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Almost Continuous Mappings
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I. Introduction

The object of this paper is to introduce an almost open and almost continuous map-
ngs on an almost locally connected spaces. In general, almost contirucus mappings
re weaker than continuous mappings and stronger than weakly continuous mappings.
nd almost open mappings are weaker than open mappings. Noiri [6. and Rose [7]
-oved the equal condition of weakly continuous mappings. Using it, we studied the con-
tion of the mappings under which the image of almost locally connected space is al-
tost locally connected space. The concept of subweakly continuity was introduced by
ose. Weakly continuity implies subweakly continuity, but the converse implication does
>t hold (See Example 2.15). In [6], Noiri proved that the image of weakly continuous
apping of connected space is connected. We proved that if Y is second countable, the
rage of subweakly continuous mapping. We found the condition under which the image
 subweakly continuous mapping of connected space is connected.

II. Preliminaries and Notations

In this paper, (X, r) will denote a topological space X with a topology ¢ and all map-
ngs are onto.

Definition 2.1. A subset U of a topological space X is said to be regular open (or reg-
ar closed) if it is the interior of its own closure (or the closure of its own interior)
- equivalently, if it is the interior of some closed set (or the closure of some open set).
Clearly, a set is regular open if and only if its complement is regular closed.
Definition 2.2. A mapping f: X— Y is said to be almost continuous at a point xin
" if for every neighborhood V of f(x), there is a neighborhood U of x such that
(U)Cint{cl V). f is almost continuous on X if f is almost continuous at each point of X
Theorem 2.3. f is almost continuous if and only if the inverse image of every reg-
lar open subset of Y is open subset of X. {(Theorem 2.2 [5])

f is almost continuous if and only if for each regular open neighborhood V of fix),
Were is a neighborhood U of x such that f(U)CV. (Theorem 2.1 [5])

Definition 2.4. A mapping f: X— Y is said to be weakly continuous if for each
int x in X and each neighborhood V of f(x), there is a neighborhood U of x such that
(U)CelV.
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Definition 2.5. A mapping f: X — Y is said to be almost open (almost closed) if the
image of every regular open (regular closed) subset of X is open (closed) subset of Y.

Clearly, a one-to-one mapping is almost open if and only if it is almost closed.

Definition 2.6. A space (X, r) is said to be almost regular if for each x in X anc
each neighborhood [ of x, there is a regular open neighborhood V of x such that
clVCint(clU). '

Theorem 2.7. (X, t): almost regular if and only if for each x in X and each reg
ular open neighborhood U of x, there is a regulur open neighborhvod V of x sucl
that x€ VCclVCU (Theorem 2.2 [4])

Remark 2.8. Every regular space is almost regular. But the converse is not true. (Ex
ample 3.4 [8]) .

Definition 2.9. A space X is said to be Urysohn space if for every pair of distinc
points x and y in X, there are neighborhoods U and V such that x€U, y<V an
clUNclV=¢

Theorem 2.10. Every almost regular and Hausdorff space is Urysohn space.
«Theorem 3.2 [4])

Definition 2.11. A space X is said to be almost locally connected at a point x in X i
given a regular open neighborhood U of x, there is a connected neighborhood V of .
such that VCU X is almost locally connected provided X is almost locally connecte
at each of its points. .

Remark 2. 12. Every locally connected space is almost locally connected. But the cor
verse is not true. (Example 3.4 [8])

Definition 2.13. A mapping f : X—Y is said to be connected if f(C) is connecte
whenever C is connected in X.

Definition 2.14. A mapping f | X— Y is said to be subweakly continuous if there i
an open basis B for the topology on Y such that clf V)T f™MclV) for all V in B.

Clearly, every weakly continuous mapping is subweakly continuous. But the convers
is not true. The following is the example.

Example 2.15. Let X be any set with a non-discrete 7T topology and let Y=X have tl
discrete topology. Let s @ X-—-Y be the wientity mapping. Then this map is subweak
continuous but not weakly continuous.

Definition 2.16. A space X, r; is said to pde semi-regular if X bhas a basis couriaiy
of regular open sets.

