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A NOTE ON FUNCTION SPACES

Do Won LEE, JE YooN LEE aAND KEUN PARK

I. Introduction and preliminaries

For the topological spaces X and Y, let Y* be the family
of all continuous functions from X to ¥ with the compact-
open topology, and let w be the evaluation map of Y¥,

In this note, we will give an example in which the graph
of the evaluation map of Y¥ is not closed(See [1}, problem
J in section 1 in p.276.). And also, in case of Y =J(the
closed unit interval), we will give an example in which the
evalvation map of I* is continuous, but X is not locally
compact (See [11,example 1 in p.260.).

Throughout this note, all topological spaces are assumed
to be Hausdorf{f.

DermvttioN 1 [11. For each pair of sets ACX, BCY, let
(A, B)={ f&Y*|f(A)TB}. The compact-open topology in
Y¥ is that having as sub-basis all sets (A, V), where AC
X is compact and VCY is open,

DeriniTioN 2 [11. For any two topological spaces XY,
the map w:Y¥Xx XY defined by w(f,x)=f(x) is called
the evaluation map of YX,

Tueorem 1 [1]. If X is locally compact, then the eval-
uation map w:YXx X »Y is continuous.

For a map f from X to Y, the subset {(z, flx))lxesX]}
of X XY is called the graph of f and denoted by G(f).
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THEOREM 2 [2]. If f is a continuous function from X to
Y, then G(f) is closed.

TueorReM 3 [2], Let {1 X—-Y be a function. If Y is com-
pact and G(f) is closed, then f is continuous.

2. Main results

The following example is given in [3], as an example in
which the evaluation map of Y¥ is not continuous, Further-
more, we will show that the example is a counter-example
for the problem, “Let ¥ be Hausdorff, If the compact-open
topology is used in Y¥*, then G{(w)={{(f, z,y){f(x)=y}C
Y¥xXxY is closed.”

ExampLE 1, Let Y=R(set of all real numbers) with the
usual topelogy and X=@Q(set of all rational numbers} with
the relative topology of R, We will show that G(w)={(f,
z,y)| f{x)=y} is not closed, Suppose that G(w) is closed,
and let 7:Q—R be the inclusion map, then j&R? since j is
continuous, Since 7(0)x1, we have (4,0, 1)&G(w). By the
closedness of G(w), there exist a basic open neighborhood

ﬁl (K ,W;) of j, where K; is compact in @ and W, is open
i=

in R, an open neighborhood U of 0 in @ and an open neig-

hborhood W of 1 in R such that (, 0,1)5;1 (K, W) x Ux
W and () (K, W)X Ux WNG(w)=¢. Since j& (K, W),

we have K;=j(K;)CW; for each i=1,2,-,n. If K:QK'D

U, then K is a compact neighborhood of 0 in . But 0 has
no compact neighborhood in @, and so KX U. Hence, there
exists an x&U—K. By the closedness of K, there exists a
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basic open set B{(z,d)={y=@Q|ly —x| <8} such that Bz,
HNK=0¢.
Define f:@—R given by
l—-x+43
1+ =5
flr)= 14 x-—§+8

(r-z) if r&B(x,8) and rLa,

(r—x)if r&B(z,8) and r> =,

r if r&£B(zx,$).

Then f&R?, and {for each 1=1,2,-,n, we have f(K,)=
K, since B(x,8)NK;=¢ for any {=2,---,n and f]Q—B(x $)

=j. Since K;CW, we have fef]l (K,,W),), and so, (f,

z, 1) fi(K;,W,) XUxW.

But (f, 2, 1)&G (=) smes F (xy=1. This_is impossitle, so
G(w) is not closed,

Next, in order to give a counter-example for the “only if”
part of the remark, “w.[*XX—[ is continuous if and only
if X is locally compact, "(the “if” part of the remark is
obviously true by Theorem 1), the following Theorem is
necessary,

TueorREM 4. If Y is compact, then w:Y*XX—Y is con-
tinuous if and only if G(w) is closed.

Proor: Obvious by Theorem 2 and Theorem 3,

ExamrLe 2. Let X={(z,y)|y>0, ,yS@Q} and fix some
irrational number . Topologize on X with the topology
generated by s-neighborhoods of the form N.({(x,y))={(x,

Y UBe{z+-2) UB (23] where B.(£)={r&Qllr— <c},

€ being the rationals on the x-axis. This topology is called
“Irrational Slope Topology (see(41)”. Eack N.((x,y)) con-
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sists of {(x,y)} plus two intervals on the rational z-axis
centered at the two irrational points £+ y/&,; the lines joining
these points to (z,y) have slope +8.

For the topological space X, the followings are easily
shown in [4].

1) X is Hausdorff.

2) X is not completely regular.

3) Every real-valued continuous function on X is constant,
By 2), we have that X is not locally compact, If we show
that the graph of the evaluation map of IX is closed, then
the evaluation map of I* is continuous by Theorem 4,

Let (f,z,t)£G(w), then f(x)#¢. Hence, there exist
the open neighborhoods U, V of f(x), ¢, respectively, such
tiat UM V=e, so ({x}, Uyx XXV is an operrneighborhood
of (f,x,¢t). And also, if (g, «/,t"Ye({x}, U)xXxV, then
glx)elU, z’&X and ¢/&V, By UNV=¢ and 3), we have
g(x)=g(x)#¢, therefore (g, x’, Y EG(w). Hence, G{w)
is closed,

The following is obtained under the hypothesis that X is
completely regular,

TueoreM 2. If X is completely regular, then the evalu-
ation map w:R¥x X—R is continuous if and only if X is
locally compact,

Proor: Only the sufficiency requires proof. Suppose that
X is not locally compact, then there exists an x&X which
has no compact neighborhood, Define f: X—»R given by

J(x2)=0 for any x&X, and let W::(—Zl, %) Since w 18

continuous at ( f,2) and w( f,x)= f(z)=0, there exist a

neighborhood éi(Ki,Ui) of f and a neighborhood V of =
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such that w(ffl(K,v’U,)X VYCTW. Since x has ro locally
compact neighborhood, we have QIK{_/) V. Hence V——E)’l K,
#¢, and let y& V—-;L__,:ll K;, Since X 1s completely regular and

L"J K, is closed in X, there exists a g&R¥ such that g(&
i1

1=1

K,)={0) and g(y)=1. Hence g( OIK;)={O}CU, for any i=

1,2,--,n, and so gEZﬂl(K,,U,) and y&V, but wigy)=

g{y)=1&W. This is impossible, and so X is locally compact.

ReMARK, In the above theorem, the complete regularity of
X is essential by the example 2,

COROLLARY. For the completely regular space X, the
Jollowings are equivalent.

(1) The evaluation map w:I¥x X—I is continuous.

(2) The evaluation map w has the closed graph.

(3) X is locally compact.
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