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ABSTRACT

The relationships between combined estimators and generalized least squares estimators
in block designs are reviewed. Here combined estimators mean the best linear combina-
tion of intrablock and interblock estimators. It is well known that only for balanced
incomplete block designs the combined estimators of Yates and of the generalized least
squares estimators give the same result. In this paper, a general form of the combined
estimators for treatment effects is derived and it can be seen that such estimators are

equivalent to the generalized least squares estimators.
1. Introduction

In a block design, if we assume fixed effect model, using ordinary least squares(OLS)
method, the intrablock estimators of the parametlers are obtained. Yates(1940) pointed
out that if we assume the block effects are random variables(mixed model), a second
set of estimators of treatment effects, called the interblock estimators, can be obtained.
These two uncorrelated estimators, then, were combined to obtain an unbiased joint
estimator with minimum variance. The original method of Yates for balanced incomplete
block designs was to use weighted average of these two estimators. Consider a contrast
¢=13c:7: in the treatments, where ¢; is the 7th treatment effect in a block design. Let
do= Y ¢:2.: and dyv=Y.c.t, where #,; and %, are the estimators of 7th treatment effect
obtained by intrablock and interblock analyses, respectively, then the best combined

estimator of ¢ has the form: (w, bat+10s o) / (wy+wy), where wy and w, are the inverses
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of variances of ¢. and @, respectively. Such combined estimation procedure should be
optimum and there is no room to argue about this.

In the mixed model, however, it is well known that the best linear unbiased estimators
can be obtained by generalized least squares(GLS) method. It is equivalent to Rao’s
maximum likelihood method(1947) under normality assumption, which is called Rao's
combining method. It is well known that, in genenal, if the incomplete blocks are not
balanced the methods of Yates and of Rao lead to different results(See Sprott(1956),
Scheffé (1959), Kendall and Stuart(1966), or John(1971)). Actually in the literature
Rao’s combining method is more frequently used in the analysis of partially balanced
incomplete block designs.

In this paper, a general form of the combined estimation formula for treatment effects

is derived and it is shown that such estimators are equivalent to the GLS estimators.
2. Preliminaries

Let C be a symmetric vxXv matrix whose rank is v—1 and 1’C=0, then A= (C+§J)"!
is a generalized inverse of C and G:A—ﬁf is the Moore-Penrose generalized inverse
of C, where 0 is an any nonzero constant, 1 is the vx1 vector with all elements unity
and /=11’, lLe., the vxv matrix all elements unity. The following fact will be important
in our context: From A(C+4d/)=1, dvAJ=] since CJ=0, we get A]:—glv—] and AC=
I— %], where [ is the »Xv unit matrix.

Let there be v treatments. And suppose the jth treatment is replicated 7, times (i=
1, 2, ==+, v) in b blocks of & plots each, so bk=Yr7.=n(say). Let N=(n;;), i=1, 2, -, v;
j=1, 2, ---, b, be the incidence matrix of the design, where #:; equal to the number of
times the 7th treatment occurs in the jth block. The model assumed is

Yiu=p+Ti+Biten, =1, 2, -, v; j=1, 2, ---, b, 2.1)
where y;; is the yield of the plot in the jth block to which the 7th treatment is applied,
u is the overall mean effect, z; the effect of the jth treatment, §; the effect of the jth
block, and ¢;’s are assumed to be independent variates with mean zero and variance o2,
Let T: be the total yield of all the plots having the ith treatment, B; be the total yield
of all the plots of the jth block and #; be a solution for #; in the normal equations.
Further, denote the column vectors(Ty, T, -+, T0)’, (By, By o+, By, (t1, Ta vy To)’,
(21, 23y ==, 2.)" and (By, o -+ Bs)’ by T, B, t, #, and B, respectively. The model(2.1)
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can be written in matrix form:

y=1u+X v+ X, B+e, 2.2)
where y is the nx 1 yield vector. We may assume y= (y,’, ¥.’, -+, ¥+’)’ without loss of
generality, where y; is the vector of yields in the jth block, X; and X, are nxv and
nx b matrices respectively and € is #x 1 error vector with E(¢)=0 and V(e) =0¢?/.

