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Electromagnetic Responses for a Vertical Coaxial
Loop System over a Layered Earth

Hee Joon Kim*

Abstract: A modified expression of mutual coupling ratio for a vertical coaxial loop system over

a layered earth is derived by transforming the Bessel function of order 0 to that of order 1. This

expression allows us to use a single J; filter instead of a combination of Jy and J; filters, and pro-

duces a significant reduction of computer time and core storage. In this paper, the mutual coupling

ratio for a three-layered earth is obtained by means of Anderson’s adaptive filter (Anderson, 1979).

INTRODUCTION

Since a digital linear filter method was intro-
duced by Ghosh (1971a,b) in order to estimate
Hankel transform integrals, many applications of
it were found in geophysical problems. The
evaluation of numerical convolution using pre-
determined filter coefficients is approximately an
order of magnitude faster than the direct in-
tegration of Hankel transform. In fact, the
convolution technique completely avoids Ressel
function evaluations which are required in the
direct integration.

Many integral transforms encountered in elec-
tromagnetic (EM) soundings are the Hankel
transforms of order 0 and 1. In particular, the
EM mutual coupling ratio for a vertical coaxial
loop system over a layered earth has both 0th
and Ist order Hankel transforms. Thus the
evaluation of mutual coupling ratio needs two
kinds of filter: J, and J; filters (Koefoed et al.,
1972; Verma, 1977; Anderson, 1979).

Any Hankel transform of order 0 can be trans-
formed into its corresponding Hankel transform
of order 1 (Das, 1984; Kim, 1985). This do-
main transform eliminates the need for J, filter

in the computation of mutual coupling ratio. In
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this paper, a modified expression for the mutual
coupling ratio, which allows us to use a single
filter instead of a combination of two, is obtained
by using the domain transform. A few advantages
of the modified expression are shown through
the numerical evaluation of mutual coupling
ratio for a three-layered earth model by means
of Anderson’s adaptive filter (Anderson, 1979).

DOMAIN TRANSFORM

Any J, domain Hankel transform integral can
be transformed into its corresponding J; domain
(Das, 1984; Kim, 1985). Consider a Hankel

transform integral
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Fig. 1 Vertical coaxial loop configuration in the
calculation of mutual coupling ratio,
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H®)= [ k©)ed®e)de, ©
where J; is the Bessel function of order 0, and
k(g) is the kernel function of Hankel transform.
Applying Hankel transformation (Watson, 1962)
to (1) yields

k)= [ H®GbJG)db. @
Differentiate both sides of (2) with respect to g
to obtain

—4%£§2~::-— [[H®R 6B, 3
and apply Hankel inversion to (3) to obtain

= dk
HO)= [ [ - 3-8 | eneede, @

where J; is the Bessel function of order 1. A

comparison between (1) and (4) shows that the
Jy domain Hankel transform integral can be
transformed into its corresponding J; domain

Hankel integral.
MUTUAL COUPLING RATIO

The EM mutual coupling ratio for a vertical
coaxial loop system, Z/Z, over a horizontally
layered earth is given by (Frishknecht, 1967;
Koefoed et al., 1972)

YA i B2 =3
7=l [ [(E@ei(ebrdg

—B [ E@gn@Big|,
where B (=r/8) is the coil separation normaliz-
ed by skin depth (Fig. 1) and E(g) is the
EM kernel, i.e.,

E(g)=R(g)exp(—gA), ®)
where R(g) is a recursively defined complex
function, expressed in terms of the M-layer (M
>1) model parameters, of the form

R(g)=(V.F\—g)/(V.Fi+8), @
with V; and F; given by backward recurrence
using

Vi= vg%+2ios[ay, k=M, M—1,--,1 (8)

Fo 1 =[(Vier+ V.Fy)

= (Vier— ViFexp(— Viydi ) ]
/S L(Vir+ ViuFy) €)]
+ (Viei— ViF)exp(— Viydr1) 1,

k=M, M—-1,--,2; Fy=1,

where
i =v-1
o, =conductivity of layer £ [mho/m],
d, =28:/9,

t, =thinkness of layer £ [m],
0 =+v2/(wpwy); skin depth,
o =2zf; f>0 (Hz),
#o=47x 107" [H/m],

B =r/3,
r = «/xz—l—y_Z:
A=(z+k)/3,

(z, y, ) =receiver loop center,
(0, 0, &) =transmitter loop center.
Using the domain transform described in the

previous section, (5) is rewritten as

7 =11B [ Q@aneBds,  0)
where
Q=E@) +£ L8, an
with
diég) = [%é’gl —4AR(® ] exp(—Ag),
a2
_&l =92 g(Yl'Fl—Y_l;Fll) —__V1-F1
dg (ViF,+g)?
13)
Vi=g/V:, k=M, M-1,-1 a4

Fyy'=2exp(~ Vi1dp-1) { Vi1 [des (Viy
+ViF) (Vi — ViF) — 2V, F,)
+2Via (V' Fot+ ViFy))}

S ((Vieea+ Vi) (15)
+ (Vier— ViF)exp(— Vieidp—1) 2,
m=M,M—1,-,2; Fy'=0,
where prime denotes the derivative with respect
to g.

