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I. Introduction

In 1964, D. C. Kent introduced convergence functions and their related topologies, and D.
C. Kent and G. D. Richardson investigated some properties of convergence spaces and applied
the concepts as product of convergence spaces in 1975. In discussing product of conv-
ergence spaces, they restricted to finite product.

The purpose of this paper is that most of the results extend to arbitrary product using
the initial convergence structure.

We start section I with some preliminary results related to this paper.

In scction I, we study properties of almost pseudo-topological spaces, and define the
pseudo-topological coherence and investigate its properties in section IV.

H. Preliminaries

Our notation and terminology will coincide with that of (1], [2], and [3].

For a set X, F(X) denotes the set of all filters on X and P(X) the set of all subsets
of X. For each x€X, x is the principal ultrafilter containing {xi.

A convergence structure on X is a map ¢ from F(X) into P(X) satisfying the following
conditions :

(1) for each x€X, xeqlx);

(2) for F, GEFRX), if FCG, then q(F)Cq(G);

(3) if x€g(F), then x€q(FNx).

The pair (X, ¢) is called a convergence space. If x€ g(F), we say that F ¢ — converges
to x.

A function f of convergence space (X, g) onto convergence space (Y, p) is said to be
continuous at x if for every filter F' g-converges to x, AlF) p-converges to flx).

Let X be a set, (X ga) be a convergence space for each a€A, fs be a function
X onto (Xa go). The initial convergence space g on X induced by the family {fela€ Al
is a map from F(X) into A X) satisfying the following condition:

for any element x€X, FE€ F(X), x€q(F) if and only if fol F) ge-converges to fa(x) for
each a€ A,
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1II. Almost pseudo-topological spaces

In this section, we shall investigate some properties of arbitrary pseudo-topological space.

Throughout this paper, for each e€ A4, (Xa, ga) means compact convergence space such
that Qg (F) is one-point set for each FEF (Xa), (X, q) means initial convergence space
induced by the family {fy |e€ 4}, where fa is a map X onto convergence space (Xa, qa)
for each a€ A4, and ([TXa, ¢°) means initial convergence space induced by the family {Pea|
aE A}, where Pa is canonical projection of /7Xa onto Xa for each a€ 4.

A pseudo-topological space (S, ) is a convergence space with the property that Fr-
converges to s whenever each ultrafilter finer than Fr-converges to s.

Proposition 3. 1. If (Xa qc) is a pseudo-topological space for each a € A, then (X, q)
is a pseudo-topological space.

Proof. Let (Xa, ga) be a pseudo-topological space for each a€ A. Given a filter F on
X, let F’ q-converge to x for all ultrafiiter F’ finer than F. Then fy (F") gq,-converges
to f, (x) for each a€ 4. Since fo (F)C fo(F’), Xa is a compact and g, (fy (F)) = {f {(x)},
fa(F) qa-converges to fa{x) for each a€ A, By definition of initial convergence structure,
F gq-converges to x. Thus (X, ¢) is a pseudo-topological space.

Corollary 3.2, If (Xa,qe) is a pseudo-topological space for each aE A, then (I1Xa, ¢")
is a pseudo-topological space.

For any convergence space (S,r), let (pS,p(r)) be the convergence space defined on
the same underlying sets as follows:

Fp(r)-converges to s if and only if G'r-converges to s for each ultrafilter G finer than

Then the space (pS,p(r)) is the finest pseudo-topological space coarser then S, and it
is called the pseudo-topological modification of S. Note that S and pS have the same
ultrafilter convergence.

A convergence space (S,r) is said to be an almost pseudo-topological if 7 (F)=p(r)
(F) for all ultrafiter F on S, ie.S and pS have the same ultrafilter convergence.

