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ON SEMI-WEAKLY CONTINUOUS MAPPINGS
By T. Noiri and B. Ahmad

1. Inireduoetion

In 1961, N. Levine 1] introduced the concept of weakly continods majppings.
P.E. Long and DnA. Carnahan [3] studied several properties of almost continous
mapmngs in the sense of Singal [6). T. Noiri [4] pointed oui that the word
"almost continuous” can be replaced by “weakly continuous™ in some thearems
of [1]. The purpose of this note is (o inirodoce 8 new class of mapmngs called
semi-weskly continvous mappings and investigate some properiies analogous to
those given in [4] concerning weakly continuous mappings.

2. Preliminaries

Let X be o topolugical space and § be o subset of X, A subset § is said o
be semiqopen [2] if there exists an open get U7 such that UCSCCI(LN, where
Cl{L] denotes the closure of I, The complemet of a semi-open =et is called
semi-cloged, The union of all semi-open sets of X contained in § is culled the
semi-ingerior of 5 and denoted by sint(S). The intersection of all samj-g)losesd
spie of X containing 8 18 called the sesd-closrre of 5 and denoted by #ClLS).
A mapping S X—V s sand 1o be weakly cowrioous (1] (respe afonont contdmoons
[6]) if for each r=X and each open set V contsining f{r) there exists an
open set U’ containing = such that SIL)=CIHV) (resp. SIL) SInt(CI{V))), where
Int(5) i the interior of 5.

1. Semi-weakly continuous mappings

DEFINITION 1. A mapping J: X—) is called semi-tweably combimuons (Beielly
sow.e. ) if for each =X and each open set V' containing f{rx)} there exsits a
semi-open set U7 containing x such that S{L)=LCI(V).

A mapping Fi: X—=Y is zaid to be semi-cowtimwons [2] if for each open set Vool
¥, F~'(V) iz semi-open in X. In [2, Theorem 12], it fs known that & mapping
J i1 X=Y 15 semi-continous if and only if for each =X and each open set ¥V
containing f{z) there exisi= o semi-open set L' containing x such that SV V.
Therefore, every semi-continmous mapping 15 & w, ., bt the converse = not
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true as the following example shows.

EXAMPLE L Let X and ¥ be both the set of real numbers, Let ¢ Le the usual
topology for X and ¢ the cocountable topolagy for Y. Then the identity mapping
S UX, £)==(Y, #) is semi-weakly continuous snd not semi-continuons,

THEOREM 1. A mapping F i X—Y ir sow, o if and owly if Jor every open set
Vin ¥ F 0vcalals "IV,

PROOF. Let =X oand V an open set conisining JSiz). Then .rE,,I"_'H’jn;
dnt(f ' CHVII. Put U=slat(f ~"«ClVI)). Then U is semi-open and S0
L1V), Conversely, let V ke any open set of | and s=f '[I']. Then there
expEts 8 setm-open set U X sueh that =0 and A0SO V). Therefore,
we have seU=f "(«£1iV)) and hence readnt(f ~'(«C1(V))). This proves that
I Uvicsmd s T I,

THEOREM 2. Let f: X—=Y be o mapping and g : X=X =Y be the graph mapping
of f, piven & glxd={x, f{xr)) Jor every point 2EX. IF 5 iy now.e., then [ i
i 1. £

FrROOF. Let =X and V' be any open sei conimining fic). Then X<V = an
open set inm X« ¥ conteining gizr). Since 5 s = w.o., there exisis & semi-open
set U containing r such that g{L)=CHX = V). It follows from Lemma 4 of
[5] that sCIX = VICX = eCl(V). Sicne g is the graph mapping of f, we have
AN eCHV), This shows thet fi= 8. w.c.

THEOREM i ..f_f_f:.x—vl' o E .. mdfiimg and ¥ ir fﬁu;ﬁrﬂf’. thern phe
grapk GUF) 0 @ semi-clowed et of X< V.

PROOF. Let (x, ¥)EGU. Then, we have y#flr). Since Y is Hausdorff,
there exist disjoint open sets W and V such that fiz)EW and V. Since f
15 5, wW.g., there exisis a semi-open set U containing & such that L) eCH W),
Since W and V are disjoint, we have V[sCHW)=¢ and hence Vi) =g,
This shows that (U= V)G =¢. It [ollows from Theorems 2 and 11 in [2]
that GO0 i semi-closed.

DEFINITION 2 By a 5w, refrachion, We mean a s.w.c. mapping f: X—4,
where ACX and N4 = the jdentity mapping an A,

THEOREM 4. Let ACK and [ X—¥ be @ sow,c. refraction af X ompe A, If
X i o Hawsdorff space, them A ix a semi-cloved sef in X,
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PROOF. Suppose that A is not semiclosed. Then there exists a point r=sCl
(A=A Since f s 5, w.e. retrachion, we have fir)=r. Smee X 5 Heosdorff,
there exist disjoint open sets U and ¥V such that U and flz)EV. Thus we
gel LT sCHVI=¢. Now, lei W be any semi-open sel in X containing r. Then
UMW is a semi-open sef contsining = and hence (UMW) AZSS becauwse r=iCl
[A). Let y=(UTW)NA. Since y=4, fiyi=yEL and hence fix)EL1( V). This
gives that fW)7ill{V). This contradicts that f s & w.c. Hence A 15 semi-
closed in X,

I. S-connecisl space

DEFINITION 3. A space X i said 10 be S-comnected [7] if X can not be
writlen a2 the dizjoint union of two non-empty semi-open sets.

Every S-connecied space is connected but the converse 15 noi true as the
following example shows,

EXAMPLE 2. Let X={(a, & «] and =g, X, (a), (8], (a, 5], Then (X, =)
iz @ connected space, However, it =3 not S-connected.

It is shown in Theorem 4 of (3] (resp. Theorem 3 of [4]) that connectedness
s invariant under almost continuwous {resp. weakly conlinwous) surjections. It is
nlzo known that S-connectedness is invariant under semi-continuous surjections,
However, we have the following.

THEOREM 5. [ X is an S-commecred space and [ 1 X—Y isa s.w.e. surjection,
then ¥ iy connected.

PROOF. Suppose that Y is not connected. Then there exist non-empty open
sets V, and V, of ¥ such that V V=g and V UV,=Y. Hence, we have
£ N v =d TV IS TV =X and £V, )#¢ becanse [ is sur-
jective. By Theorem 1, we have

JFTHV ) cdn (S T UV R, =1, 2
Since V, is open and closed, we obtain 7V, )San(f THV,)) and hence
j'_"ﬁ’.] is semi-open for i=1, 2. This implies that X s nol S-connected,
Therefare Y is connected,

THEOREM 6. [f X ir an S-commecied space and [i X—Y is a semi-consinumus
mapiing with the closed graph, then JF is constanl.
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PROOF. Suppose that f i= not constant. There exist distinet points £, =, in
X such that ﬂ.rl‘.l:tﬂ:ll- Since the graph Gif) is closed and (z,. Sl ))=GUD,
there exist open sets U and V containing =, and fir,), respectively, such that
FILh NV=4. Since [ is semi-continous, U and f~'(V) are disloint non-empty
semi-open sets, It follows from Theorem 17 of [7] that X is not S-connected.
Therefore, [ is constant.

COROLLARY !Tl‘HJI'IIPl'HI [H}-. Let X b freeduciMe. .U'f: XY ir a conrinwour
nrapping wick the closed graph, them [ iy conntant.

PROOF. Singe every conbinoous mMapping 8 semi-confinuoes,  thiz @8 an
immediate consequence of Theorem 17 in [7] and Theorem 6.
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