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AN APPLICATION OF THE FRACTIONAL DERIVATIVE 1V
By Shigeyoshi Owa

1. Introduction

Let A denote the class of functions
flz)=z—Xaz" (a,20)
n=2
analytic in the unit disk U={|z|<1}. A function f(z)EA is said to be univa-
lent and starlike if, and only if,

Re[%bo

for z=U. Recently, the general idea of order % for a starlike function has
been introduced in a number of ways asin M.S. Robertson [10], R.]J. Libera
[4], K.S. Padmanabhan [9] and F. Holland and D.K. Thomas [3]. In this
placé, according to K.S. Padmanabhan [9], a function f(z)&A is said to be
starlike of order # in the unit disk U if the condition
zf'(z) _ 1
) P

zf (z)
) 1

holds for some £(0<k=1) and z&U. The class of such functions we denote by
S(k). And let C(k) denote the class of functions f(z)EA such that zf'(z)=S(k).
For these classes S(k) and C(k), the author showed the following results in

[71:
LEMMA 1. A function

flz)=z— gaa”z" (a,=0)
is in the class S(k) if, and only if,
E {(n—1)+k(n+1)}a, =2k
n=2

The equality holds for the function

< 2k
f@)=2= L kD) *
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LEMMA 2. A function
f@)=z— X azs" (a,20)
n=2
is in the class C(k) if and only if,
Zzn{(n—l)ﬂ-.é(n-f-l)}a"gz&.
n=

The equality holds for the function

oo 2k ”
f(z)=z—"§2 nl(n—1)+k(n+1)} =

LEMMA 3. Let a function
f)=z— T az" (4,20)
n=2

be in the class S(k). Then we have

2k 2 Nl ol 2k 2

|z szi =|flz)|=|z]+ 153k |z]

and

4k ; - 4k

1 m—iﬂélf (2)|el+-—-—+1+3k |z|
Jor z&U. The equalities hold for the function

D st 1gh 4e
fR)=2—-rz.

LEMMA 4. Let a function
f(”)z"",.’::;’»’” (a,=0)

be in the class C(k). Then we have
[z %1+ 382k 2])

;D:f(x)lz- (1T3k)P(2—a)
and
" lz] " *(1+3k+2k]2])
DS | == a2 =a)

Jor 0<a<1 and z&U, where D:f(z) denotes the fractional derivative of order a of
f(z).

Furthermore K.S. Padmanabhan [9] gave the following representation
formula.

LEMMA 5. A function
f(z) =z—“§za”x" (a,20)
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is in the class S(k) if and only if,
RY —o [*__¢()
flz)==z exp[ 2 o_—l+t¢(t) dt}.
where ¢(z) is analytic in the unit disk U and satisfies |¢(z)|=k for zEU.

2. An application of the fractional derivative

There are many definitions of the fractional calculus, that is, the fractional
derivatives and the fractional integrals. The author gave the following de-
finitions for the fractional derivative in [8].

DEFINITION 1. The fractional derivative of order a is defined by

-y —_-1_“_1 z f(£)dL
D f(z)= I'(l1—a) dz 0{:—‘;7’

where 0<<a<1, f(z) is an analytic function in a simply connected region of
the z-plane containing the origin, and the multiplicity of (2—{) “ is removed
by requiring log(z—{) to be real when (z—{)>0. Moreover,

f(z)=£i_r.ré D f(z).

DEFINITION 2. Under the hypotheses of Definition 1, the fractional deriva-
tive of order (n+a) is defined by
d"

DB+¢ ( )=
TR =

D:f(z).
where 0<a<1 and &N {0}.

For other definitions of the fractional calculus, see R.P. Agarwal [1], W.
A. Al-Salam [2], T.J. Osler [6], B. Ross [l11], K.Nishimoto [5] and M.
Saigo [12].

THEOREM 1. Let 0<a=1/2 and a=k=1. If a function
—z— 5 » =0
fz)==2 Eza,,z (a,=0)
is in the class S(k), then we have

121" (1—2k|z]) a 121 % (1+2k]2])

for z=U.

PROOF. We consider the function
G(z)=T(2—a)2"D}f(z)
2 I'n+1)'(2—a) n
T Flatl—a) *-

n=2
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Then we obtain

o Lt (@—a) n
IG(=) 12zl — LT gy 4yl

(2l = lzI* Z ((n—1)+k(n+1))a,

n=

for 0<a=1/2 and a=k=1. Hence, by Lemma 1, we get
IG(2) |=|2|(1—2k|2])

which gives

["f(1—2k]2])

a Iz
|Difte) 122 p =S

In the same way, we have

2 P(a+1)I'(2—a) n
IG(Z)]§!2|+"§2 Tntl—a) %~

<lzl+121’ T (1) +h(n+D)a,

=|z|(1+2k|z|)
which gives
\ , lz]' " %(1+2k|2])
IDf(2) |= F2—a) .
COROLLARY 1. Let 0<a=1/2 and a=k=1. If a function

flz)=z— §zaﬂz" (a,20)

is in the class S(k), then Dif(z) is included in the disk with center at the origin
and radius (1+2k)/I'(2—a).

THEOREM 2. Let 0<a=1/2 and a=k=1. If a function
fR)=2— S az" (2,20)
n=2

is in the class C(k), then we have

1ag o1 1 o 2k(143k+a) |zl
LA IO ey [a-a ]
and
D) 1< 1 1+a)+ 2k(1-+3k+a)|z|
LA Ol ey [a+a e aa
for z€U—{0}.

PROOF. We consider the function
G(z)=1‘(2—a)z‘ﬂ:,f(z)
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= I'n+)I'(2—a) n
=*= L " Platl-a) %"

Then, by using Lemma 2, we obtain
- 2 al'(n+1)'(2—a) =
|G (z)lél—"ﬂ I'(n+1—a) uﬂlzl'

=2

21— 12| Eal(a=1)+k(r+D)a,

=1—2k|2|

and

16 () |1+ T2 gt

1+ || Zal(a=1)+k(n+D)a,

=1+2k|z|
for 0<a=1/2 and a=k=1. Consequently, with the aid of Lemma 4, we get
DItz I 2——L ——(1-2kiz)—alz| | D"
1D, flz)] )2l z|)—alz f(z)]
1 2k(1+3k+a) 2|
(] ~g)~—
r2—a)lz|” [( “ 1-+3k }
and
| +a | -1
D )| =—(1+2% + D’
D, f(%)] P(2—a)]z]“( lz])+alzl "D A=)

1

< 2k(14-3k+a)|z| }
r—a)lz|”

{(1+a)+ 2

for z&U—{0}.
THEOREM 3. Let a function
flz)=z —”z_:.za“z" (a,20)

be in the class C(k). Then we have
l-a
LI - _o % %) \
D f=)="TFa=a) ""p[ 2Jo THe6(0) d‘]'
where ¢(z) is an analytic function in the unit disk U and satisfies |¢(z)|<k for
zEU.

PROOF. We consider the function
G(z)=r(2—a)z"D}f(z)

= P+DI(2—a)
b iy e e
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—:—EA,z

n=2
where
I(n+1)I"(2—a)
F(ntl—a) “»
Then, by using Lemma 2, we have
5 (n— 1)+k(n+1)}4 = Enl(n 1+k(n+1)la,

n=2

A=

521.
becaues 0<CA <na, for any n=2. Hence the function G(z)
belongs to the class S(%) with the aid of Lemma 1. Thus we obtain

DAz =gy xP 2.[1—3:%‘%?5‘ |

by using Lemma 5.
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