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A Note on a Harmonizable Process

by Jong Mi Choo

Mokwon Methodist College Daejeon, Korea

§ 0. Introduction

Throughout this paper,( @, F, P) is the underiying probability space ard X(t, w), tER,
is a complex valued stochastic process of the second order, where w is an element of
2, that is

El X(t,w) | "= 1 X(t,w) )" <o for every i.

Harmonizable processes were first defined by Lo&ve(4), as a special class of non

stationary processes having the spectral representation

Xt w=/["e*" d®(A w), as.
where, E(®( A w])=0 and E | &(A w) | *< oo for all A& R(Briefly we write & A w) =
@( N) such that the covariance of & A and ®(A") represented by

E(S(X - 8(X))=F(& X)
is of bounded variation on the two dimensional Euclidean plane R? (See Prohorov, Yu. A.
and Rozanov, Yu.A.(5)) and Loeve has shown that in order for X(t w) to be harmoni-
'zable it is necessary and sufficient that the covariance function p(¢, t') has the spectral
representation

p( t, t’) —_— f~°:° f“"; el(&\t-/\/ 7y sz(A, A’) .
Suppose that X(t¢, w) is measurable on RX Q and also suppose that
SN X(t, ) 112 dt< oo, for every finite a<hb.
In this case, X(t w) is of L% e, b) as a function of t almost surely.

It is known(3) that for a weakly stationary process, L. .. ,.and L% ,.,. are equivalent
to each other.

In this paper, we show that for a harmonizable process, L. ,.,. and L5 .., are
also equivalent to each other. For this property it is necessary and sufficient that the
covariance function p(t, t’) isq —u.a p.

§ 1. Definitions

S. Bochner has developed the theory of u.a.p. functions of two variables by the
following definition.

Definition 1.1. A function p(t, ¢"); R* —C which is continuous in two variables,
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is called uniformly almost periodic(u.a.p.) if and only if the set

Biie, ol =l( 1, tz);f:‘gl p(t+ 1, U+ 1) —p(t, t) | <el

is relatively dense for every €>0.

As an analogue to this definition we give now the following definition.

Definition 1.2. A function p( ¢, ¢’); R*—~C which is continuous in two variables, is
called U — u. a. p. with respect to t (or with respect to t’) if the set

Bie,pl=t7 31 p(t+1,t')—p(t, ") | <el

(or 1t;ti“3’kl ot o) —p(t, ') <el)
is relatively dense for every €>0.

Remark 1.1. Let p(t t') be a covariance function of the harmonizable process
X(t, w). Then the fact that p(t, ') is U —u. a. p. with respect to t', because of ihe
fact that p(t,t')=p(t',1). And the fact that p(t, 1) is U —u.a. p.
implies p(t, ') is u.a.p., because of the fact that, for

7., 1. €Ble/2, pl,

L pltt o, B +7) —p( 2, 1) ]

Shpltde, v 4o —p(t, t+r) |+ (b, 2 +r) —olt, 2) ]
_S_f:fﬂl olt+r, ¥ +r)—plt, t' +1) | +;stz't£| plt, ) —p(t, ) |
Se. ’

Definition 1.3. A function X(¢ w) which is continuous in t for almost all w belongs
to L2., if and only if the set

Ele, Xi=lrnsupl X(t+ 1, 0) —X( 1, w) 117 <el

t eR
is relatively dense for every ¢>0.
Definition 1.4. X(t, w) €EL%a, if and only the set
Ste, Xl =iy ﬂ‘ffu"“ HX(i+r w—X(t o 1P dt<egl
is relatively dense for every £<0.
Definition 1.5. For S&€ g#(R), we define
G(S)=[fdF(AX).
(A€E8] A=A")

§ 2. Theorems

Theorem 2.1. Let X(t w) be a process of the second order and p(t, t') be the
covariance function of X(t, w). If X(t, w) is uniformly mean continuous then the follo-
wings are equivalent.

( i) X( t, w) ELz.ap.
(i) X(t w) €L%as
(iii) p(t, t') is U —u a.p.
[Proof. From Bochner’'s theorem (Besicovitch(l) p81) we have the fact that (i)
implies (ii) and vice versa.
Now we show that (i) implies (iii). Let r be an element of Eie, Xi.
Then SUDY (4o b)) —p(t, t') |

Lt ER

< SUP EIX(t+ 0 —X(1) 111 - {EIX(1)PE
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since X (%, w) is a process of the second order, there exists constant ¢ such that the
above is not greater than cv/e. Hence Bie, p} is relatively dense for every ¢ >¢.

Next, we show that (iii) implies (i). Let r be an element of Ble, ol.
Then  supl X(¢ o —X(2) I

LER

=supl lo(t+r t+7)—plt+r t)—pt t+z)+o(t t) 1}

teR

Ssup lp(i+r t+ 1) —p(t+r, t) +suplpt, t+1)—p(t, 2)I
teR LER

=2¢.

Hence El{2¢, X1 is relatively dence for every ¢>¢. :
Theorem 2.2. Let X(t w) be harmonizable process. Then X(t, w)E€ Liap, and
X(t, w) EL%as are equivalent to each other.
Proof. By Theorem 2.1., it is enough to show that X(, ) is uniformly mean
continuous. Consider

EIX(t4+ 1) —X(1) 1?
<a([zsin? %AdG(A))(f-:dG(A))-

We have, for each A >0,

hA
f_::sin’—id(}(/\)
hA hA
= [ sin*-dGA)+ [ sin® - dG(A)
tAIs A 2 1AI> A 2

g% S VRAIEGA) + f dG(A)

IS A 1A1> 4

sh—‘z— r2dan+ S 6l

IAI> A
2 2
=—4—4L}£-+ f dG(}), for some constant c.
1A1>A
On the other hand we know, for every ¢>0, there exists A=A(¢) such that
J dG(A) is less than ¢/8. Therefore we have

1AL A
EIX(t+h)—X(1)1* S A%clhi+¢/2.

Now choose 8=+¢/247c>0. Then we get, for Ihl<5,
ElX(t+h) =X <e/2+e/2=¢.
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