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ON THE SEPARATION AXIOM R,

By Maria-Dolors Arnal and Josep Guia

1. Introduction

The axiom weaker than R, introduced by J. Tong(1983) has suggested us
the definition of a family of new axioms in the way of the work of J. Guia
(1984).

DEFINITION 1.1. In a topological space (X,.7), let = be a point of X. The
closure of z is the set ()= {F|zEF, F closed} ; the kernel of z, {z}=N(0|z
=0, 0=.7)} ; the covering of z, (x)={z} N {2} ; the derived set of z, d{z}=(z}—
{z} ; the essential derived set of x, D{z}={F}—{(z) ; the skell of z, s{z}={F)—
{z} ; the essential shell set of 2, S{z}={%}—{(a).

DEFINITION 1.2. In a topological space (X,.7), a subset A of X is said to
be essential degenerate if it is contained in {(z) for some z&X.

PROPOSITION 1.3. [1] A topological space (X,.7) is a Tl-:pace iff one of
the following conditions holds:

1) Vz€X, (2)={z)

2) VzeX, dizi=¢

3) VzeX, (#}={(a)

4) VzeX, s(zi=¢

5) Ya,9EX, a#y implies () N {y}=¢

6) Yo, yEX, x#y implies (£} {5} =¢

PROPOSITION 1.4. A topological space (X, ) is a R -space iff one of the
following conditions holds:

1) YzeX, (#)=(2)

2) YzeX, Dizl=¢
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3) YzeX, (f)=(
4) VzeX, S(zl=¢
5) Yz,yEX, (2)#(y) implies (£) (5} =¢
6) Yr,yEX, (@)F ) implies (£)N{)H=¢
PROOF.
It is immediate. See (1.1) and [2], [3], [4], [5].

DEFINITION 1.5. A topological space (X,.7) is a R’;-space if, for every
z€X, Dix} and S{z} are degenerate.

REMARK 1.6. R, axiom has been introduced by J. Tong [10] as R; axiom.
We will see that our notation is better suited for the purpose since R’y is
stronger than the correspondent ET, (see [6]) whereas R -axioms are weaker
than ET -axioms (see [6] and [8])

PROPOSITION 1.7. [1] [7] A topological space (X,.7") is a Tygspace iff
one of the following conditions holds:

1) Vaz,yEX, x5y implies {z) Ny} is either ¢ or {z} or {y].

2) Vz,yEX, aFy implies {x)5{y) and d{z}d{y) =¢.

DEFINITION 1.8. [6] A topological space (X,.7) is a R*,gspace if, for
arbitrary z,yEX, z#y implies D{z} ND{y} =¢.

PROPOSITION 1.9. [8] [6] A topological space (X, ) is a R'ysspace iff
one of the following conditions holds:

1) Va,y€X, {(x)F ) implies (T} N {y} is either ¢ or {z} or (y).

2) Vx,y€X, ()7 implies d{z) Nd{y)=¢.

DEFINITION 1.10. A topological space (X,.7") is ET, (“essentially T')") if its
To—idenlification space [9] is T

PROPOSITION 1.11. [7] A topological space (X, 7) is a ET,sspace iff, for
arbitrary x,yEX, {x)Fy) implies D{z} N D{y}=¢.

DEFINITION 1.12. [1] A topological space (X,.7) is a T,-space if, for
every z€X, d(zx} is a closed set.

DEFINITION 1.13. [5] A topological space (X,.7) is a R*,-space if, for
every *€X, d{z)} not closed implies D{z} =¢.
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The following diagram shows the ordering between the mentioned axioms.

D
fys l
o

YS ET
\ J g

ET J,

YS
R
D

PROPOSITION 1. 14. [5] A topological space (X,.7) is a ETp-space iff, for

every xEX, D{z} is a closed set.

DEFINITION 1.15. [8] A topological space (X,.7) isa Rj,-space if, for every
z€X, {(z)={z} implies d{z} is closed.

2. New axioms

DEFINITION 2.1. A topological space (X,.7) is a Cg—space if, for every
rEX, D{z}+#¢ or S{z}#¢ implies {z)7*{z}.

DEFINITION 2.2. A topological space (X,.7") is a T,-space if, for every
=X, d{z} and s{z] are degenerate and {z)={z}.

