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A NOTE ON M-HYPONORMAL OPERATORS IN
HILBERT SPACE

YounGg Six PArRK aNp JE Yoon Lex

1. Introduction

In this paper K is a separable, infinite dimensicnal comglex
Hilbert space with inner product (-, -}, and the Banach algebra
of all bounded linear operators on / will be denoted by L
(H)., TeL{H) is called dominant by J.Stamfli and B. Wa-
dhwa if, for all complex A, ran(7—>2)C ran (T -))* or,
equivalently, if there exists a positive number A, such that
W= | = MH(T —A)f 1) for all £ in . If there exists
a constant M>1 such that M, <M for all A, T is called A7-
hyponormal, and if M=1, T is hyponormal. The purpose of
the present mote is to give several properties of M-hypono-
rmal operators, and show some rclations when 7' is of M-
power class (N) or T is of class (N). Therefore we know

that an M-power class is strictly larger than the class of
hyponormal operators.

2. Preliminaries
LemMma 2.1 (133, If T is an M-hyponormal operator, then
(1) Tx=zx implies that T*x=Z2x for all z=C and (2) (T

i)

—z)xH"“::-I‘»/IL('?_"H(T-—Z)“”J:H Jor all z&C, n=1,2,--.
LemMa 2.2. T is en M-hvponormal operator if and only
if AT ~2YX(T—=2)—A(T—2{T—2)*>0 for all z&C.
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Proor. If T is M-hyponormal, then there exists a positive
number M such that ||[(T—z2)Yz|l<M|(T—-2)x|| for all x
& H ard for all 2&C, and so [[(T—z)*x ||2=((T —=2)*z,
(T~2Yz) < M*((T—2)z,(T—2)x), and thus we have A
(T—=2)(T-2)—(T—2)(T—-2)*20. Conversely, if MHT
—2)¥(T—2)—(T—2)(T—2)*>0, then M:((T~2)X(T—z2)
—(T—2)(T—2)*)x,x)>20, and so we have [{(T—z)*z|)?
= MH|(T —z)x{]2. Thus T is an M-hyponormal operator,

Lemma 2.3 [113. From Lemma 2.2 the following state-
ments are each equivalent to each other,

(1) T is an M-hyponormal operator,

(2) For each 2=, there exists an operator A,=L{(H)
such that T—z2=(T —2)*A,,

LemMa 2.4 112, Theorem Bl If T and T* are M-hy-
ponormal operators, then T is normal.

We shall now give an example of an A/-hyponormal oper-
ator which is not hyponormal.

ExamMPLE 2.5 [13]. Let {e,}*,., be an orthonormal basis
of a Hilbert space. Let T be a weighted shift defined by
Tey=e, Te,=2¢; and Te,=e,., for i=3. Then T¥*e =,
T¥ey=¢) T*ey=2e, and T*e,=e,_, for i>4.

3. Properties of M-hyponormal operators

Lemma 3.1 [5]. From Lemma 2.3 an operator A, is
constructed as follows;

(1) AX((T=-2)x)=(T —~2)*z, (2) A*y=0 for every
yE(ran(T—=2)), and (3) ||A,lI1 <.

THEOREM 3.2. T is an M-hyponormal operator if and
only if there exists a positive contraction P such that (T —
2T —2y¥=P(T —2)¥(T—2) and P commutes with (T —
2y (T —2).
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Proor. If T is an M-hyponormal operator, we have ({1 —
W T —2)* )< M((T—2)¥(T—2))? that is, ((T—z)(T—
2)¥((T—2)(T-2)*)*< (M (T -2)(T—z)) (T—2)XT
—z))*, It follows from Lemma 3.1 (1) that (T —2)(T —2)*
=(T—2)*(T—z)A. and so we have (T—2)(T—-z)*=A47%
(T—2)X(T—2). So we put P=A* Then it is clear by
lemma 3.1 (2) that (P(x,+x,), &1+ x,) =Pz, x,) +(Px; x,5)
+{(Pxy 2)) + (Pz,, x;)=(Px; )20 for every ;& ran(T
2 YT —z) and x,&(ran(T —2)*¥(T —2))*. Also, we have
by Lemma 3.1 (3) that ||A*I={lA.,l!<x, and thus P=A%
is a positive contraction. Since P is a positive operator on
H, P is self-adjoint, that is, A,*=A, Thus we have P(T
—2) (T =2)=(T—2) (T —2y*=((T—2 (T —2y*=(P(T—
YT =2y =(T—2)¥(T — )P, hence P commutes with (T
—2)*(T—z). Conversely, if there exists a positive contrac-
tion P such that (T—2)(T—2)*=P(T—2)*(T—z) and P
commutes with (7 —z)¥(7T'—z), then we have ((T—2)(T—
2)*)2=PH T —2y (T—2) < ((T—2)*(T—2))?< M ((T —z)
(T —2))? for positive number M. Therefore (7 —2)(T —z)*
<MY T—2)*(T—z2), and thus it follows from Lemma 2.2
that 7 is an M-hyponormal operator on H.