Proposition 3.3, lpXaspllXas IIXa where (Xa,a) is a convergence space for each
ac A,

Proof.-By definition of pseudo-topological modification, pfIXs< /7Xs. We shall show that
MlpXe<pllX.. If F p(q’)-converges to (xa)a e in pflXy, then F’ q’-converges to (xa)a
in 71Xa for all ultrafilter F’ finer than F. That is, Pa(F") ga-converges to xa in Xe for
each a€ A, Since pXo= Xa, P, (F’) p(qe)-converges to xe in pXa for each a€ 4. Thus,
F’ converges to (xa)a e in flpXe. By corollary 3.2, pXa is a pseudo-topological space.
Hence F converges t0 (xa)a e 1 in IIpXo. Therefore NXo<SpllXo< 11X,

Lemma 3.4, Let (Xq, o) be convergence space for each aE A, let fo be a map from
X onto (Xa,qa), 8« be a map from X onto (Xeo, p(qa)) defined by fa=ge in underiying
sets. If q*is initial convergence structure on X induced by the family {gela€ A}, then
e*<p(Q)=gq, i.e.q(F)Cp(q) (F)CTq*(F) for each FEF(X).
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Proof For each FEF(X), if xEq(F), then

ta (x) = fa (x) E qa (fa (F)) Cp (ga) (fa(F))=p(ga) (8a(F)).

ice g*is initial convergence structure induced by {gale€ 4}, xEq¢*(F). Thus ¢*<gq. By
sposition 3.1, ¢* is a pseudo-topological because p(qga) is a pseudo-topological. Since p
| is the finest pseudo-topological coarser than g, hence ¢*<p (¢)<gq.

Proposition 3. 5. If (Xa, qa) is an almost pseudo-topological for each a€ 4, then (X,
is an almost pseudo-topological.

Proof Let ¢* be the initial convergence structure defined in lemma 3.4, if xEq¢*(F),
in for each ¢€ 4, ga(x)Ep(qa) (8Ba(F)). Since (Xa, ga) is an almost pseudo-topologi-
, for all ultrafilter F on X, fa (z) =ge (x) € p(ga) (fa (F))=ge(fa(F)). Thus € ¢(F),
1ce ¢*(F)Cq(F)Cplqg) (F) for all ultrafilter F on X. By lemma 3.4, ¢(F)=¢*(F)=p
1 (F) for all ultrafiter F on X. Thus, (X,q) is an almost pseido-topojogical
Corollary 3 6. If (Xa, qge) is an almost pseudo-topological for each aE A4, then
Xa,q") is an almost pseudo-topological.

[V. Pseudo topological coherence

n this section, we shall investigate relations and properties of pseudo-topological cohe-
1ce and almost pseudo-topological spaces.

Convergence spaces (S,r) and (T,t) are said to be a pseudo-topologically coherent if
SXT)=pSXxpT.

Definition 4. 1. (Xa)a ¢4 of convergence space Xq is said to be a pseudo-topologically
erent if pliXqe=1lpX,.

.emma 4.2. Let Xa be a convergence space. Then Xo is an almost pseudo-topologi-
" if and only if (Xe)e ¢a is 6 pseudo-topologically coherent.

Proof. Suppose that MlpXe<pllX., there exists a filter F on /1Xa such that F con-
'ges to (za)a e 4 in MToXe and does not in pfIX,. By definition of p/IXa, there exists
ultrafilter F’ such that F’ does not g™-converge to (xa)a ¢ 4 in 1Xe and F’'2ZF. But F’
werges to (Ta)ae s in foXa because F converges to (Xa)a ¢4 in lpXe and F'ZF.

