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A NOTE ON BANACH’'-ALGEBRA VALUED I :-il\ER PPRODCCT 

SPACES AND REPRESENT ATIOl\S* 

By Sang Hun Lee 

1. lntroduction 

]. G. Bennet[2] considered vector spaces equipped with B*-algebra-、 alued inner 

products. \Ve im'estigated some properties of \"ector spaces equ ipped with 

Banach*-algebra valued inner products ([4] , [10:>. ln this paper, ‘.ve study the 

representations of a Banach‘ -algebra A on the A-valued inner product space. 

These results apply to the universal representations of the Bιalgebra s. Al so 
we obtain some relations among the li near maps from the A- valued pre-Hiltert 

space X into A ‘,vith some different conditions 

2. Notations and preliminaries 

A Banach a lgebra A 、ViÙl an in\'olution ‘ satisfy ing I la치 1=l lall for all a in A 

will be called a Banach'-algebra . T hroughout this paper, A denotes a Banach‘­
algebra with a multiplicative identity e and X denotes a complex linear space 

A is reduced if (a드A I J(a’a) = 0 for a ll positive funct ionals J on A) = [01 ‘ B‘ ­
algebras are reduced. A is sym끼etric if the inverse (e , a’ a) -1 exists in A fo r 

a ll a드A. [f A is reduced, then A is symmetric ([6J Co1'olla 1'Y, p.266, and II 

Pro∞sition ， p. 303) . Let D ce a 'algebra. An element ν in D is called the 

quasi-unitary if vv*=v‘ν=v+v‘ And D is a U‘ -algebra ii it is the linear span 

。f its fini te quasi-unitary elements. All Banach‘ -algeb1'as are U'-algebras([3]) 

Note that, if D has e, then uED is uni tary (i. e. U‘“=uu’ =e) if and only if 

e-u is a quasi-unitary, 50 in this case D is a U‘ -algebra if and only if it is 

spanned by its unitaries. 

Let B be a Banach*- algebra, D a ‘ -a lgeb1'a, and iþ: D• B a li nea 1' map. We 

call <p positive if <þ ( b‘b) 므o for any bE D. All algebras and linear spaces are 

those ove1' the complex field C. X will be called an A-valued ;,zner producl 

space [4] if it is equipped w ith a map/ . , .) : Xx X• A such that 

(i ) ( . , . ) is linear in the firs t entry, 

(ii ) ( x , x)르o i. e . , (x, x) is a posit ive e lement of A, for all x in X. 

(iii) (x ， y) =。’， x)" for a ll X,)l in X. 
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The map ( .,. ) is an A-valued inner product on X. Define 

Ilxllx=sup {f( (X,X))2, fE9'AJ 

where 9' A is the set of aJl positive linear functionals f on 11 such that f(e) 5,1. 

l 
Then 11' llx is a seminorm on X. Note that 11껴나뉘I(x， x)I i" is not always a 

semi.norm on X. If A is a B*-algebra , then Ilxl lx= llxμ. An A - valued ìnner 

product space X will 1::e ca lIed an i1- valued inner product modαle if it is a right 

A- module satisfying (xa , y)= ( x , y ) a for all x , y in X and a in A. 

3 ’ - Representations of Ban!lch*-algebras Induced by positive maps 

DEFlNITIO)l 3. 1. An A-va luecl inner product space (or module) X wi Jl be 

ca Jled an A-T띠αed pre-Hilbert space (or module) if 11' lIx is a norm on χ 

An A-valued inner product space X is an A-valued Hμbert space if \vhich is 

complete with respect to the norm 11'l lx 

In particular, if .4. is a B*-aJgebra, then an A-valued inner product space 

(module) (X, 11 ' llx ) is an i\-valuecl pre-Hi lbert space (moclule). If A is reduced 

and <".) is definite, then any A-valued inner product space (or m여ule) is an 

}\-valuecl pre• Hilbert space (or module). If 11 is not reduced , then the argument 

is not alway s true. If X is an A-valued inner product space, then it is easy to­

show that the foJl。、、 ing statements are equivalent 

(i) X is an ;l-valued pre-H ilbert space, 
(i i) {xlf( (x , x ) )=O for aJl f E 9'A} = {OJ, 
(iii) {(x, x ) If( (x , x ) ) =0 for all f'ε9'A ) ={O) and (.,. ) is definite 

Suppose that X is an }\-valued pre- Hilbert space. Let sι (X) be the family of 

TEB(X) for which there exists T ’ EB(X) such tha t (Tx , y)=(x, T ’y) for a lJ 

x , y in X. Then s.' (X) is a normed 용 algebra with IIT’ T II= IIT II' where 11 , 11 

denotes the operator norm on B(X). Let X and Y be l1-valued pre-Hilbert 

spaces and let B be a ‘ algebra. Suppose that π ‘ B• s.' (X) and ψ : B-ιW' (Y) 

are *-representations of B on X and Y respectively, for which 7r (B)ê
O
= X and 

ψ (B)η。=Y (εOEX， η。EY). Let φ B• A te a positive *-map such that φ (a) = 

<π (a) ，o' ξ。> and let ψ :B• 11 be a positive *-map such that qr(a) =<，이a) η。， 

~o>' Then we have 

LEMMA 3. 2. 1f Ø(a ) =ψ (a) for all a iη a ‘ algebra B, thett there exists an­

isometric isomorphism V : X • Y s“ch that ψ (a) = Vπ (a) V - 1 for all a in B. 

