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AN APPLICATlON OF THE FRACTlONAL DERIVATlVE IV 

By Shigeyoshi Owa 

1. lntroduction 

Let A denote the c1ass of functions 
∞ 

f(%)=%- I; a_%' (a.르0) 
1I:a: 2 .• 

analytic in the unit disk U={ I%I< I}. A function f(%)εA is said to be univa

lent and starlike if, and only if, 

e{il츠L)>o 
f(%) 

for %εU. Recently, the general idea of order k for a starlike function has 

been introduced in a number of ways as in M. S. Robertson [10] , R. J. Libera 

[4]’ \ K. S. Padmanabhan [9] and F. Holland and D. K. Thomas [3]. In this 

place, according to K. S. Padmanabhan [9] , a function f(%)eA is said to be 

starlike of order k in the unit disk U if the condition 

츠작주L-l 
-4감←-I <k 
측ζ(::) + 1 

IlZJ 

holds for some k (O<k흐 1) and %εU. The c1ass of such functions we denote by 

S(k). And let C(k) denote the c1ass of functions f(z) 드A such that %!'(%)eS(k)_ 

For these c1asses S(k) and C(k) , the author showed the following results in 

[7]. 

LEMMA 1. A function 

f(%) =%- I; a.z" 
n=2 .. 

is in the ctass S(k) if, and only if, 
I; {(n-1J+k(n+ l)}a_드2k 

11=2 

The equality holds for the function 

∞ 2k • 
nz)=:-”은'， (n 1) + k(n + 1) %“ 
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(a.르0) 
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LEMMA 2. A function 

f(%) =%- !: a.%" .-2 “ 

is in the class C(k) if and only if, 

ε n{ (n-I)+k(n + J)) a.등2k . 
11=2 

Th. .quality holds for the function 
∞ 2k 

f(%) =.- ε ” n=2 씨 (n 1) + k(n + l)) % 

LEMMA 3. Let a ft‘1ICÜOIl 

f(') =%- ε a-:” .-2 ‘ 

be i" the class S(k). Then w. hav. 
2k "2_ .. ,,, _" 2k 

1 . 1-τ추3k 1%1 르 If(. ) 1 흐 1 . 1+τ후3k 1.1 

and 
4k , ,_, _, " _ , . 4k 

1-τ추3k I z l 흐 1 1' (.) 1 르 1+ 1";'"3k 1. 1 

for zEU. Th. equalities hold for th. function 
2k 

f(') =%- -1τ당T% ' 

LEMMA 4. Let a 끼unction 

f(:) =:- z a”z” 

be in the class C(k). Then ψe have 

and 

ID;f(% ) 1 르 1Z 1
1

-
0

0 + 3. - 2. 1. 1) 
(l +3k) r( 2-a) 

1 D~f(.) 1 드 l% 1
1

-
0 

(1 + 3k+ 2k 1. 1) 
(1 + 3k)r(α2-a이 ) 

for O< a < 1 and zεUι’ uψ‘U싸l 

fπ(.잉) . ’ 

(a.르0) 

(a.르이 

(a.르0) 

Furthermore K. S. Padmanabhan [9) gave the following representation 

formula 

LEMMA 5. A functioR 

f(z) =z- !: a.z" .-2 (a.늘이 
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;s in the class S(k} if and only if. 

η.} =. expl -낌‘댐싫「씨， 
w here tþ( z } is analytic in the unit disk U and satisfits Itþ(.} I 르k for .EU. 

2. An application oC the Cractional derivative 

There a re many definitions of the fractional calculus. that is. the fractional 

derivatives and the fractional integrals. The author gave the following de. 

finitions for the fractional derivative in [8) 

DEFINIT ION 1. T he fractional derivative of order a is defined by 
d r' f(C }dC 

D;[ (%} = 페강「 깅ε써쉰’ 

where O< a < l. [ (. ) is an analytic function in a simply connected region of 

the . -plane containing the origin. and the multiplicity of (.-C) -a is removed 

by requiring log(. -C} to be real when (z - C} > O. Moreover. 

f(z}=l벼 D캅{z} 
\ 

a_" 

DEFINITlON 2. Under the hypotheses of Definition 1. the fractional deriva. 

tive of order (n + a ) is defined by 

•• 
D끼+?(:) = lτD':f(z) • 

‘ dz'’ • 

where O< a< 1 and nENU (Ol 

For other definitions of the fractional calculus. see R. P. Agarwal [1) . W. 