us Pa(F) p(qa)-converges to xa in pXa for each a€ 4, so that Pa(F’) ga-converges
za in Xo for each aE A by definition of almost pseudo-topological, hence F’ g™-converges
(xa)a e 2 in IIX,. This contradicts the fact that an ultrafilter F’ does not gq’-converge
(xa)aea in [IXa, thus (Xa)ezea is a pseudo-topologically coherent. Conversely, suppose
t (Xa)aea is a pseudo-topologically coherent, and let Fa be arbitrary ultrafilter on Xo.
Fa ga-converges to xa in Xa for each a€ 4, then Fu p(qa)-converges to ze in pXa
each a€ 4. On the other hand, if Fa p(qa)-converges to xa in pXe for each a€E 4,

n ITFa converges to (xa)aes in pXa. Since pllXa=1pXa, MFa p(p’)-converges to
Jaea in plIXs and so F q-converges to (xa)acs in fIXs for all ultrafilter F finer than
e, thus Po(F) ga-converges to ze in Xz for each a€E 4. Since Pa(F) and Fe are
-afilters on Xe and Pa(F)2Z Pq (lIFe)=Fa, P.(F)=Fa qa-converges to xo in Xa for
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each a€ 4, Thus Xa and pXe have the same ultrafilter convergence, hence for each a€
Xq is an almost pseudo-topological
Proposition 4.3. If (Xa)aea is a pseudo-topologically coherent, then (X,q) is an al.
most pseudo-topological space.
Proof. Fromlemma 4.2 and proposition 3.5, the proof of proposition 4.3 is satisfied.
Corollary 4.4. If (Xa)aea is a pseudo-topologically coherent, then I7Xa is an almo:
pseudo-topological space.
Proposition 4. 5. Let (Xe, ga) be a cnovergence space for each a€ A,
(a) If ((Xa)qa))aca forms a pseudo-topologically coherent, p(ga’) =p{ga), ¢a’S Qa,
then ((Xa, @a"))aca also forms a pseudo-topologically coherent.
(0) If ((Xa,qa))aca does not form a pseudo-topologically coherent, p(qa’) =p(qa),
9a’2 qo, then ((Xa,qa’))aca also fails to be a pseudo-topologically coherent
Proof. (a)p (/1(Xa, qa”)) = p (I1(Xa, qa)) =1 (p(Xa, ga) ) =M (p(Xa, qa’))
and by proposition 3. 3,
o (I1(Xa, ga’)) 2 N (p(Xa, qa”)).
Thus
p U1 (Xe, ge")) =T {p (X2, qa”)),
that is, ((Xa, @a’))ees forms a pseudo—topo]ogicaﬂy coherent.
(b) By assumption,
T(p(Xa, qa’)) =T {p(Xa, qa)) < pIT{Xa, o)) S p(TT{Xe, qa”)),
that is,
(p(Xa, qa”)) #p(I1(Xa, qa)).
Thus ((Xa, ga))aea fails to be a pseudo-topologically coherent.
Proposition 4. 6. If (Xa, o) is a convergence space for each a€ 4, A'C A and
o X x I pX 2zp( X ),

aecA-A/ @ BeAs acea

then (Xa)aea is a pseudo-topologically coherent if and only if (Xa,pXs)aen,s’ is a

BEA
vseudo-topologically coherent.
Proof. If (Xa)aea is a pseudo-topologically coherent, then
p( T X x HpX)Sp( 17X)= HeX = 11 pX X II,p(pX ).
a A €A B

a e A-A a a €A a aecA-A
Since
I X X ” pX 2,o( mx),
aeA- A a a€A a
o( 1 X X H pX )Zp(p”X) =plIX =IpX
ae€A— A a a Q
= 1 pX X ”,p(pX ).
aea-A a BE€A 8
Thus

ol 1T XX”pX)=H pXX”(pX),
a8

a€A-4 a B EA a €A-A 8 e
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50 (Xa,pXs)aes,4” is a pseudo-topologically coherent.
BeA

Conversely, if (Xa, pXs)aes, 4’ is a pseudo-topologically coherent, since

B €A
P(a gxa)éag—A/Xa xn g’pxﬁ'
p(a EIY';XQ) =p (p (Cl gixa))gp(a € A—A/Xa Xﬁgi,plxﬂ)
o e X X Hop(pX, )= 1T X X 1T, 0X,
=~ ToX,

and by proposition 3.3,
pUIXe) 21T pXa.

Thus (Xa)aes is a pseudo-topologically coherent.
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