PROOF. Define V: X-,Y by V(π (a) ε。 ) =I' (a)~o' for all a in B. Since φ (a) = 
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φ(a) for a lI a in B , 

1I;r (a)<oll~=，s~E J(< 1< (a) ,O' π (a) ε。>x)
f E9 .t 

핑RAf(<π(a*) ;r (a)<o' 암x) 

=，s~!! J(<π(a‘a) ，o’ <o>x) 
J '='" .t 

=sug f(<o(a·a)%, v。>y)
f E .9.t 

=，~!! J(<ψ (a) ~o' ω (a)~o> Y) 
T t;:...- .t 

=I Jrp (a)께1; (aeB) 

Clearly, V is an isometric surjective linear map. Hence V is a required map. 

THEOREM 3. 3. Let B be a U‘ algebra Qnd let A be a reduced Ballach*-algebra. 

(1) Jf 0: B• A is a þositive map, then there exists an A -valued pre-I-Jilbert 

ιþace X and a unital *- reþresentation 7r: B• J>I' (X) aηd <oEX such that Ø(a) = 

< ,,(a) , ε > Jor all aEB and π ( B) <o= X . . 0’ o 
(2) The ’ reþresentatiQn 7r is ullique up to equivalence by φ 

(3) Jf X is an A-νalued þre-Hilbert space and if π B• J>I'(X) ‘s a ... -reþreseluation 

w ith ，，(8) ε。=x for some EoEX, then there exists a þositive maþ φ : B• A such 

that Ø(a) =<π (a ) ε。， to> 끼or all a in B. 

PROOF. (l) Define <x , y) =0(y'x) for x , yεB. Then <., .) is an A-valued 

inner prodllcl on B. Let N = (xEBIJ( <x, x ) ) = 0 for JIε.9 A}. Then N is a linear 

subspace of B. Wrile X= B/λ，7. ~re denote x =x+ N. Define << x , y )) =(x, y) , for 

all x , y in B. 1f x l+ N = x 2+ N and Yj + N =Yz+ N , then xJ-:rzEN, and Yl-Y2EN. 

Since A is redllced and by the Cauchy Schαarz Inequality, ( x" y,)=(x 2, y ,>. 

Hence << , >> is well defined. And << . , . >> is an A-valued inner product on X 
Hence X is an A-valued pre-Hilbert space. For each aεB， define a linear 

map π (a) : X• X by π (a ).f= ax. Lel u be a unital elemenl of B, then (ux, ux> 

= (x , x > for all x in B. Since B is Uζalgebra ， we have the linear map ,,(a) 

is we lI def ined, " is a linear homomorphism of B into B (X) and 

11π (a)쇠 Ix드 ，\/I.illx 
for some posilive real number M> O. Hence :r (a)EB(X) for all aEB. Since ‘(a) .i, y ) =0(y'ax) =0( (a'y) ‘ x ) = {.i, i1" (a*}y ‘ , ;r (a ‘ ) = ;r (a )‘ for all aEB. Hence 
,,(a) E J>I' (X l. Also π {e} .i =ex=.i . Thus :r is a unital *-representation oI B on x. 

Taking eo=e=e+시 we have π(B)e=X 
(2) is obvious by Lemma 3. 2 
(3) Define 0 : B• A by 0(a) = (π (a)ço' eo> for all aEB. Then we can check 
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that φ is a required map 

REMARK 3.4. In the above theorem, if A is a B’ -algebra, then there exists 

.an A-valued Hilbert space X and unital *-representation π of B On X and 

a。εX such that φ(a)= (;r (a) f;^， ç^> for all aEB and π (B)ço=X. o’ o 
Clearly, if B is Banach용 algebra, then this representation π 15 conhnuous, 

11r. II :S: l and φ is continuous 

REMARK 3.5[IJ . Let B be a U'- algebra, if φ B• C is a positive functional , 
then there exists a Hilbert space X and unital *-representation π :B• B(X) 

and ç。든X such that Ø(a) =(π(a)허， f;o> for all aεB 

By Theorem 3.3 and Remark 3.4, we have following Corol lary 

COROLLARY 3.6 r9J. Let B be a U‘-algεbra and let A be a 8* -aigebra. If 
φ B• A is a þositiνe map 

1) If "ι。 *-reþreseηtations are unitarily eQuivalent and one is cyclic, theη 50 is 
the other 

2) A πecessary aηd sufficeηt con이t10η that two cyclic *- reþresentations π and 

;r' of B 0η X and X' resþectively be eqαtνalent is that there exist cyclic í.Jectors 

çEX ar，닝 ξεX' suck that (π (a)ç ， ~) = <;r '(a) Ç'， ε> for any aEB 

4. Linear maps from X into A with some conditions 

In this section, A denotes a symmetric Banachζalgebra with a unit e. V{e 

define a trivial A-valued inner product on A by (a, b>=b‘ a for all a, b르A. 