ITII. Almost continuous mappings on an almost locally connected spaces

Lemma 3.1. A mapping f . X—Y is weakly continuous if and only if
clf VYT F V) for each open subset V of Y.
Theorem 3.2. If f : X— Y is an almost open and almost continuous mapping and
is regular open in Y, then f7 (V) is regular open in X.
Proof. Let V be a regular open in Y. By Lemma 3.1, cif ™" Vi C felV). Since
is almost continuous, f'(V) is open in X. Therefore int(clf 'i V) is regular open in .
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nce f is almost open, f(int{(clf™(V)))is open in Y. And

int (clf ™ (V) Cflclf (V) C ffH (clV)CTclV

Since f(int(clf (V) is open, fUint(cif (V))Cint(clV)=V.

Hence int{clf M {(V)Cf (V)

Since the converse inclusion is trivial, f'(V) is regular open.

Theorem 3.3. Let f: X—— Y be an almost open, almost continuous and connected
apping. If X is almost locally connected space, then Y is almost locally connected.

Proof. Let V be a regular open neighborhood of y in Y. Since f is onto, there is x in

such that fl(x)=y. By Theorem 3.2, f(U) is regular open neighborhood of x. Since
is almost locally connected, there is a regular open connected neighborhood U of x such
iat x€UCF (V). Since f is almost open and connected, f(U) is open connected neigh-
srhood of yin Y and f(U)CffHV)CV.

Corollary 3.4. If f . X— Y is an almost open, continuous and X is almost locally
snnected space, then Y is almost locally connected,

Theorem 3.5. If f . X—Y is an almost open, almost continuous, one-to-one mapping
nd X is almost regular, then Y is almost regular.

Proof. Let V be a regular open neighborhood of f(x), By Theorem 3.2, f(V) is a
sgular open neighborhood of x in X. Since X is almost regular, there i3 a regular open
eighborhood U of x in X such that

x€EUCCIUC (V) =int(clf (V)
Since f is almost open and one-to-one, f is almost closed.
Since clU is regular closed, clf(U)C f(clU).
Hence
(x) Ef(U) Celf(U) T flelU)C flint(clf (V) Cint f(clf (V) Cint ff N clVICintciV)=V.
Corollary 3.6. Let f: X— Y be an almost open, almost continuous and one-to-one
wpping. If X is almost regular and Y is Hausdorff space, then Y is Urysohn space.

Proof. By Theorem 3.5, Y is almost regular. By Theorem 2.10, Y is Urysohn space.
Theorem 3.7. If f. X—Y is a weakly continuous mapping and Y i+ «!mest rocal v
hen f is almost continuous.

Tro0of. Let V7 be a regular open neighborhood of fix:. Since Y i1s almost regular, the--
¢ a regular open neighborhood W of f(x} such that f{x)EWCcIWCV. Since f is weakly
ontinuous, there is a neighborhood U of x such that

fyefihCclWcv

But f can not be continuous mappings in Theorem 3.7. The following is the example.
Example 3.8. Let R be the set of real numbers and let # be the usual topology on R
nd let 7 be the another topology on R generated by the union of # and r, the topology
f countable complement on R. Then (R, ©) is an almost regular space. Define
(R, #)— (R, ) be the identity mapping. Then f is weakly continuous. Hence f is
iimost continuous. But f is not continuous at any point.

Corollary 3.9. Let f. X—Y be a weakly continuous mapping. If Y is almost reg-
tlar and semi-regular, then f is continuous.
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Proof. By Theorem 3.7, f is almost continuous. Since Y is semi-regular, f is
continuous.

Definition 3.10. A collection # of subsets of X is locally finite if each x in X has ¢
neighborhood meeting only finite many U& #

Lemma 3.11. If {A.lA€ A} is a locally finite system, then UclA,=clUA,

Theorem 3.12. If f . X— Y is subweakly continuous, X is connected and
{f*(W:)|W.EB, Bis a base of Y} is a locally finite system and Y is second countabl
then Y is connected.

Proof. Suppose Y is not connected. Then there are non-empty disjoint open subset:
Vi and V2 in Y such that WU 1,=Y.

Hence f(Vi)Nf (Vo) =¢ and f (Vi) Uf (Vo) =X.

Since Y is second countable, there is a basis B such that Vi=UW; and Ve=UW;,
Wi, EB(i=1,2)
cl fFHUV)=cl (J_szqu):cle:Jl f“(Wu):J&J1 c! f“(ij)CjL:J1 S clWh;)

:f“(jLchqu)Cf“(clUWu)=f"‘(V1)

Therefore f* (Vi) =cl f (W)

Hence f7( Vi) is open and closed subset of X. Similarly, f*(V.) is open and closec
subset of X. It contradicts that X is connected.
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