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A NOTE ON BANACH*-ALGEBRA VALUED INNER PPRODUCT
SPACES AND REPRESENTATIONS*

By Sang Hun Lee

1. Introduction

J. G. Bennet[2] considered vector spaces equipped with B*-algebra-valued inner
products. We investigated some properties of vector spaces equipped with
Banach*-algebra valued inner products ([4],[10]). In this paper, we study the
representations of a Banach*-algebra A on the A-valued inner product space.
These results apply to the universal representations of the B*-algebras. Also
we obtain some relations among the linear maps from the A-valued pre-Hiltert

space X into A with some different conditions.
2. Notations and preliminaries

A Banach algebra A with an involution * satisfying ||a%||=]|a|| for all 2 in A
will be called a Banach*-algebra. Throughout this paper, A denotes a Banach*-
algebra with a multiplicative identity ¢ and X denotes a complex linear space.
A is reduced if {a=A|f(a*a)=0 for all positive functionals f on A}={0}. B*-
algebras are reduced. A is symmetric if the inverse (e+a*a)” "' exists in A for
all a=A. If A is reduced, then A is symmetric ([6] Corollary, p.266, and II
Proposition, p.303). Let D ke a *algebra. An element v in D is called the
quasi-unitary if vv*=v*v=v+v*. And D is a U*-algebra if it is the linear span
of its finite quasi-unitary elements. All Banach*-algebras are U*-algebras([3]).
Note that, if D has e, then =D is unitary (i.e. a*u=zu"=¢) if and only if
e-u is a quasi-unitary, so in this case D is a U*-algebra if and only if it is
spanned by its unitaries.

Let B be a Banach*-algebra, D a *-algebra, and ¢: D—B a linear map. We
«call ¢ positive if ¢(b*b) >0 for any b&D. All algebras and linear spaces are
those over the complex field C. X will be called an A-valued inner product
space [4] if it is equipped with a map{-,-): X»X—A such that

(i) {+,+) is linear in the first entry,

(11) (z,z)>01.e., {x,x) 1s a positive element of A, for all z in X,

(iii) {z,¥)={y,2>*, for all =,y in X.
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The map ¢+,+) is an A-valued inner product on X, Define

1
llzlly=sup {f({z,2})2, f&F,}
where & is the set of all positive linear functionals f on A such that f(e)<1.

1
Then H'HX is a seminorm on X. Note that ||lzil«=|/{z,2}||2 is not always a

semi-norm on X. If A is a B*-algebra, then JIxHX=HxH*. An A-valued inner
product space X will be called an A-valued inner product module if it is a right
A-module satisfying (zxa, y)=<x, ¥, a for all 2, y in X and a in A.

3. *-Representations of Banach®-algebras Induced by positive maps

DEFINITION 3.1. An A-valved inner product space (or module) X will be
called an A-valued pre-Hilbert space (or module) if H-HX is a norm on X.

An A-valued inner product space X is an A-valued Hilbert space if which 1s
complete with respect to the norm |[-[,.

In particular, if A is a B*-algebra, then an A-valued inner product space
(module) (X, [|-]] X) is an A-valued pre-Hilbert space (module). If A is reduced
and ¢+,+» is definite, then any A-valued inner product space (or module) is an
A-valued pre-Hilbert space (or module). If A is not reduced, then the argument
is not always true. If X is an A-valued inner product space, then it is easy te
show that the following statements are equivalent:

(1) X is an A-valued pre-Hilkert space,

(if) {z|fl{z, 2)=0 for all f&&F }=1(0],

(i11) [{z, ) |f({x, 23)=0 for all €7 ,1=1{0} and {+,+) is definite.

Suppose that X is an A-valued pre-Hilbert space. Let % (X) be the family of
TeRB(X) for which there exists T*=B(X) such that <Ta, y)=<z, T*y» for all
x, y in X. Then &7 (X) is a normed *-algebra with HT*TH:JIZWI2 where ||, ||
denotes the operator norm on B(X). Let X and Y be A-valued pre-Hilbert
spaces and let B be a *-algebra. Suppose that 7 : B—% (X) and ¢ : B—» (Y)
are *-representations of B on X and Y respectively, for which z(B)e,=X and
¢(B)y,=Y (¢,€X, p,EY). Let @:B—-Atkea positive *-map such that @(a)=
<ula)ey, &> and let ¥ : B—A be a positive *-map such that Hf(a)=<rp(a)770,
770>. Then we have:

LEMMA 3.2. If @(a)=¢(a) for all a in a *-algebra B, then there exists an
isometric isomorphism V : X—Y such that (,o(cz):Tz’rr(a)I/’_I for all @ in B.

