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ON THE SEPARATlON AXIOM RT 

By Maria- Dolor5 Arnal and J∞ep Guia 

1. Jntroduction 

The axiom weaker than Ro in!roduced by J. Tong(1983) ha55ugge5ted u5 

the definitio n of a family 01 new axiom5 in the way of the work of J. Guia 

(1984) 

DEFINITlON 1. 1. ln a topological 5pace (X, ‘7 ), let x be a point of X. The 

closure 01 x i5 the 5e! l.i} = n { F / xεF， F cl∞edl ; the kerml of x , l.i} = n 10 /x 

EO, OE..7} ; the covering of x , (x ) = {.i} n l.i} ; the derωed se! of x , d Ix} = l.i} ­

{x } ; the essent ial derived 5et of x , D{x} = {.i} -(x ) ; the shell of x , 5{X} = {.i}­

{x} ; the essential shell 5et of x , S{x} = {.i} - ( .r) . 

DEFINITION 1. 2. ln a topological 5pace (X, ..9' ), a subset A of X i5 said to 

be essential degenerate if it i5 contained in (x ) for some xEX. 

PROPOSITION 1. 3. [1] A toþological sþace (X,..9') is a Tt-sþace ifl one 01 

the lollowing conditions holds: 

1) γxEX， {.i} = {.r} 

2) V.rEX, d{x} = tþ 

3) γxEX， {.i} = {x} 

4) V xEX, s{x} =tþ 

5) γx， yEX， x ,*y imþlies {.i} n {ÿ} =tþ 

6) V x , YEX, x ,*y irnplies {.i} n f.y} =tþ 

PROPOSITlON 1. 4. A toÞological sþace (X, ..9' ) is a Ro-‘pace ifl one 01 the 

lo /lowi ng conditions holds: 

1) V xEX, {.i} = (x ) 

2) V xEX, D{x} =tþ 
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3) γxEX， (.i) = (x) 
4) '1 xEX, S(x} =<þ 

5) γx， yεX， (x ) oF(y) implits (x) n (ÿ) =91 
6) '1 x， yεX， (x )oF(y) implies (.i) n(5!)=ø 

PROOF 

It is immediate. See (1. 1) and [2], [3) , [4) , [5). 

DEFINITION 1. 5. A topoJogicaJ space (X ,..9') is a R'T-space if, for every 

xEX, D (x} and S {x} are degenerate 

REMARK 1. 6. R ’T axiom has been introduced by ]. Tong [ 1이 as RT axiom 

We will see that our notation is better suited for the purpose since R' T is 

stronger than the correspondent ET T (풍e [6) ) whereas R. -axioms are weaker 

than ET.-axioms (see [6) and [8)) 

PROPOSITION 1. 7. [1) [7) A topological space (X , ..9' ) is a T YS-space iff 

on. of Ih. fOllowing condi/ions holds: 

1) γx， yEX, x oFY implits {x} n {ÿ} is either ø or {x} or {y}. 

2) '1x.yEX. x oFY implies (x )oF(Y) al1d d{ x} n d{y} =ø. 
DEFINITION 1. 8. [6J A topoJogicaJ space (X , Y) is a R' YS-space if, for 

arbitrary x , yEX. #y impJies D{x} n D{y} =ø. 
PROPOSITION 1. 9. [8) [6] A topological space (X , Y ) is a R ’ YS-space iff 

01Jt 01 the follo wing condilions holds 

1) '1 x.yEX. (x )oF(y) implies {x} n {ÿ} is eith.r ø or {x} or {y} 

2) '1x. yEX. (x ) oF(y) implies d{x} n d {y} =<þ. 

DEFINITION 1. 10. A topoJogicaJ space (X. Y ) is ET. “'essentially T;) if its 

T 0 - iden tifica tion space [9) is T. 

PROPOSITION 1. 11. [7] A lopological space (X. Y) ‘s a ET YS-sPace iff, for 

arbilrary x.yEX. (x )oF(y) implies D{x} n D{y} =<þ 

DEFlNITION 1. 12. [l] A topoJogicaJ space (X ’ ‘57) is a T D-space if. for 

every xEX. d (x) is a cJosed set. 

DEFINITION 1. 13. [5) A topoJogicaJ space (X. Y) is a R" D-space if. for 

every xEX, d {x} not cJosed impJies D{x} =91. 
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The fo lIowing diagram shows the ordering between the mentioned axioms 

~ T 

J ~~~~~~~~~~~~~~~--~~~~~-‘‘‘~’‘-‘’ 

D 

RO •• R~~l ~ RD ’ 

되 \s J ETD 

RD 

PROPOSITlON L 14. [5) A topological space (X ,Y ) is a ETD-space ifJ. Jor 

every xEX, D!x} is a closed set. 

DEFINITlON 1. 15. [8) A topological space (X ’ ‘.9' ) is a RD-space if, for every 

zεX， . (x ) = (x) implies d (x) is cJosed. 