For the case of ground loops, A=0, the mutu-
al coupling ratio is also given by (Frischknecht,
1967; Anderson, 1979)

%Z(Z »)ﬁ? [ j:G(g)ng(gB)dg
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~B[G@edeB)de|, 1O

where (Z/Z,); is the mutual coupling ratio for

the homogeneous earth (Frischknecht, 1967;

Wait, 1955):
Z

(jz;)h=412+12kr+5k%*+k%{
12

TR an

e—kr
kgrz— + 2

with
k2ri=iopyo,r?=2iB2, as)
and
G(@)=2gVi(Fi—1/[(Vi+)(ViFi+8) 1.
a9

By using the domain transform, (16) is

rewritten as

Z=(£) +P [ H@en&B)s,
(20)
where
H@=6@+5 450 @
and
aG(e)

= 2 Va(Vit ) FY

+(F—D(VPF—g)(Vi—g V)]
S I+ (ViFi+8)%. (22)

NUMERICAL RESULTS

In order to confirm advantages of the unifying
procedure described in the previous section, which
requires J; filter only, a three-layered earth mod-
el is tested by using Anderson’s adaptive filter
(Anderson, 1979). The model used is an inter-
mediate conductive layer medel:

05/61=20, 03/a;=1, t/t,;=1/20.

Figs. 2 and 3 show the amplitude and phase
of the mutual coupling ratio, respectively. These
illustrations contain curves for parametric and
geometric soundings. In this model, numerical
differences between the results evaluated by (5)
and (10) are less than 0.001%.

Table 1 compares the numbers of computation

of the kernel functions in (5) and (10). For
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Fig. 2 Amplitudes of mutual coupling ratio for
vertical coaxial loop system over the inter-
mediate conductive layer model.
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Fig. 3 Phases of mutual coupling ratio for vertical
coaxial loop system over the intermediate
conductive layer model.

Table 1 Numbers of the evaluations of kernel func-
tion in (5) and (10) as well as Anderson’s
related convolution procedure (Anderson,

1979).

Angular Eqn.(5) Eqgn.(10) Related convolution
frequency Ji Jo 1 1 Jo
3 69 67 71 69 0
10 66 64 72 66 0
30 65 65 69 65 3
100 61 64 64 61 3
300 58 59 59 58 1
1,000 53 54 55 53 1
3,000 49 51 52 49 2
10, 000 46 48 48 46 2
30, 000 45 46 47 46 1
100, 000 43 44 46 43 1
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reference, Table 1 also contains results obtained
from Anderson’s related convolution procedure
(Anderson, 1979).

DISCUSSION AND CONCLUSIONS

The EM mutual coupling ratio for a vertical
coaxial loop system over a layered earth can
unify to a single Hankel transform integral.
This unification facilitates the use of J, filter
only, instead of using of both J; and J, filters.
The unification, therefore, produces reductions
of computer time and core storage in estimating
the mutual coupling ratio (see Table 1.

Anderson’s related convolution procedure is
very attractive in terms of computer time. In
fact, the Anderson’s procedure is slightly faster
than my procedure developed in this paper.
However his procedure requires about two times
more storage than mine. Although the Ander-
son’s adaptive filter was used in this paper, if we
use another filter with small length of coefficients
such as Ghosh’s filter (Ghosh, 1971), the unify-
ing approach makes it possible to compute the
mutual coupling ratio on a programmable pocket
calculator.

ACKNOWLEDGMENTS

I wish to thank Drs. C.-E. Baag and Y.Q.
Kang for their helpful comments on the manu-
script. A part of this study was carried out while
I was visiting the Univerlity of Hawaii under
sponsorship by the Korea Science and Engineer-
ing Foundation.

REFERENCES

Anderson, W.L. (1979) Numerical integration of
related  Hankel transforms of order 0 and 1 by
adaptive digital filtering. Geophysics, v. 44, p. 1287-
1305.

Das, U.C. (1984) A single digital linear filter for
computations in electrical methods: A unifying
approach. Geophysics, v. 49, p. 1115-1118.

Ghosh, D.P. (1971a) The application of linear filter
theory to the direct integration of geoelectrical re-
sistivity sounding measurements. Geophys. Prosp.,
v. 19, p.192-217.

Ghosh, D.P. (1971b) Inverse filter coefficients for the
computation of apparent resistivity standard curves
for a horizontally stratified earth. Geophys. Prosp:,
v. 19, p. 769-775.

Kim, H.J. (1985) A comparison between J, and Ji
digital linar filters in resistivity sounding. J. Korean
Inst. Mining Geol., v. 18, p.41-47.

Frischknecht, F.C. (1967) Fields about an oscillating
magnet dipole over a two-layer earth and application
to ground and airborne electromagnetic surveys.
Quart. Colo. School of Mines, v. 62, 326pp.

Koefoed, O., Ghosh, D.P. and Polman, G.J. (1972)
Computation of type curves for electromagnetic depth
sounding with a horizontal transmitting coil by
means of a digital linear filter. Geophys. Prosp., v.
20, p. 406-420.

Verma, R.K. (1977) Detectability by electromagnetic
sounding systems. IEEE Trans. Geosci. Electron.,

- v. GE-15, p.232-251,

Wait, J.R. (1955) Mutual electromagnetic coupling
of loops over a homogeneous ground. Geophysics,
v. 20, p.630-637.

Az AL HAA F9 04 RAFSE 1542

5520 4
WANE 2 St Ty FA AERA S Bl A a skl A, A A ko] 1} o]

A&l 2A ALY, ¥ ERAAE 35T WA o5 A5AF & A= dH = Fag