PROOF. Define V: X—Y by V(.T.(a}ao):go(a)vyo, for all @ in B. Since ¢(a)=
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o(a) for all @ in B,

Ilz(a)eullj-f:fsggdf (<z(a)zy, zl(a)e>y)
isgg‘lf(ér(a*)x(a)ﬁn, &> x)
iggﬂfKr.(a*a)so, &= x)
iﬁ;lgaf(<¢(a*a)vﬂ, Ty>y)
=sup f(<le¢(a)y, ¢(@)y,>y)
FETa

=llp(a)7,ly (@=B)
Clearly, V is an isometric surjective linear map. Hence V is a required map.

THEOREM 3.3. Let B be a U*-algebra and let A be a reduced Banach*-algebra.

(1) If ®© : B—A is a positive map, then there exists an A-valued pre—Hilbert
space X and a unital *-representation 7 : B— 27 (X) and £, X such that ®(a)=
<.-T(a)£0, ao> for all aEB and z(B)e,=X.

(2) The *-representation @ is unique up to equivalence by &.

(3) If X is an A-valued pre-Hilbert space and if = : B (X) is a *~representation
with z:(B)aU:X Sfor some £,EX, then there exists a positive map @ : B—A such
that @(a):<rr(a)£0, £D> for all a in B.

PROOF. (1) Define <z, yy=0(y*x) for z, y=B. Then (-, +) is an A-valued
inner product on B. Let N={2EB|f({z, 2))=0 for f€F ,}. Then N is a linear
subspace of B. Write X=B/N. We denote ¥=z-+N. Define (%, y)={(z, », for
all 2, yin B. If .@:1+N:x2+N and y, +N=y,+N, then x,—z,EN, and y, —y,EN.
Since A is reduced and by the Cauchy Schwarz Inequality, (z, y)={z,, »,).
Hence ¢, ) is well defined. And ., .} is an A-valued inner product on X.
Hence X is an A-valued pre-Hilbert space. For each a=B, define a linear
map 7(a) : X—X by z(a)i=az. Let u be a unital element of B, then {uz, uzx)
={z, z) for all x in B. Since B is U*-algebra, we have the linear map z(a)
is well defined, = is a linear homomorphism of B into B(X) and

liz(a) || , < M|zl
for some positive real number M >0. Hence z(a)EB(X) for all a=B. Since
((a)z, 7i=@(y*ax)=0((a*y)*z)=iz, x(a*)y}, m(a*)=x(a)* for all a=B. Hence
z(a)=2¢ (X). Also z(e}f=ez=2z. Thus 7 is a unital *-representation of B on X.
Taking EO=E=e«:~N, we have z(B)e=X.
(2) is obvious by Lemma 3.2.
(3) Define ¢ : B—A by rIJ(a):{r:(a)éo, £ for all a=B. Then we can check
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that @ is a required map.

REMARK 3.4. In the above theorem, if A is a B*-algebra, then there exists
an A-valued Hilbert space X and unital *-representation = of Bon X and
§,EX such that @(a)=(z(a)§;, £, for all a&B and W:X.

Clearly, if B is Banach®-algebra, then this representation 7 is continuous,
||7]|<1 and @ is continuous.

REMARK 3.5[1]. Let B be a U*-algebra, if @ : B—-C is a positive functional,
then there exists a Hilbert space X and unital *-representation = : B—B(X)
and EGEX such that cb(a)zafx(a)&'u, $D> for all a=B.

By Theorem 3.3 and Remark 3.4, we have following Corollary:

COROLLARY 3.619]. Let B be a U*-algebra and let A be a B*-algebra. If
@ : B—A is a positive map.

1) If two *-representations are unitarily equivalent and one is cyclic, then so is
the other.

2) A necessary and sufficent condition that two cyclic *-representations mw and
n' of Bon X and X' respectively be equivalent is that there exist eyclic vectors
EeX and £ =X such that {z(a)&, S ={(x'(a)&, & for any a=B.

4, Linear maps from X into A with some conditions

In this section, A denotes a symmetric Banach*-algebra with a unit e. We
define a trivial A-valued inner product on A by {a, é>=b%a for all a, db=A.
l|all 4 denotes the seminorm induced by {e,«%. Let X be an A-valued inner
product module. For a linear map 7 : X—A, if we consider the following
statements:

(1) 1T]] ;<K ||l

(2) 1Tl <K, Izl

(3) |IT=ll y<K,l=ll 5

(4) ||Tz||<K,|lzlly for any z€X

(5) TeX, where X denotes the family of maps £ : X—A defired by #(y)=
(v, x> for all ¥ in X, for some positive real numters Ky Ky K3, and K,>0,
then we have the following diagram:

(5)==(3) = (4)

(1)==(2)
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The converse of each statement is not true, and we don’t have relations between
(3) and (2). For the cases of the converse of each statement, we give the
following examples. In particular, when A is a B*-algebra, (1), (2), (3), and
(4) are equivalent.