A. Al-Salam [2). T. J. Os ler [6) . B. Ross [11) . K. Nishimoto [5J and M 

Saigo [12) 

THEOR EM 1. Let O<a듣 1 / 2 and a를k르 1. 1[ a 끼unction 
∞ 

nz) =z-iEf까” (a.르O) 

is in the c1ass S(k) , then we have 

l. 1'-'(l - 2k l%1) 르 I D~[(z} I 등 lz l ' - a(l +2k l%l} 
r(2-a} =' -."-"= r(2-a} 

for zεU 

PROOF 끼I e consider the function 

G(z} = r( 2-a}za D';!(%} 

얻 「(n+ l}r(2-a • 
=z ”=2 「(”+l-a) a”z 
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Then we obtain 
∞ r (n + l) r(2 -a) IG(.} 1 르 1%1- r; 1 V;，-;_J.~ll~~tll a-'%I n 

.7;;2 r(n+ I-a} 
- ∞ 

르 1.1-1.1 ‘ I: ((n-I) +k (n+I)}a_ .-2 
for O<a흐 1 /2 and a듣k등1. Hence, by Lemma 1, we get 

IG(.) 1 늘 1.1 (1-2.1 1.1) 

which gives 

lψ<.)1 르 |Z|7(3rgfl:!) 

In the same way, we have 
∞ F (n+ l) r(2-a) 

IG(.) 1 등 | Z |+32 r(”+1-a) a꺼 

흐 1 '1+ 1 %1 2 웅 ((n-I) +k (n+ I)} Q_ 
11=2 ‘ 

흐 1%1 (1 + 2.1 1%1) 
which gives 
\ ,;; 1.1'-'0 + 2씨섣l ID;f(%)I~E닉한푼」 r( 2-a) 

COROLLARY 1. Let O<a흐1/2 and a흐k듣 1. If a function 

f(Z) =z- zf”z” (a.르0) 

is in 샤e class S(k) , thtn D장<z) is included in the d,‘sk ωith cenler at the origin 

and radius (1 +2.1 )lr(2-a). 

THEOREM 2. Let O<a흐112 and a흐k흐 1. If a function 
∞ 

f(%)=%- ε a ... %" .-2 “ 

(a.흐이 

is in the class C(k) , then ψt have 

1D~+.f(.) 1 르--」--:|(l-a) 
‘ r(2-a) 1. 1" ‘ 

} 

熾and } z 
-이

 
-
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-이
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l 

피
 

-
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등
 

‘ 
잉
 

n O H 
i 

D 

‘for .EU- (O}. 

PROOF. We consider the function 

G(.) = r( 2-a)z"D';r(') 
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-:; r(n+ l)r(2-a • 
=z ,=2 r(”+1-a) a”: • 

Then, by using Lemma 2, we obtain 

and 

∞ ”l ’ (n+ l) r(2-a) 
IG'(z) 1 르l-，E r(n+l-a) %|zl ’ -1 

르 1 -1%1 ε n {(n-1) +k(n+ l))a • 
• -2 

르 1 - 2k l z l 

∞ nI’ (n + l) r(2 -a) 
IG’(%) I 흐l+”즈2 r(n+l-a) a, lzl”-l 

흐 1 +l z l I: n{(n - 1)+k(n+1)}a. 
’ =2 ’ 

흐1+ 2klz l 

for O<a흐 1/2 and a흐k흐 1. Consequently, with the aid of Lemma 4, we get 

and 

\ 

ID~+찌%) 1 르 1 • (1-2kl%I)-al%I-1ID:r(z)1 
r( 2-a) Iz l“ 

r" _ \ 2k(1 +3k+a) 1 %1 1 
늘 τ|(l-a)- 1+3k t 

r “- a)I%1 ‘ j 

l 이+찌z) 1 흐---上-τ(1+μlz|)+a|z「ll따f(%) I 
r( 2-a)I% 1 

f/ LJ~\t 2k (1 +3k+a) 1%1 1 흐---=---;;.-{ (l+a)+ 600"'\'&' " "',"''''i''''/I''''1 
r( 2-a) 1%1' 1 ,- ,-, ' 1+3k 

for %EU-{Ol 

THEOREM 3, μt a function 
∞ 

f(z)=%- ε a-z” .-a … 
bt in the class C(k). Thtn Wt havt 

, l - a I-2「‘ </>(1) ‘ D:f(Z)=7한;rezpi L τ과간션lf' 

(a.늘0) 
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whert </> (z) is an analytic function in tht unit disk U and satisfits 1</>(%) 1 츠k for 

zEU. 

PROOF, We consider the function 

G(%)=r(2-a)%' D야z) 

_. 얻 「(n+ l)r(2-a) • 
-;-,=2 「(a+l-a) a”z 
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where 

Shigtyoshi Owa 

∞ =.- !: A_z" 
11=2 .-

A =..1.’ (n+l )f’(2-aLa 
• r(n+ l-a) ‘” 

Then, by using Lemma 2, we have 

s {(n-l)+k(n+ l)}A，듣 z nl(n - l + k(n+ l)la, 

등2.1， 

becaues O< An < nan for any n늘 2. Hence the function G(.) 

beJongs to the cJass 8(.1) with the aid of Lemma 1. Thus we obtain 

1- " ____ r ,., r~ φ (t) 1.1 
D장(%)=7숨grexP1-20 τ찮fzr i 

by using Lemma 5‘ 
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