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SOME PROPERTIES OF PROJECTIVE
REPRESENTATIONS OF SOME FINITE GROUPS

CH. HWANG

The representation group G¥* of metacyclic group G=BH,
HAG is known. When |B] is prime, representation G* can
be easily obtained. Using this fact, some properties of pro-
jective representation of G will be discussed.

THEOREM 1. Let G={x, yla*=1, y*=1, ylxy=a"
where (n,7)=1, pisprime. Then the number of irreducible
projective representation with degree 1 is p(n,r—1) and
the degree of the irreducible projectve representation of G
is one or p.

— b

Proor. H(G, K¥)=Z, where ¢=Fr=D) 4= (57~}
By [31 the representation group G* of G is

{x, ¥y, zlz"=1, y*=1, z=1, ylzy=2zx", Tz=2Z,
yz=zy).

Also {z, 2)~G*, {(y)<G¥* and {x,z) is abelian. So G* is
the semidirect product of (¥} by {x,2).

Let T be a representation of {x,z). We define T*:h—>
T(a'a*) for h&e(x, 2) and aE{(y). Then Sr={y*'<(M Ty
=7} is a subgroup of {(y). Since |{y)| is prime, Sr={e}
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or Sr={y>. So by [4], Sr=(y> iff (T®p) has degree 1,
where g is an irreducible representation of {¥).

All the irreducible representation whose degree is 1 has
the form 7QRpe. So we have

Ty=T iff Ty'(x'2’)=T(z'z’)
ifi TyY(zizy=T (y *xziyt)
= T'(zirkgrrcirrrerkhy
=T (2) T (z) it et h
=T ()T (=)
iff T(x)* D=1 and T()t" "+ =]

iff d,-1=2" =0(mod 7) and d; T=2-=0(mod )

where T(z) =84, T(z) =67
(£1,5; are n, ¢-th roots of 1, respectively.)

So
Sr={(a iff d,(1—r*)=0(mod n) and

11—
dg-—l_r =0(mod ¢)

for all &, 0<Jk<p—1

and
Sr={y) iff d\(1—r)=0(mod 7),

because (147, 14+7r+7% - 14r+---4r*1)=1 So such
{d,} is (n,r—1). Therefore {TXp} is p(n, r—1).

Since Sr is {e} or {y), the degree of irreducible repre-
sentation G* is 1 or p. So the degree of projective
irreducible representation of G is 1 or p. So our proof is
completed.
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THEOREM 2. Let G={(x, ylar=1=y), ylzy=x") with
{r,n)=1, p prime, and 1-+r+--+7*"1=0(mod 7n).

(1) Then p=gq, pln and H(G, K¥)={l,{a}, -, {a?} ]

(2) For each {«a*}, there exists exactly n/p lnearly ine-
quivalent projective representations with factor set
{at}.

(3) In this case

T (x) =diaglgh, grarntn, . grae o ibefhy,

000 1)
Ty(yy=|t 00 0]
10 1-~0 0l
Lo 01 g!

Tw(yx) =T (3) Ty (x),
and

, P
a(ny:’ ylx»t)::g(l“r" +r l)x’

where & is a primitive n-th root of unity.

Proor. In this situation we have k:/n, %)=ns g=
k(n,r—1)/n=(n, r—1)=d. Therefore r"—1={r—-1D) "1+
-+ +1)=0(mod 7) and hence O=1+r+ - I=1+14-+1=
p(mod d). But p is prime so d=1 or d=p. So d=¢g=1,
HG,C*)={e}, d=p=gq, and p|n since (n, r—1)=d=p=
g. Now by [1], T,: is a projective irreducible representation
of G wich degree p with the factor set {at}. Also their
equivalence can be found in [1]. So for each {&*} we have

n/p linearly inequivalent projective represeatation.
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