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A NOTE ON CONTINUATION AND BOUNDEDNESS OF 

SOLUTIONS OF NONLI :-IEAR D1 FFERENTIAL EQUATIONS 

By H. EI-Owaidy & A.S. Zagrout* 

This note is concerned wi th some pr。야rties of the solutions of the perturbed 

nonlinear second order differential eqllation 

x ’ cf(-<(t))g( .~' (t )) = h(t ， -<(t) , .~'(t)) ’， =」
dt (1) 

where f ’ R-R, g:R• R , h: I x R' • R are continuous functions and R = (-∞，∞)， 
‘ 

R =(0, ∞) ， J= [0, ∞) 
‘ We shall give suIficient conditions for all solutions of (1) to be continuable 

to the right of their initial value toEI , and íor all solutions x(t) of (1) 

together with derivative x ’ (t) to be bounded on 1. 

DEFINITIONS. (i) By continuable we mean a solution which is defined on a 

half-line [to' ∞) . 
(ii) A solution .x (t) of (1) is said to be oscillatory if it has no last zero, 

。therwi se it is nonosci J1atory ‘ 

Let : 
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where y(t) =x' (t) 

Our main assumptions are: 

(i) There exists a continuous function u : I_R such that Jh(t , x , x') J:O;u(t) , 
(ii) There exists nonnegative constant M such that 

JyJ/g(y)드MG(y) for Jy J 늘1. (4) 

THEOREM 1. Under tke cond‘lions stated above, any solution .x (t) 01 equation 

(1) is continuable to the right 01 its initial t-value to. 

PROOF. Let x(t) be a solution of equation (1) with initial t-value to 드1. 

Suppose, on the contrary, that x(t) can not be continued past the finite p이nt 

T > to' TE J. It sufficies to show that x(t) re ;nains bounded as t approaches T 
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from the left. 

Let: V(t , x , x') = G(y) + F(x) + C where C is a nonnegative constant. Then 

V'(t , x , x') = τ캠「드u [N+ MG(y)] g\y) 

Integrating both sides from to to t and noting that u(t) is bounded on [to' T] 

we have 

v(t)드C1 + M J,: u(s) G(y(s)) 

Thus 
G(y (t)) :S; V < C. + (' u (s) MG (y(s))ds. J 1, 

Using Gronwall-8ellman inequality [3] there is a constant C
2 

depending on 

u(t) but not on G(y) such that for all t [to' T) 

G(y(t) )드C2<∞ 
Thus G(y(t)) remains bounded as t • T from the left and so y(t)=x' (t) remains 

bounded as t • T from the left. Consequently x(t) is also bounded as t• T. 

Thus we have a contradiction to our assumption that x(t) is not continued past 
(finite) point T. This completes the proof. 

COUNTEREXAMPLE TO THEOREM 1. Let J는0， h(t, x , y) = 2qi(r)3 with qi(x) = 

min (0, x) and to= O. Then x=- l/ (I - t) satisfies (1) on [0, 1). One may 

take u드=0. 

In this section we will prove a boundedness theorem for solution x(t) of 

equ.tion (1) and its derivative x'(t) by using a modification of the technique 

of the previous section 

(i) 

In addition to the given conditions we suppose th.t 

Iim F(x) =∞ (5) 
I J:I-∞ 

l/g(y) 드MG(y) +N1 ’ 
Iy 1 /g(y) :S; MG(y)+ N2, for .11 yER 

These follow from condition (3) 

피
 

( 
(6) 

(iii) There are cornlnllollS furlcti。ns r, I • 1, i=l , 2 such th.t 

Ih(t, x , y) 1 드r1 (t) + r2(t) lyJ 

for. 1I (t, x , y)El x R 2
• 

(7) 

THEOREM 2. Let assumptions (2) , (3) , (6) , (7) be hold. Let r
1 

& r
2 

are 

íntegrable Qn 1. Then /or each solution x (t) 01 equation (1), wlth initial t -value 

toEI, x' (t) is bounded on [to' ∞) . 