EXAMPLES 4.1. Let A be the symmetric Banach*-algebra of all matrices of

(; Spetasin 5 5=

for all a, 3=C. Suppose that X=A. Define {(a, b)=>b*a for all @, b=X. Then
X is an A-valued inner product module. Considering the identity map 7,, we
have (3), and hence (1). But we don’t have (4) and (2). Suppose that X=C.

Define
1(“ -3):1@, and =ia,,3j;:(0 aﬂ)
0 a 0 o

for all a, 5, A=C. Then X is an A-valued inner product module. Define

T:X—-A by
T.rz(o x)
0 0

for all = in X. Then we have (2). But we don’t have (4). Also, define

T : x_’tl bY
T:t':(‘r 0)
0 z

for all z in X. Then we have (1) and (2). But we don’t have (3). A counter
example for (3)=#=(5) is given in [7]. We donote that X'=(T|T : X—4 is
a linear map with (3)}. Then £cX". If we define vector operations on
Z(X, A) by (i) (z)=2t(z) and (z+7)(z)=7(z)+7'(z) for all IeC, =, r'e
Z(X, A), z€X, then #(X, A) is a linear space. Let S(X") be the linear
subspace generated by X". If we define (zb)(z)=5b*z(z) for all 4 in A4, z in
X, then S(X") is a right A-module.

with

DEFINITION 4.2. An A-valued pre-Hilbert space (module) X is called strong
if| [z, WII<llallglylly for all z, ¥ in X.

If Ais a B*-algebra, then an A-valued pre-Hilbert space is strong. But the
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converse is not necessary true. If an A-valued pre-Hilbert space X is strong,
we can check that the map z—4£ is a isometric module map of X into S$(X).
When B is a B*-algebra, the following theorems are supported by [7]. We
consider them on an A-valued pre-Hilbert modules.

THEOREM 4.3. Let X be an A-valued pre-Hibert module with S(X )=X and Y
be a strong A-valued pre-Hilbert module. If T : X—Y is a bounded linear module
map, then there exists a bounded linear module map T*:Y—X such thar {z, T*y)=
Tz, ¥ for all x=X, yEY.

PROOF. Define gﬁy : X—A by ¢y(x)=(T$, vy for each fixed y in Y. Then
¢y(x)*(¢y(£))=<y, Tzy Tz, ¥y
<&y, »ITz, Tz).
Hence Hgo'y(:r)HiSKJIxH; for some real K>>0, and (ﬁyEXfCS(Xr). Since S(X") =
X, there exists a unique element z=X such that gﬁy(r}:{r, zy for all z=X.
Define T#: Y—-X by T*y=z. Then ({(z, T*y}z,@y(x}:(Tr, ¥y for all zEX,
yEY. There exists a positive real number K such that [|[{x, T*y||=<Kl|z||JWyll}
for all z&X, y=Y. It is easy to check that 7* is a required map.

COROLLARY 4.4. If X is a strong A-valued pre-Hilbert module with S(X")=2X,
then every module map in B(X) belongs to ¥ (X).

In particular, if B is B*-algebra, in view of 4.3 and Corollary 4.4, we have
shown;

COROLLARY 4.5. ([7]) Let X be a self-dual Hilbert B-module, Y a pre-Hilbert
B-module, and T : X—Y a bounded module map. Then there is a bounded module
map T* : Y—X such that {x, T*yy={Tx, ¥ for any = in X and vy in Y.

Kyungpook University

REFERENCES

[1] W. Arveson, An invitation to C*-algebra, Springer-Verlag, New York, 1976.

[2] J.G. Bennet, Induced representions of C*-algebra and complete positivity, Trans.
Amer. Math. Soc., 246(1978), 1—36.

[3] F.F. Bonsall and J. Duncan, Complete normed algebra, Springer-Verlag, Berlin,
1973,

[4] Y. Chae and I.B. Jung, Banach*-algebra valued inner products, Kyungpook Math,



A Note on Banach*-Algebra Valued Inner Product Spaces and Representations 111

J. Vol.19, No.1(1979), 69—74.

[5] E. Christensen, On nonself adjoint representations of C*-algebra, Amer. J. Math.
Vol. 103, No.5(1881), 817—833.

[6] M.A. Naimark, Normed algebras, Wolters-noorhoff, Netherland, 1972.

[7] W. Paschke, Inner products modules over B¥*-algebras, Trans. Amer. Math. Soc.
Vol. 182(1973), 443—468.

[8] , The double B-dual of an inner product module over a C*-algebras, Bull.
Canad. J. Math. Vol. XXV, No.5 (1974), 1272—1280.

[9] Ptak, V: Banach algebras with involution, Manu. Math 6, 245—298, (1972).

[10] Sanghun Lee and I.B. Jung, Banach*-algebra valued pre-Hilbert spaces and modules,
Res. Review of Kyungpook, U. Vol.32, (1981), 141—144.