LemMma 3.3 [1, Proposition 21. If T is a bounded linear
operator such that T*T commutes with T*+T then 4T*T
—(T*+Ty=0.

LemMa 3.4 [11, Corollary 8). If T is M-hyponormal, N
is normal and TN=NT then T+ N is an M-hyponormal
operaior.

THeOREM 3.5. If T is an M-hyponormal operator such
that T*T commutes with T*+T and TC=CT, where C
is any one root of the equation (z—T*)(z—T)=0 for z&
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C, then T +C* is an M-hyponormal operator.
Proor. If T is a bounded linear operator such that T*7,
commuies with T%4+ 7, it follows from Lemma 3.3 that 47T%

T—(T*+T)*>0. Put C= (T*+T)+£~/4;;**Tﬁ(T*+T)z

Then it is clear that C is normal, and also C* is normal.
From [3] it is obvious that TC¥*=C*T, hence it follows
from Lemma 3.4 that T+ C* is an M-hyponormal operator.

CoroLrarY 3.6. If T and T* are M-hyponormal operat-
ors then T+ T* is an M-hyponormal operator.

Proor. Since T and T™ are M-hyponormal operators, it
follows from Lemma 2.4 that 7 is normal, and thus 7'+ T%*
is an M-hyponormal operator.

Lemma 3.7 [12, Theorem 11. Let T be M-hyponormal
and suppose thar TX=XT* for XeL(H). Then T¥X=
XT.

Levva 3.8, If A and B are M-hyponormal and AX=
XB* for XeL(H), then A*X=XB.

Proor. From Lemma 3.7.

TreoreM 3.9. If T and A cre M-hyponormal and TA,
=A,A% where A, is a bounded linear operator in Lemma
3.1, then 7anA, reduces T' and Ker(T —z) reduces A.

Proor. It follows from Lemma 3.8 that TA,A*=A A*A*
=A,A*T, and thus T commutes with A,A.* Since A,A%
is self-adjoint, A,AX is normal, and ran(A.A*)=ran4,,
Therefore A,A* is the projection on ran A, Since 7' com-

mutes with A,A.¥ ran A, reduces 7. Similarly, it is obv-
ious by Lemma 3.8 that A*AA=A*T*A,=(TA)YA.=
AA*A, and thus A commutes with AXA, Also A*A, is
normal and Ker(A,*A,)=KerA, Thus A*A, is the proje-
ction on Ker A, Since A commutes with A*A, Ker A,
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reduces A. From Lemma 3.1 R. G, Douglas _2_ has obtained
that there exists a unigue bounded operator A, such that Ker
A,=Xer(T —z2). Therefore Ker(T —z) reduces A.
TueoreM 3.10. Let A and B be M-hyponormal operators
such that AX=XB* for XelL(H). Then A is a linear
conbination of four wunitary operators each of which comm-
utes with XX*,

ProoF. By Lemma 3.8, A commutes with XX* and XX*
is normal. Let A=H+iJ be the Cartesian decomposition of

A, where H=~%-(X+X*) and J=2+.(X—X*>. Then H

and J commute with XX*. It can assumed that H and J are
contractions, and thus H+i(/—H?%? and iWJ+(I—J%)* are
unitary, commutes with XX* Since ZA=(H+i(J—H" ")+
(H—i(I-HHH)Y + @+ U-IH) + J-(I-dH )y =2H+2iJ,
A=span{(H +i(I-H%}), (H-i(I-HHY), GJ~(I—JHh,
CIEIVEN ST

We shall consider a class £ of operators T satisfying the
inequality T*7T>(ReT)%. By Che-Kao Fong, Vasile Z
Istratescu {10] every hyponormal operator is in L. Now we
shall show an example of an M{=3)-hyponormal operator T
if 7 is in L.

Lemma 3,11 (10, Proposition 2.1.. {f T isin [ and z is
a real number, then T —z is in [

ExaMmrrE 3.12, Let T=L(H) be in L. Then 7" is an M
{ =3)-hyponormal operator,

ProoF. If z is real number, by Lemma 3. 11 it sufficient to
consider the case when 2=0. Then we have ({|T*x|j—||
Txl2=|T*x|*+ [[Tz|2-2[|T*z|| ||zl =|(T+T*) z{*=
W2Re Tax|2~4(Re TY2x, x)<4(T*Tx, x)=(2|[T2|[)> and
thus |{7T*x{| - 3}{Tx}|. Therefore it is clear that [|{T —z2)*x
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1= 31j(T"—=2)x|] for all z&H and all real number 2, hence
T is an M{=3)-hyponormal operator.
CorOLLARY 3.13. Let TeL(H) be in L. [f(T~2z)x=0
for all real number z and some n>1. Then T*x=2Zzx,
Proor. It follows from Example 3.12 that 7 is a 3-hypo-
normal operator, From Lemma 2.1 (2) it is clear that ||(7T —