lIal lA denotes the seminorm induced by ( ', . >. Let X be an A-valued inner 

product module. For a linear map T: X• A , if we consider the follo\ving 

statements 

(1) IITxllA드K， llxl 나 

(2) IITx l1드K，l lxlμ 

(3) IITxIIA:S:K31Ixllx 

(4) IITxll :S: K41lxllx for any x르X 

(5) TεX， where X denotes the family of maps :î: : X•.4 definecl by .i(y) = 

(y, x ) for all y in X, for some positive real numl:ers [(1' Kz, K3' and K4> O, 

then we ha、 e the following diagram 

(5)=그(3)= (4) 

li li 
(1) =(2) 
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The converse of each statement is not true, and \ve don’ t have reJations between 

(3) and (2) . For the cases of the converse of each statement, we give the 

foJJowi ng exampJes. [n particuJar, when A is a B'-aJgebra, (1), (2) , (3) , and 

(4) are equivaJent. 

EXAMPLES 4. 1. Let A be the symmetric Banach*-aJgebra of aJJ matrices of 

the form 

이
 l 

ι
 

α
 0 

/ 
/ 
1 

-
-
、、

with 

lI(a 이1I =l a l+ 1 껴 1 ， (a 이‘=(ã .8ì 
\ o a/ \ o a/ \ O δ/ 

for aJJ a , ;JEC. Suppose that X= f1 . Define (a , b) =b.a for aJJ a , bEχ Then 

X is an A- vaJued inner product rnoduJe. Considering the identity map i x' 、，ve

hO\'e (3) , and hence (1). But we don’ t have (4) and (2). Suppose that X=C 

Define 

À(~ 없=Àa， and (a ， ß) =(~ 영) 
for aJJ a , ,6, ，1εC. Then X is an A- vaJued inner product moduJe. Define 

T :X• A by 

Tx=(~ ~) 
for a JJ x in X. T hen we have (2). But we don’ t have (4). AJso, define 

T: X-A by 

TX=(~ ~) 
for aJJ x in X. Then we bave (1) and (2). But we don’ t have (3). A counter 

exampJe for (3)특'=> (5) is given in [7]. We donote that X'=(TIT: X-• A is 

a Jinear map with (3) J. Then S:c X'. lf we defi ne vector operations on 

.2"(X, f1) by (,lT)(X) = J.:(x) and (,+ T' )(X) = '(x) + ,'(x) for aJJ ÀEC, " : 'E 

.2"(X , f1), xEX , then 오~(X， f1) is a Jinear space. Let S(X') be the linear 

subspace generated by X' . ff we define (Tb)(x)=b',(x) for aJJ b in .4, x in 

x, then S(X') is a right f1-moduJe. 

DEFINrTlON 4.2. An A- vaJued pre- HiJbert space ( mαluJe) X is caJJed strong 

ifl l(x, y) I I$;1 1피|써씨x' for aJJ x , y in X. 

lf A is a W -aJgebra, then an A-vaJued pre-HiJ bert space is strong. But the 
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canverse is not necessary true. If an A-valued pre-Hilbert space X is strong, 
we can check that the map x • i is a isometric module map of X into S(Xr). 

When B is a B*-algebra, the following theorems are supported by [7J 、i'v'e

consider them on an A-valued pre-Hilbert modules 

THEOREM 4.3. Let X be aη A νallled pre- Hibert modllle with S(Xr) = X and Y 

be a strong A-valued pre-Hilbert module. If T : X • Y is a bounded linear module 

maþ, tken there exists a bounded linear module maþ T용 :Y• X s1lch thαt (x , T틀y)= 

(T.r , y ) for all xEX, yε Y. 

PROOF. Define ψy : X • A by 힘 (x) = <J‘x , y ) for each fixed y in Y. Then 

!iÍy(x)’(꺼 (x))=0， Tx ) (Tx , y) 

드110 ， y ) II (Tx , Tx ) 

Hence 1년(x) l J;드Kl lxlli for some real K> ü, and κEX
r C S(X') . Since S(X') = 

X , there exists a unique element zεX such that φ'y(x)= (x ， z ) for all xEX 

Define T*: Y• X by T*y=z. Then ( x , T ‘y )=rþ,(x) =(Tx , y) for all xεX， 

yEY. There exists a positive real number K such that II<x , T*yll드Kll xll서 IYl l y 
for all xεX， Yε Y. Jt is easy 10 check that T ’ is a required map. 

COROLLARY 4.4. ]f X is a strong A- valued pre- Hilbert module with S(X
r) =.~， 

then eveη modllle map in B(X) belongs to slf (X) 

[n particular, if B is Bιalgebra ， in view of 4.3 and Corollary 4.4, we have 
shown

’ 
COROLLARY 4.5. ([7J) Let X be a self- dual Hilbert B-module, Y a pre- I-Jilbert 

B- module, and T : X• Y a bouηded module η'zaþ. Then there is a bQunded modαle 
mαP T*: Y • X such that <x, T용y)=(Tx， y) for any x in X and y in Y 
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