2. New axioms 

DEFINITlON 2. L A topo)ogical space (X, Y ) is a C:-s대ce if, for every 
xEX, D( x) i=φ or S (x) i=ø implies (x ) i= (x). 

DEFINITlON 2. 2. A topological space (X,Y ) is a TT-space if, for every 

xEX, d (x) and s(x) are degenerate and ( x ) =(x). 

PROPOSITlON 2.3. A topological space (X, Y ) is a ET T-space iJJ, Jor every 

xEX, D{x) and S{x} are essenlial degellerate ‘ 

PROOF. Let (Xo' Y 0) be the To- identification space of (X, Y ), Iet do and So 

be the correspondent derived and sheIl operators, and Iet π be the projec­

tion map from (X ,Y ) onto (Xo' Y o). 

If (X,Y ) is ETT then (Xo' Y o) is TT and, hence, do[ (x ) ) and so[ (x) ) are 

degenerate for every (x) EXo. If D[x) is not essentiaI degenerate then it is a 

union of distinct coverings. Since do[ (x) I =π(D{x)) (see [7]) , do[ (x ) ) is not 

degenerate. Similarly, if we assume that S{x) is not essential degenerate, 
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then So ( ( x ) } is not degenerate. 

Conversely, if D(x} = (.)1) and S(x) = (z ) then π(D(x}) =do ((x ) 1= ( (y) ’ and 

π(S(x})=so( (x) I=( (z) }. Moreover, (Xo,.7o) is obviously T。

DEFINITION 2.4. A topoJogicaJ spac경 (X’ ‘7' ) is a Rr-space if, for every 

xEX, whenever D(x} or S(xl is not essentiaJ degenerate, then (x );: (x). 

3. Relations between the axioms 
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PROOF. 1t is immediate. 

LEMMA 3. 2. Jn a tOþological sþace (X , .7 ), for arbitraη x , yEX, 

1) xεD(y) iff yεS(x} 

2) xEd (y) iff yεs(x} 

PROOF. 1t is immediate. 

LEMMA 3.3. Jn a toþological sþace (X’ ‘:T), for every xEX, 

1) D(x } essential degenerate imþlies D(x} closed 

2) d (x) degenerate and (x ) = (x) imþlies d (x) c/osed 

PROOF. Statemem 1) follows from the fact that D(x} is a union of c10sed 

sets and statement 2) follows from 1) through the canonicaJ proiection π 

PROPOSlT10N 3.4. 

1) TrζT D' 2) R' rζR* D' 3) ET r CET D' 4) RrζRD 
PROOF. 1), 3) and 4) follow from lemma (3.3) 

Let (X,.7) be a R’r -space and Jet x be a point of X. Assume lhal D(치 IS 

degenerate and not empty, that is D{x} =(y} . If d(x } is not cJosed then, from 

lemma 3. 3, d (x) is not degenera te and (x ) ;: (x) . Hence, there exisls zEX 

such that z;:x and zE(x ) . From Jemma 3.2, xεS(y} ， and it is c1ear that 

zES(y}, in contradiction with the hypothesis. 

PROPOSITION 3. 5 

1) TrCTys 2) R’rCR*ys 3) ETrC ET ys 
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PROOF. Let (X,..9") be a T T-space. If for two distinct points x ,y belonging 

X, there exists zEd(.<) n d(y) then, from Jemma 3.2, x ,yEs(z) , in contr 

adiction with the hypothesis 

Statement 2) may be proved in the same way. 

Let (X, ..9" ) be a ETT-space. If for two :points x ,yEX such that (x )* (y) 

there exists %드D(x} n D(y } then D{x) = D(y} = (z) . Hence, from Jemma 3.2, 
x,yES(z} and (x ) , (y) ES(z ), in contradiction with the hypothesis 

The following diagram shows the ordering relation between all the above axioms 

F 
C~ R 
0--• T 

↓ ~~T 

I~원Hfs 
↓----------갑E↓ 

TD 

l• 

암n
 |||* 

, 

‘7 

~ ET 
J) 

;. RJ) 

AIJ the axioms are distinct. In the fo lJowing exampJes the space X is the set 

of reaJ numbers and it is understα성 that the nu lJ set and the set X are 

closed. 

EXAMPLE 3.6. Let the closed sets be (피， (-x,.x) {.x으이 and their finite 

unions. This space is T T but not C: 
EXAMPLE 3.7. Let the cJosed sets be {x, 이 ， {x, -x, O} (x~O) and their finite 

unions. This space is T D but not ET YS or RT 

EXAMPLE 3. 8. Let the cJosed sets be {x} (x* O) and their finite unions 

This space is T YS but not Rr 

EXAMPLA 3.9. Let the cJosed sets be {-x, x} (x~O) and their finite unions. 

This space is R’T but not TT 

EXA.I\.1PLE 3. 10. Let the cJosed set be (이 This space is ETT but not R'T 
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EXAMPLE 3. 11. Let the CI∞ed sets be (0, 1. x) (xER) and their finite unions. 

This space is &r but not ET T 
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