PROPOSITION 2.3. A topological space (X, 7 ) is a ET ;~space iff, for every
xEX, Dlx} and S{z} are essential degenerate.

PROOF. Let (X,.7,) be the T -identification space of (X,.7), let d, and s,
be the correspondent derived and shell operators, and let = be the projec-
tion map from (X, .7) onto (X T o)

If (X,.77) is ETy then (X 70) is Ty and, hence, d0{<x)} and sU[<x>} are
degenerate for every (x)E€X,. If D{z} is not essential degenerate then it is a
union of distinct coverings. Since d°{<x)}=n'(D[r}) (see [7]), d,{<z»} is not
degenerate. Similarly, if we assume that S{z} is not essential degenerate,
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then s ((z)} is not degenerate.

Conversely, if D{z}={y) and S{z}=¢(2) then #(D{z})=d ((z))={{)) and
#(8{z})=s;{{z)}=({z)}. Moreover, (X, .7 ) is obviously 7.

DEFINITION 2.4. A topological space (X,.7) is a Rp-space if, for every

zE€X, whenever D(z} or S{z} is not essential degenerate, then (z)+{z}.

3. Relations between the axioms
PROPOSITION 3. 1.

) TR BT R,

2) R,CCiCRy

PROOF. It is immediate.

LEMMA 3.2. In a topological space (X,.7), for arbitrary z,yEX,
1) zED{y} iff y=Siz)
2) zed{y} iff yss(x}

PROOF. It is immediate.

LEMMA 3.3. In a topological space (X,.7), for every xEX,
1) D{x} essential degenerate implies D{x} closed
2) d{z) degenerate and {(x)={z) implies d{zx} closed.

PROOF. Statement 1) follows from the fact that D{z]} is a union of closed
sets and statement 2) follows from 1) through the canonical projection z.

PROPOSITION 3.4.

I}y T4CTp 2) RooRh,, 3) ETHCRIY W) 'RCR,,

PROOF. 1), 3) and 4) follow from lemma (3.3).

Let (X,.7) be a R';-space and let x be a point of X. Assume that D{z} is
degenerate and not empty, that is D{z}=(y}. If d{z} is not closed then, from
lemma 3.3, d{z} is not degenerate and {z)7{z]. Hence, there exists zEX

such that 2% and z&{z). From lemma 3.2, z=S[y}, and it is clear that
z&S(y}, in contradiction with the hypothesis.

PROPOSITION 3. 5.
1) TpCTyg 2) RpCR*ye 3) ETCET
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PROOF. Let (X,.7) be a T -space. If for two distinct points z,y belonging
X, there exists zed{zx}d{y} then, from lemma 3.2, z,yEs{z}, in contr
adiction with the hypothesis.

Statement 2) may be proved in the same way.

Let (X,7) be a ET -space. If for two 'points z,yEX such that (z)7#{)
there exists zED{x} ND{»} then D{z}=D{y}={z). Hence, from lemma 3.2,
z,y<S{z} and (), {(¥»)ES(z}, in contradiction with the hypothesis.

The following diagram shows the ordering relation between all the above axioms.

-l "
T]_ I \ > TD
J, TYS v
j——» R’ | " a3t
®o T N > Fp
R
l YS
RI
. YS v
ET,. ) . ET
\ l —> TR,
| \L \ ET ) J
F YS
C R R
0 > T > D

All the axioms are distinct. In the following examples the space X is the set
of real numbers and it is understood that the null set and the set X are
closed.

EXAMPLE 3.6. Let the closed sets be {z}, {—x,z} {2=>0} and their finite
unions. This space is 7', but not COF .

EXAMPLE 3.7. Let the closed sets be {z,0}, {2, —z,0} (2>>0) and their finite
unions. This space is T}, but not ET' ¢ or Ry.

EXAMPLE 3.8. Let the closed sets be {2} (27%0) and their finite unions.
This space is Ty but not Ry.

EXAMPLA 3.9. Let the closed sets be {—az,2} (2>>0) and their finite unions.
This space is R’y but not 7.

EXAMPLE 3.10. Let the closed set be {0}. This space is ET but not R';.
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EXAMPLE 3.11. Let the closed sets be (0, 1, z} (z=R) and their finite unions.
This space is Ry but not ET.
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