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COHERENT POLYNOMIAL RINGS
OVER REGULAR P.I. RINGS

Cuanc Woo Han

1. Introduction

J.P. Soublin [11] showed that the analog of the Hilbert
basis theorem fails for coherent rings, but the ring of
polynomials- in an indeterminate over a commutative von
Neumann regular ring with identity is coherent. G.Sabbagh
(10] has proved that the ring of polynomials in any finite
number of indeterminates over a commutative von Neumann
regular ring with identity is coherent.

In this paper, the following result will be studied if R is
a von Neumann regular P.I. ring then Rlxy 2y - x,] is
a coherent ring. Also, we obtain the following corollaries,
(1) If R is a commutative von Neumann regular ring, then
Rz, xy -+ x,] is a coherent ring, see G. Sabbagh [10].
(2) Let R be a P.1. ring. Then R is von Neumann regular
if and only if R[x] is semihereditary.

2. Self-injective ring and Azumaya algebra

We introduce P.1. rings and Azumavya algebras that will
be used in the study of our main results. It iz known that,
since singular ideals of semiprime P.I. ring -is zero {37,

maximal quotient rings of semiprime P.I. rings are rezular
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with identity [2], self-injective [2] and P.I. [7]. By com-
bining the above facts and Armendariz’s two decomposition
theorems [1], we obtain the fact that the maximal quotient

ring of a regular P.1." ring is Azumaya.

THEOREM 2.1[1]. If R is a regular self-injective ring
with a P.1., then R&:EAR‘ where each R, is 2 matrix ring
over a strongly self-injective ring with a P.1..

THEOREM 2.2[1]. Let R be a regular self-injective ring
with a P.I., then R=® glR‘ where R, is either zero or

else each R, is a product of regular self-injective rings each
of which is stable of degree i, 1=:<k.

The conclusion of Theorem 2.2 obtains following.

CoroLLARY 2.3. If R is a regular P.I. ring, then the
quotient ring @(R) of R is an Azumaya algebra.

Proor. If R is a regular P.L ring, then @(R) is a regular
self-injective P.I. ring. By Theorem 2.2,

QR)=® % Q.(R)

where Q;(R) is a product of regular self-injective rings each
of which is stable of degree 1=i<{k. Hence each @,(R) is
stable unital semiprime P.1. ring. By Procesi, stable unital
semiprime P.I. rings are Azumaya algebras. Therefore each

@, (R) is an Azumaya algebra. Thus QR)=@ )i‘ Q. (R) is
=1
an Azumaya algebra.
3. Coherent Ring

By Sabbagh, the ring of polynomials in any number of
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indeterminates over a commutative von Neumann regular
rinz with identity is coherent. In this section, we obtain

similar results for a von Neumann regular P.I. ring.

THeEOREM 3.1 [6]. R is a subdirect of the rings S, &1,
if andonly if S,=R/K, K, an ideal of R, and N K,=0.

=T
THEOREM 3.2 [6]. Every left R-module is flat if and only

if R is regular.

THEorREM 3.3. Let R be 2 commutative von Neumann
regular ring and S=IIR/P, P, a prime ideal of R. Then
S[x] is faithfully flat over R[x].

ProoF. First note that as left S-module
S{212=S®, R{2].

Next note that, for any left S{z]-module M, there are the
following left S-module isomorphisms

STx1®rpay M=SRg RIZIRprry M=SQp M.
Now consider an exact sequence of R[x]-module
0—-M-N.
Then, since S; is flat, the following diagram is commuta-

tive and its columns are isomorphisms

0 ——— SRM ——— SRN

fl iyl

0 — S[xIQ®zM —S[x)RrealN .

Thus S[z] is flat. Now to show that S[x] is faithfully
flat as R[2]-module, let S[2I®gxry M =0. Then SRM=0
so that M=0. Hence S[x] is faithfully flat over R{z].

CoroLLARY 3.4. Let R be a commutative von Neumann
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regular ring, Then S{z, x, - x,]=HNR/Plx, x, - x,] 1is
faithfully flat over Rz, z, - z,].

THEOREM 3.5. Let R be a regular P.I ring, Then the
maximal quotient ring Q(R) of R is faithfully flat over R.

Proor. Since Q(R) is regular, it is flat. Let M be a
left R-module. Suppose that Q(R)RM=0, using the
flatness of M as a left R-module M =RR MZQ(R)R M
=0, Thus M=0.

CoroLLARY 3.6. If R is regular P.I. ring, then Q(R)[z,

Xy, Z,] is faithfully flat over R{z, %, - x,].

1

THEOREM 3.7 [10]. Let R be a subring of the right co-
herent ring S swh thmt S s faithfully left flat ower K.
Then R is a right coherent ring.

THeorREM 3.8. If R is a regular P.1 ring, then R[x; x, -
z,1 1s a coherent ring.

PrOOF. Since the maximal quotient ring Q(R) of R is a

regular self-injective P. I, ring, Q(R)::};Q, (R), where each

Q.(R) is an Azumaya algebra. Therefore,
Q(R)Exl,xz,m,x”kg Q. (R)[x1,x - ]
since @, (R)=Mat,(A), where A is regular in which every
idempotent is a central idempotent. For each 7,
Q.(R) [z, %y -+ @, ]=Mat (Alx) x5 -+ x,.]).

Now we show that Alx, z, -+ x,] is coherent, since ma-

trix ring with coefficient in a coherent ring is also coherent
[9]. Let {P;li<=I} be a set of all prime ideals of A. Then
N P;=0. Therefore R is a subdirect product of division
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rings {A/P;jicl}. So IIA/P, is faithfully flat over A. It
follows that TIA/P.[x, x, - z,] is faithfully flat over Alz,,
Zg,-- &,). Since A/P, is a division ring, A/P [z, 2y Z,]
is coherent. Hence IIA/P;[x, %, --x,] is coherent. Thus

WA/P Lz xp - 2,] =(TA/P )2y 2, -+« x,]" right coherent
Ut faithfully flat U}
Alxy g - 2] — Alx) %, -, x,]1 coherent,

Therefore R{x) x, -+ x,] is coherent.

The corollary of ours is proved by Sabbagh [211.

CoroLiary 3.9. If R is commutative regular, then Riz;,
xZ,“',xn] is COIIhEﬁEIlt.

The weak dimension of an R-module will be denoted by
WD (R). Regular rings are characterized by nullity of the
weak dimension. From properties of semihereditary and
coherent ring, we see that a ring is left semihereditary if
and only if it is left coherent and has weak dimension at
maost one,

CoroLiarY 3.10. Let R be a P.I rinz. Then R is von
Neumann regular if and only if R[x] is semihereditary.

Proor. In the proof of Theorem 3.8, we see that for the
maximal quotient ring @(R) of a ring R, Q(R)Lx] is co-
herent. By Theorem 3.7 and Lemma 3.8, R[z] is coherent.
For every rinz R, WDR)SE WD (R[x])=Z1+ WD(R) since
WD(R)=0, 0=WD(R{z])X1. If WD(R[x])=0, then
Rix] is semi-simple Artinian. Hence WD(R[x])<1.
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