if A..;4.=0 if and only if
On.1(An )0 (A =0 if and only if P, ;(An.1)? @n-1 F2(A)=0
if and only (A, 1) @n-10,(AL). % Qu.;=0 where c=cy. 3" Cs-

Put z7(A.)=Q._10,(A.).c% Qn.;. Then we claim that z(A.)=k(A,)° for some nonzero
k=K. Therefore ¢,(A.)=kD,(A.)D..

Now define a diagonal automorphism d of U by d(A)=DAD' where D is the
diagonal block matrix(Dy, Dy, -, D,, k7'Da?, -, k7tD,7%, k~'D,™*) and the above discu-
ssion can be formulated as,

Proposision 4.1 If ¢ is invariant on X;'s mod U,, then there is a diagonal (4) and

a field(f) automorphism such that f 'd ‘e is trivial on UV mod U,.

5. The Inner Automorpbisms of U

We introduce a lexicgoraphical ordering of the positive roots in @* as follows;
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R, i<CR,,, if and only if either i<k or 1=k, j<It.
Lemma 5.1 Let X, &7 be a fundamental root, Se=®, 2< ht(S)<<h—1. If S—R, is
not a root, then either
1) S+Re=0" and R,+ R;<£®* for some Re=n, R,#R; or
2) S+ R, +R;&=0' and 2R+ R;c=®" for some Ri=n, R;+#R,; or
3) S+2R;+ R0t and 2R+ R&0" for some R, Ri#R; or
4) S+2R; is the highest roo.
Proof: See lemma 6.6 from Gibbs [4].
We only state the following two lemmas without proof.
Lemma 5.2 Let o be an automorphism of / which is trivial on U mod U,, for

2<m<h—]. Suppose R,&=xr and let
a: Xp,(A) —Xa (A) Xs(fF(AD)-

where At(S)Y=m, f-+0. Then S—R,c=0* except in the cage @) of lemma 5.1.

Lemma 5.3 Let ¢ be an automorphism of U which is trivial on U mod U, where
R(8)=m—1<h—3. If 0: Xp (A)) > Xp(A) Xsa {f(A:)), then one of the follo-
wing holds:

(1) If there exists R;(#R;) such that S+ R,=@* and
a: XR)(A,‘) ““‘*XR,(A,')X_HR,-(g'(A,))'-', then either (1) or (2}5

(1) R, +R;&d: If R,<<R;, then there is a Te=M(K) such that f{(A,)=A,T for all
AEM, (K) and g(A,)=—~TA,; or TA, depending on S&¢* for all A€M, (K).

If R>R,, then there is a TeeM(K) such that g(A;)=A,T for all A,&=M.,(K)
and f(A;)=—-TA,; or TA,; depending on S&@* for all A&M, (K).

2 R, +REs0": R.<RK;, then there is a TeM (K) such that f(A,)=A.T for all
AEMR (K) and g(A)=AT+TA; for all A,esM, (K).

If R,>R;, If then there is a Te=M(K) such that g(A,;)= A,T for all A,&=M, (K)
and f(A)=AT+TA; for all A&=M, (K).

(1) Otherwise, that is, let R, be the only simple root in z such that S-+ R,&E0,
then

3 If R;<(S, then there is a Te€ZMs(K) such that f(A,)=A,T for all A, =M, (K)-

) If R,>S, then there is a Te=M(K) such that F(A,)=—~TA, or T4, depending
on whether S=R, (2<i<{n) or S= K, 777477 1< n) for all Ae=M, (K).

— 13—



8 Bok-Hee Im

Proposition 5.4 Let ¢ be an automorphism of U which is trivial on U mod U,.
Then there exists an inner automorphism (i) such that ¢ 's acts trivially on U mod
Uy s

Proof: Use the induction on k: it is enough to show that if ¢ acts trivially on U
mod U, for 2<<k<k—3, then there exists an inner automorphism (i) such that /~'¢

acts trivially on U mod U,,,. Proposition follows mainly from lemma 5.3. ///

6. Tbe Extremal Automorpbisms of U

For the extremal automorphisms we need to construct two new ones.

1) Let fi=f: Muyn (K) — My, .n,(K) be an additive function such that
A f(A)=Af1(A4) and f;(A)=f(A)

for all A, A/EMa(K)=Ma,.n(K). For any A=I+X.«.A, .E, U, define e,=e;:
U-——U by e (Ay=T=I+X:uT:,E:,; where

T10n=A1,20—1/6A1,2/ (A1) A),2

Taan=As,2a—1/2f (A1) A1,z

Th2-1=Asan-1+1/2 AL S (A

Taau-1=Az 201+ f(Ay,s) and T, ;= A, ; otherwise.