a4

2)x}*1s3 2 (T —2)*'xll, and so (T —z)z{{*t=0

implies Tx=2x. Thus, in view of Lemma 2.1 (1), Tx=zx

implies T*x =2z,

4. An operator of M-power class (N)

We consider the following subset of M-hyponormal opera-
tors, T satisfies the additfon property that for all z in tha
complex plane, all integers n and all x&H, |(T —z)"z||?<
M{(T —=z)?x}| ||xzll. We call an operator with these prop-
erties an operators of M-power class (N). (8]. From a class
of operators on F the operator T is said to be of class (N)
if xeH, {|lx||=1, ||Tx|*<|{T%x||. [9].

LemMa 4.1, [6, Lemma 2] Let T be of class (N). Then
NT x| 12 2 T x| 2| T%x|| for every unit vector z=H and
n=>1

LeMMa 4.2, If T is of M-power class (N), then the
spectral radius r(T) of T is not equal to ||T||. But if T
is of class (N), then ||T||=r(T).

Proor. We can assume without loss of generality that {{7]]
=1. It follows from [9, Lemma] that there exists a sequence
{x,} such that ||x,}|=1 and lim ||Tz,j|=1. Since T' is of
M-power class (N), it is obvious that 1=1i_)1£=1||Tx,,H2£M lim

o=

-

[{T2z,]| which yields 11T2[127{1- For all integer # we have
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[{T% by induction. Thus r(T)—hmHT”H —Iiﬂm{{

” —Mzn

1 -1 .
||, (n=2m), 2lim(— 2 ) 3 =L, Sincel| Tl =1, 4,
Tl = —<l<r(T) that is, _;ZnTnsr(T). ¥ Tis of

class (IV), then the inequality ||Tx||*<||T"z|] holds for =
=2. Suppose that for the case n=£% the inequality ||Tz|l¢<
||T*z|| holds. If n=F%-+1, then it follows Lemma 4.1 that
W2 P2 Tl P T2l 2 || T2l 12| Tt 2= T=|2**, and
so the inequality ||7T*"1xz||>||Tx||**! holds. Therefore, we
have r(T)=Ilim HT‘I]A=§|T]I

Exampie 4,3, [81. From Example 2.5 T is of M-power
class (V) and r({TH#|T}.

ExaMPiE 4.4, Let T be a hyponormal operator. Then T
is of class (N) and ~(T)=||TI|.

Proofr. Since ||Tx|2=(Tzx, Tz)=(T*Tz,x) = ||T*Tz!||
<\ T2xl|, T is of class (N). It is clear, by Lemma 4.2, that
r(TY=\|T]].

LemMa 4.5. [8, Theorem 2.11 If T is of M-power class
(N) and T'€L(H), then T is also of M-power class
(N).

THEOREM 4.6. If T is of M-power class (N) and T7'&
L(H), then my={x:\|Tz||<M||x|], n=2,3, -, ||Tx||=
M} is invariant under T71

Proor. If T is of M-power class (N), it follows from
Lemma 4.5 that 7! is of M-power class (N). Let x&Emy
and |jz||=1. Then we have ||T "z||? = M||T ?"2{], and thus
also [T (T lx)|[2< M|| T 2 Dx|j, It is clear, from the De-
finition of m, that HT'“'l[[:“illli[:)I || T2 1z|| < M. Thus we
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have %HT*(«M‘_::] P {T 20Dl < | T2 INT || = A1

177 %z}}. Since [|T"'z||=M=1, it follows that ||7T (T 'z}
He< M2\ Tzl < M| T x(|% hence || T T \x)|| < M| T 'z,
Therefore, T 'xSm, m; is invariant under 7L

REMARK 4.7. If T is of M-power class (N) and 7Tt &L
(H), then |[(T—z)*lz|P<M*|[(T —2)2z!| for all z&H,
[lx]l=1, and for all 2 in resolvent set of T°, p(T).

Proor, It follows from Lemma 4.5 that T !is of M-power
class (N), and so we have (T —2) |12 M||(T—2) 2z}l
for all 2=p(T) and for n=1. Since T is M-hyponormal, it
is clear, by the inequality; (T —2) (T —2)¥ <M T —2)*(T—
z), that (T—2) YT -2y <MY (T—2z)*1(T—2)1 holds,
hence 1 follows that || (T*—2)z|| < M||{(T —2z)'z|| for all
z&p(T). Thus, we have ||{(T*—2)1z|]2<MY|(T—z) Lx||?
< M*||(T—=z)2z|| for all z=p(T).
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