Solutions 01 nonli’'lear diffe rential equations 115 

1[ in addition condition (5) holds then x(t) is bOl/nded also on fto' ∞) 

PROOF. Let x (t) be a solut ion of equation (1) with ini tial t-value ' 0' ，。εl

M ulti plying (1) by x ' (t )fg(x(t)) and integrating on fto' t] ζ['0' T) , 、\'e get 

G(y(t)) - G(y(to)) + F(x (t)) - F(x (to)) 

::; 1.: h(s, x(s) , y(s)) y(s얘(y(，)) 짜 (8) 

Using (6) & (7) , inequality (8) can be written in the form 

I G(y(t)) -G(y (to)) + F(x“))-F(1(to) ) 1 s j ;l [ri (s) +G(s)y(S)]캅Hd'， 

::; J,: r , (.11 G(y씨y끼) +찌씌N서，H-카까r，센센2“(‘.\1“깨f샤때g잉(y)+ 

드111 J: 미 (，)+r，(')] G(y) 짜~ 1.: (r , (，)이 + r，<，)N，) d" 

드M f ,: (써+r，<s)) G(y) ds + rn(t) , (9) 

.where 

m(1) = 1.: 싸 
Furt삐tμthe앙rmore 

rn (t) 드lf (이끼 (sh만r，(')) ds= rno<∞ (10) 

Since F(x)→∞ as Ixl →∞， F(x) is bounded from I:e low, say F( x) ;:O:-κ 

Let 
v(t) = G(y( t )) -;. F(x(t)) +κ 

Using (11) , inequality (9) takes the form 

v“ 

m ( 

(1 2) 

Hence 

Vηv(t““t 
by using (11) againπ 1 • . 

By using Gronwall- Bellman inequality there is, then, a constant C, dependi ng 

()n r,( t) & r ,(1) but not on V(t) such that: 

V(t) ::; W (to)+ mo) C. 

i. e. G(y(t))+F(x)드 [G(y(to) + F(x (to)) + rno] C. 

It follow that F(x(t)) is bounded for t는to' 

The conclusion of the theorem follows from (5) 



116 H. EI깅waidy and A. s. zagroul. 

COROLLARY. Jf in addition to the hyþothtses of theorem 2 and G(y) →∞ as 

Iyl →∞• then all solutions x (t) and the derivatives x '(t) are bounded. 

PROOF. from the prool 01 theore :n 2 we obt.in 

V (t) 드 ( V (tJ+ 7IlJ C<∞. 0' . "-0 

The toundedness of y(t) then 10110\\'5 Irom the boundedness of G(y(t)) on 

ν。 ， T). An integr.tion 5hoW5 th.t x (t) i5 .150 bounded on [to' T). This 

complete5 the pr。이 of the coroll.ry 

THEORDI3 ‘ 1f x[(x) > O, for .~*O ， [, (x) :2: 0, 

Ih (l, x , x') I:O:; II (t), lim u (l )= O, 11εν (t 0' ∞) ， (14) 

g(y) :2:C> O, (1 5) 
and .~(t) is a bOllnded nonosci /latory sollltion o[ (1), then lim inf Ix (t) 1 = 0 

t一∞

PROOF. It will te conve"ient to con5ider the 'equiv.lent 515tem 

1’ =y수 j ; h(s, x(S) , y(S)) 따(16) 
y ’ =-[(x) g(y ) 

Let x(1) \:;e • non05cill.tory 50lution of (1). Without 1055 of gener.lity, we c.n 

assume 버.t x(t)*O on [to' ∞) . Let x (t )> O for t :2:t ,:2: to' A 5imil.r .rguments 

h이d if .T (t )<O for t :2:t ,> to' On the contr.ry, suppo5e th.t 많 inf x(t) * 0 , 

Then there exist JX)sitive numbers m and ' 2는t ， 5uch th.t 

1II< X(t) for t :2: t" 

Thi5 condition together with (1 4) implie5 th.t 

[(x(t)) :2: rl> O for t :2: t " 

Thu5 from (16) , by integr.tion, we h.ve 

(1 7) 

y (t ) - y 섣 J:: f(x(s)) g(y(s)) ds :O:; -AC(t-t,) , (I8} 

Letting t -，∞ in (18) we obt.in 

lim y(t) =-∞ 
1-∞ 

Thu5, for t :2: t3:2: t , for 50me t3 5ufficiently I.rge 

Z ’(1 ) < 0 for t :2:t3, 

Then from (1 6) , by integr.tion, it 101l0w5 that 

x( I) - ' ∞ a5 t→∞ 

Thi5, h。、，vever， is a contradiction and hence 

lim inf x(t) = 0 
1-∞ 
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This completes the proof of the theorem 

REMARKS. (1) It should be noted that x ’ is not necessarily bounded on 

fto' ∞); this follows from the fact that the equation 
2t 

x~+e x=x 

has the bounded solution x( t )=sin(e') with an unbounded derivative 

(2) If, instead of the assumption (iii ) before theorem 2, one assumes. 

/h(t, x , y) / 드r ， (t)+r，(t ) / x/ with r" r, integrable on J, the conclusion of 

theorem 2 is false , as example 

z’+-조τ=---.- x 
I +x‘ I+ t ‘ 

which has x = l as a solution. 
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