I 00(1/2 F(ADA) (1/3AF(AA)
Lo f(A) /254

0
I , where A=A, ;.

i.e. el(A) =

Then e,(X4,(A))=X2,(A) X, 5(F(A) Xr, s (—1/24F(A)) X, (1/34F (A) A)

and e, acts trivially on the root subgroups X, for R#R,. Indeed we can show that

€,= ¢, is an automorphism of U using matrix multiplication and properties of f(=/1);
e (AB)=e;(A)e,(B) and e,(e.((A))=A for all A, B&U.
@ Let fi=f: Muyxa(K)—M., .., (K) be an additive function such that
AFCAD + f(AYA=A'F (D) +H(AA

for all A, A€M (K)=Mu . (K).
Hor any AEU, define e,=e;: U——U by €,(A)=S=I+3,.S,;E:; where

Siam=Am+1/2{ALf (ALs) "‘f(Ax,z);{:z}

— 14 —
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Sien=As,m+F(AL2)
Stian1= A an+ F(AL) and S, ;= A,,; otherwise.

I . f(A) 1/2(AFCAY+ £ (A)A)

I 0 F(A)
i.e. g(A)= A
0
1 , Where A=A, ,.

Then e;(Xa,(A))=Xa,(A) Xayg(F(A)) X0, (~1/2{ASf(A) + F(A)A})

and e, acts trivially on the root subgroups X, for R+#R,. We can also show that e,
is an automorphism of U similarly as e,.

Proposition 6.1 Let o act trivially on U mod U,.;. Then there exist an inner
automorphism (7,) and an extremal automorphism (e;) of U such that e,”! 7,7'0 acts
trivially on U mod U,_,.

Proof: By lemma 5.2 ¢ acts as follows on each fundamental root subgroups X;
mod U,_y:

X1(A)—X(A) Xis(8:(A)) Xaa(f£1(4D)),
X3(Az) — X2 (As) Xa3(f2(A2),

X3(As)— Xs(As) X3(f5(A4y)), and
Xi(AD)— X (A) for i=4,, n

where for all 4,&=M. (K), f; and g, are additive. Then applying lemma 5.3 as in
proposition 5,4 we can find an inner automorphism (7;,) of U such that /,°! ¢ acts

trivially on X; for all j#1 and
X(A)— X1 (A1) X5(Sf1(A4)) mod Uy

Now since [X,(A,); X,;(A4,")]=1, the image of this commutator under ¢,"'¢ has a
term in er‘:’XR”-Rl WhiCh iS trivial, S0 wege have Al.f](Al,)::All.f](Al) and fx(Al)
=f1(A;). Thus there exists an extremal automorphism (e,) of U such that /, 'o=e¢,
mod U;,..l.

Proposition 6.2 Let ¢ act trivially on U mod U,.,. Then there exist an inner
automorphism (4,) and an extremal automorphism (e;) of U such that e,”! 1,"'¢ acts
trivially on U mod U,.

Proof: By lemma 5.2 again, ¢ acts as follows on each fundamental root subgroup

X" mod U;_:

_]5__
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X (A~ X (ADX 3(F(A)) for i=1,2 and
X(A) —X(A)) for i=3,, n

where for all A, &M, (K), f; are addilive. When /=2, from [X,(4:); X2(A4z)], we get
A;A;=0 implies A,/2(4) +/2(4)4,=0.

Then we claim there exists Te&M(K) with S=Ry~R,—R, such that f/,(A,;)=T4; for
all A,&M,,(K). Therefore the inner automorphism 7 induced by Xs(—7) maps X,
(A4,) onto X5(A:) X 5(f2(As)) and acts trivially on X; for 1#2. So we have

it X (A)—X.1(A)X3(f1(A4y)) mod U, and
iyl Xi(A))—X(A;) mod U, for i#1.

From [X,(A); X:(A)]=1 for all 4, A’&M,,(K), the image of this commutator

under 7,”'c has a term in Xy which should be trivial, so we get
AFCA) +f(AY A= AF(A) + (DA

Thus for some extremal automorphism (e;) of U, ¢! #,"'g=1 on U mod U,. /7

Theorem 6.3 Let o be any automorphism of U. Then there exist diagonal (d),

field (f), inner (¢), extremal (e) and central (¢) automorphisms such that

o=d.[f.i.¢e.c.

Proof: From the above two propositions 6.1 and 6.2 if o acts trivally on U mod

U,.s, then we have e,"'.i,"l.¢,"%. i,"'. ¢ as a central automorphism {c). But since an

extremal automorphism e, fixes a root subgroup Xg=Xz, -s;-kp ‘2 and e, commute

and so ¢,". e, Vi i, Lo=eti"ha=c. Now theorem follows by combining proposi-

tions 3.3, 4.1, 5.4. ///
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