We now have the following relationships between matrices in the model: 17 X;=r’, where
r={(ry, 7 =, 7o), V X,=kl, Xi’" X,=R, where R=diag(ry, 75, ++, #.), X" X,=N,
R1=Ni=r, N1=Fk1, 1"R1=1N1=Yr.=n, X,'y=T, X.,’y=B and 1’ y=total of all
yields=g (say).

3. Solutions of the normal equations

3.1 Intrablock analysis

Suppose the effects p, ¢ and B are assumed to be fixed constants, then E(y)=1p+
Xiz+X,B, V(y)=0?l. Using the OLS method, the reduced normal equations for the
treatment effects is C,#.=@.", where CQ:R—%—NN’ and Qa:T—%NB. A solution
of the normal equation is #.=A4.Q.=G.Q., where A.=(C.+3]) ! and Ga:Aa—b%f.
Note that 1’ Q.=0 since 1’ C,=(, therefore 1’ #,=0 from the fact 1’Aa:§1;1’. In this
case, E(@.)=C.r, V(@.)=C.d? E(ea):Aacar:(p%])f, and V(¢.)=A,C. A, o
=G, GZ:GQ%, where wza%. Note that G, is a singular matrix.

Thus #, is the unbiased estimator of (1-%]):. So, under the natural assumption 1z’

=(), #. is the unbiased estimator of z.

Note: Q= T~ 1 NB=(X,/~1NX/) y=(X/~ LNX,) 1+ Xz + X+ €)= (T— 1)

+ X1—~1—NN’ T+ Xl’—lNXz’ e. Thas, the block effects vector § is vanished in Q..
k k

So, even under mixed model V(#,) =G, 0%

3.2 Interblock analysis
Now suppose that block effects 8, and error terms ¢, are random variables with
means zero and variances o, and o2, respectively, and all being uncorrelated. Under
these assumptions, consider
X, y=B=Fk1 p+ N v+kl B+ X e. (3.2.1)
Then we have E(B)=Fk1 p+ N’ 7 and V(B)I:k(kaﬂ2+02)1:~—k,—l, where w’:—Tl—z
w ot+ ko,
Applying the OLS method to the model (3.2.1), we get the reduced normal equation
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for #, : Cots=@Q,, where Cb:NN’—%rr’ and Qb:NB_%-rg. We get #:,=A4,Q:=G, Qs,
where A,=(Cy,+4/) " and Gb:Al,—#]. Note that 1’ #,=0 because 1’ A4, Qb:% ‘Q,
=0.

In this case, E(Q)=Ci, V(Qb):cb%, E(#)=ACst=(I-1/)r=r under the

assumption 1’2=0, and V(£:) =4, Cs Ab%:Gb zf’

. Here we can see E (#.) =E (#:) =7
under the assumption X 7:=0.

This is the second set of estimators of treaiment effects originated by Yates(1940),
called the interblock estimators.

Intrablock estimator #, and interblock estimator #, are uncorrelated each other. That is

Covtt., #)=(X/~ENX! ) Ele(X, f+€) I(NXy — 4 r10 x;)
:(X{——i—NX{)(XZ N’—%XZ 1 r’)02:0
Note: If the blocksizes are different such that the jih blocksize is k;(j=1, 2, -+, b),
then V(B)=K (Kos-+1Ic?), where K=diag(k,, k;, ---, k), so the OLS method are not
appropriate to apply. In such case, if we use GLS method, it is not Yates' interblock
estimation in traditional sense. However, if we apply GLS method to such model, we

reach to the same conclusion which will be derived in section 4.

3.3 Generalized least squares method
Under the same assumptions for the model (2.1) as in the previous subsection, we can

see: E(y)=1p+Xr and V(y)=diag(M, M, ---, M)="V(say), where M=o I+02].

