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BERGMAN SPACES ON BOUNDED SYMMETRIC DOMAINS

By Maher M. H. Marzuq

l. Introduction

Let D be a bounded symmetric domain in C" (n)l), and 0€D. D is circular
and star-shaped with respect to the origin, i.e. *eD when z€D ard teC
with lrl<l [3]. Let l" be the group of holomorphic automorphisms of D ; ,|-

is transitive on D t3l. D has I Bergman-Silov boundary D.

We denote by Il(D) the space of holomorphic functions on D.

For ,>0 the Bergman space ,{' is defined on D by

t=aP<o>=ft, rcH(D) and ttfttA,=(+ ID v{ztttav)t1'-<*1,

or equivalently [4]

t:{f ,feu<ol and ll,rl,r,:osup r(f, [ott<,OPa,")"o<*]
where V is the euclidean volume of D and dV" is the euclidean volume element

at ze.D.

The Hardy space tl'(r>o) is defined on D by

pt : pt py -- ly t leti( D) and I t,r, ta,= ogn,($ [] f G tl ( a',)' / t <*1

where V' is the euclidean volume of b and, ds, is the euclidean volume eleoent

at te.b,

In Section 2 we strdy Banach space properties of A'spaces. In Section 3 we

prove the inclusion relation between HP and At and a necessary and sufficient

condition for q holomorphic funtion to be in 4' is given. Finglly, we generalize,

a result in .H'spaces to A'slxces.

2. Banach sprce propcrties of ,{'sprte

We have the following theorcm:

THEOREM l. Lct D be a boutt&tt sttnn tric domaia. Tlun A! is a Baaach spacc

Jor 1!2(a, and a corntlctc linear Hausdor'ff spece for 011(1.

For the prooJ of Th@rem l, we need the following lemmq:



It@)l3c(" D, prlllllA'

.For aq com^oct set G ol D, tlur. cdsts 4 constarrt C(G,

l.f(s) l<c(G, D, p)lllllA,.

where K(2,

Hence
a) is the Bergman kernel of D.

tL@ t' <v f ; K(s, 11 ( 11,61 f av e

We have the following theorem:

THEOREM 2. Izt D be a boun&d

At (D) ond llflla,3llfll6,.

PROOF. Let /eH1 Sy tt, Theorem 3l

rt-tf< !,,,-,, _ Jo 
p(2, t)60)dst

where C€lr(r). lnteglate both sides of (3.1) over D,

3y Fubini's theorem used on the right side of (3.2) and [6,

Itlaher tr4. H, Iuttrzr.q

LEMMA. L.t D bc a bonthd $nnmctic domain atd fe.Ao (o(2(e). Thcn lor
zeD, thcre cxists a const^t t C(2, D, 2l sach that

(2.r)

D, P) such that lor zec

Heace if llf-f,lln --+Q as n+a, thzn fn-l atiforml! on comlect Eubscts ol D.

FRooF. For fixed r, 0(r(1, l/(rs) l' is plurisubharmonic on D and

lJ,k)lreLt (D). Then by corollarv t6, p.l93l

^ ^ | Kl. E\tz
tf,G) t' < 

J D--:iaif- tIQt) t"dv e

since K(g, z))*. for fixed aeD, K(t, F) is continuous with respect to E on

D. Therefore

ll,Q) l' <c {2, D) f Dl 

^r|,) 
f dv 

E.

Letting r-1, we giet

ll@)l<c(2, D, P) ll.fllA,.

whicb Foves (2.1).

The proof of Theorern I, is analoguous to the correspondiag result for I{'
spac€s [l, Theoren 5].

3. Inclusion rehtlon betrecn E' and At.

swm.tric &nain. Tkn for ,>0, H!(D)c

$ f , tt<o fuv "<i Io([r r<,, o oG') ds t)dv r

(3. l)

(3. 2)

Cqollrry ll'
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| f,wofuv,<i f, oaw,:llrou,
Il, Remark, p,5251, Hence TeAP and llfllAr<llfll'/,. HP is a proper subset of

Ar, for JV:l s€e l5,'Theorem U,

A neccssary and sufficient condition for a holomorphic function to belong to

the space a'(p>o) is as follows:
-IHEOREM 3. Let D bc a boaaded srtn netric domain, zoED,, 0<.r<.L, aad I

holonorphic on D. Then fe.At if and only if there eaistt a consta* C(z)t
it&Perrd.nt of r, such that

f , r {" o, a v,c) rt dv E<c 
(' 

o)

ru, e> tfll: i;lt'

(3.3)

uhcre

and K(2, €) is thc Bergman hernel of D.

PRooF. Assume tbat !e,At. For fixed geD,

respect to F on D. Therefore

forzo, $vkilf avr<max 71"0' d fo lfcz)lr.w,
3c(z)llfll^':c(z).

This proves the necessity of (3.3).

Conversely, assume (3.3) is satisfied. Then

I fo m*'tfavr,: Io r<o' €')tfGE )fdve.
tr'or €GD, then exists a holomorphic automotphism (say 1a) such that /€(to) =0

which maps € into €' ; then ?(u, ilavr:lavr,. Conseqrcntly

$ fo vt ttfavr,: for@0, aveilt'dvfc(zo).
Hence

,::p,(+, ttk€') f av,)<c tzo) <*,

arld le.At @r.

The following generalizes a resutl for If'spaces t2, p.921. We have:

THEoREM 4. Let D bc a boundtd simmctric domain and {fol be a boun*d

4Jae- is continuous with/r[z,2)



Now, since {4}
of r, such tlat

and thus

which implies that

ror r in t], 1)

and consequently

L,

"*tfo

fo tfldfav,<z*c,

sup A li(n)ltdv,<a.
I=,.r" "

Hencc from this result and (3.4)

,jP,,[, lf(rz)ltdv,< :.'., and fe'&'

fuhtr M.H. I&rn4

s.qu.rrce in A' Q>O'). Tfun f,r-'.f Poirrtuisc on D il and onlg if lr--+f niformtL ox

corrr1act stbscts ol D; aln feAt.

PRooF. Since {,{,}. is bounded in a'6r29), by (3.3) and vitali's Convergence

Theorem for C' [l, LeDma 4]' 4-l pointwise on D implies that {"(l converges

uniformly to 
"f 

on compact subsets of D.

Conversely, if {-/ uniforrnly on compact subsets of D, then ,1"-/ pointwise

on D. We have left to prove that /eA'.
By uniform convergence on D, and hence on D for 0(r(l

HIo. v,<"tfor"= fo. tfllfav,.
is bounded in A! (p>O), there exists a ccnstant C, independent

llf,llA'<c,

wd fuv,=t;n f o, Vo@) It dv,

=,:gt tf,(ifav,<c,

"N 
fo v{'i(av"<c'

Fix r in [0, ]:. fn* 4, is continuous on D and consequently bounded on t.
Therefore

lf(rz)l'dv,<a. (3.1)
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