. 1 o 1 1 1

SP TN S S N - e — —— 4
Note that M"'=—51 02(02+k0g2)] wl——p (w—w’)J, where w=_r and w'= Py
and V-'=diag(M-L, MY, ---, M™%, In practice, we have to estimate the variances ¢*

and ¢, from the data. Hereafter we assume that o* and ¢,* are known.
Applying GLS method we obtain the reduced normal equation for #, : C,#,=Q,, where

Cg:wR—%(u)ww’)NN’—w’ 'Z}e and Qg:wT~/17(w—w’) NB—w’vbrTg, where g is

the total yield.
A solution of the normal equation is
t:=A:Qe=G.Qx, (3.3.1
where
A= (Cy+a)) and Go=A,— 57,
It is interesting to note that C, and @, can be expressed as: C,=wC.+ 1’2’ C, and
Qg:wQa+'}2—/Qb.
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4. Combining intrablock and interblock estimators

Let ¢’z be a linear function of the elements of treatmnte effect vector 7. We want to
estimate #’z by sum of linear combinations of the elements of the intrablock estimator
#. and interblock estimator #, such that p’ #.-+q’ #=1' #.(say) with minimum variance,
where p'=(p1, ps, -, ) and @' =(qi, s, **+, g»), and £'#. is an unbiased estimator of
t'z. Therefore E(p’ #.+q %) =t't, i.e., (p'--q')c=¢r under assumption Yc;=(. This
is true when

g =t. (4.1)
Now V(' 2)=V(p t.+q #:)=p" V(£) p+q V(2:;)q since ¢, is uncorrelated with #, and
for I’#. to be the best this variance must be a minimum, i.e., p’ and ¢’ are chosen to
minimize p’ V(£.) p+q V(#:)q subject to the condition p’+q =#. Using 22 as a vector
of Lagrange multipliers we, therefore, minimize

f(p, q, )=p' V() p+q V(#:)g—22 (p+q—1)

with respect to elements of p, g and 1. Clearly of =( gives (4.1) and ~g—£:o and

02
of . .
8_q40 give
p' V(z.)=24 and p’ V(%) =X, (4.2)
respectively.

Since V(¢)=-LG,, Ven=L6, G. Cml--Ly, and Gicimr- 17,
p’(]——})—]):wl' C., or p_=wi’ Ca+-lv~p’] (4. 3)
q’([—%]):z%l’ Ciy or ¢ =1 Cit L. (4. 4)

Hence,

t’zl’(w(?a +%Cb)+%t’j, or z'(wca+%cb):t'<l—%]) 4.5)

Since Ag(wcﬂu”_]‘;_'c,,):lﬁ 17, where Ag:(wcﬁ“%a,w])‘l which is defined in (3. 3.
1, z'(l_%]):t'(l—%])Ag:t' Ag~glv—2t’], or

Z':t,Ag‘F—?l}‘('z,*%l,)-,' (4.6)

Hence, from (4.3), we get

p=ut A, Ca+71)~p’j
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q’:%,t’ A, Cot L' J, since JC.=]C,=0.
Therefore
Ceo=t! A(uCatut Y Cuti). 4.7
Now sappose that # takes the values u/, the #th row of vXv unit matrix I. Then
u’#.,=7., the ith element of #. Thus by letting ¢ be, in turn, each row of I, the

combined estimator can be written as:

éc:Ag(wCa tat u/;/ Cﬁ'b)

=A, (ZA)Qa =+ WT’ Qb)

’

=Ag<wT—%(w—w’)NB~ [Z)A)Trg). (4.8)

Thus the expression of #. is identical to that given in (3.3.1), i.e., the combined
estimator #. is equal to the GLS estimator #,, ¥

Now, we will show that for the balanced incomplete block design, our method and the
of Yates give the same combined estimator.

In a balanced incomplete block design (v, 7, %, &, 4), Ca:rl—%NN’:’Q—ZI~%],
ComNN'— 2 J=(r—n 1+ 27, Act=uCo+ 2 Cot o= L @ivw’ - D),
where 5=vb%(wb(k+2)+w’ bA—7%)), s0 Ag=k/ (wiv+w (r—2A))1. Therefore, A,C.=2v/
(wiv+w’ (r—2))I+a scalar multiple of / and A,Co=k(r—2)/(wiv+w'(r—1))[+a scalar

multiple of /. So we obtain
f-c:Ag<wCa tat5Cs ﬂ)

= WAv+w (r—2)) "t (WAvt.+w’ (£—2) %) since 1'#,=1"¢,=0.

While, in Yates’ method, letting w,=Avw/k and w,= (v—2) WT,

. 1 e R [/ wAv w (r—=24) .
Tc= Wi+ W, (W Eat Wy £s) = Wit w 7 —2) < 7 .+ 2 Tb).

Thus, in this case, the two methods give the same combined estimator, so we may

understand that Yates’ method is useful in balanced incomplete block designs.
Similary we may obtain convenient formulas for partially balanced incomplete block

designs having Property A and more generally for multi-nested circulant incomplete block

designs.
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5. Comments

In practical situations, however, we do not know the variances of intrablock estimators
and interblock estimators. Following Yates(1940), the method of estimating the variance
components ¢g?(block effect variance) and o2(error variance) by equating the mean
square for blocks adjusted for treatments and the intrablock error mean square with
their expectations which is known as the method of moments is usually recommended.
However, it is known that the maximum likelihood or restricted maximum likelihood
procedure (Patterson and Thompson, 1971) under normality assumption have more
satisfactory theoretical properties than the method of moments(Harville, 1977), although
the price is greater computational complexity. Recently, a computing method for
maximum likelihood or restricted maximum likelihood estimators and adjusted means
using existing computer program packages has been provided by Allen(1986).

The term ‘mixed model’ was introduced by Eisenhart(1947) to describe model useful
in experiments where some effects, such as block or animal effects, can be thought of
as random effects and other effects, for example treatments, are regarded as fixed.
Since then, the imwrablock analysis and interblock analysis{or recovery of interblock
information) are simply analysis of fixed effect model and of mixed model, respectively.
It seems to us that the terms ‘intra- and inter-block’ and ‘combined estimators’ are

somewhat misleading. The purpose of this article is to emphasize this point of view.

Appendix

(1). Solution of the normal eguation C, #.=Q.

The solution of the normal equation for treatment effects in a block design is not
unique. The solution #.=A.Q. is equvalent to the solution under restriction i tai=0.
Each generalized inverse of C. to solve the equation corresponds to a solution under one
of thie restriction on ¢.. Thus #.=A4.Q., is a solution among many possible ones.
Traditionally, we solve the normal equation under a restriction for #,, therefore the
numerical values of a solution #, under one restriction should not be compared with other
solutions. However, it is well known that the estimator of estimable function is unique

under any restriction(See Searle, 1971).
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(2). Tocher’s derivation
If we follow Tocher(1952), the model for block designs which are equi-block-sized is
y=X, pu+X; B+¢, (a. 1)
where g= (11, fay =+ to)’.

The intra-block estimator of g is: ;‘za:Q< T——/l?‘NB—{‘ -b%g)under assumption 1’ =0
; P

with V(f)=Q,
fo=(NN’)"* NB with V(,&b):(NN’)“—ZlZ. In this case, we also have Cov (g, fs) =0.
He achieved by applving the GLS method to the linear set up

) I Tpa V(R 0

E{ —Izt 1#, VvV :{ W:V, say.
P LI__ Law: L0 Vi)

Then, the GLS normal equationfor ., the combined estimator of u, is

where Q :(R_*lkwNN’ +—b—1k~rr’><1 and interblock estimator of g, is:

(l, 11V~

ﬂa
h.=V"L[I, 1][ }
J £
So, wc get
fe= V(B2 "4 V() " TV ™ fat V() ™t 2]
:[wg-w —Z%—NN’]L[WQ“;’LA— L—NN' ,3,,]

-1

:[R~aNN’+bLkrr’} [TgaNB+#rgJ, (a.2)
where a= (w—w’) /kw.
This is the solution obtained by Tocher(1952). However, our next conclusion is slightly
different from his one.
Under the model (a.1) whose block effects are random variables, the GLS normal
cquation is
[R—aNN']p,=T—aNB (a.3)

Let Qc:<R—aNN’+31/;rr’>_l, then 17Q. '= (@2—ak)r’. So T'Qc:@“_lm'l'.

Therefore

Poa 1 , 1
rope= (2—ak) 1 (T—aNB+ bkrg)

:@:lﬁ)—(gwkgm) =g @.4)

Now, from (a.2) and using (a.4), we get

[R—aNN1p.+ Flkjrg =T—aNB+ E%rg.
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That is, [R—aNN']Jp.=T—aNB,

This shows that the solution (a.2), the combined estimator, is equivalent to the soluticn

of the GLS normal equation (a.3). This result is equivalent to ours.
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