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ENVELOPING SERIES FOR GENERALlZED 

HYPERGEOχ.1ETRIC FUNCTlONS 

By Dieter K. Ross and Arvind Mahjan 

1. Introduction 

In recent years there has deveJoped a growing interest in the study of 

approximation theory as appJied to certain 01 the SpeciaJ Functions of Mathe­

maticaJ Physics, see Luke :4]. Of speciaJ interest is the determi nation of 

ul꾸er and lower bound estimates for 5uch funct ions whe .:1ever these can be 

found ‘ The p따pose of this work is 10 find necessary and sufficient conditions 

under wbich tbe Maclaurin series expansion for any of the hypergeometric 

func tions 01 one variabJe is an upper and/ or Jower bound. The starting point 

of this investigation is an inequaJity of Bernoul Ji wbich was extended by 

Gerber [2] and an elementary proof of which was obtained by Ross [ !이， 

namel y 

n (-a)(-x ) “ 1 

(얘) ”+l ( z) ” +I [ (1 + x)E E--녁~~ I르0， for x> - ! aER , 
J.I=u 

n=0,1,2,'" (1) 

where (a)r=r(a+ r) / T (a) lS the Pochhammer symbol and the term m squege 

brackets is zero for x ;ioO and for n> O, if and only if, a is one of the integers 

0,1,2 η. Note tha t the a bove Tesult remains val id even if the series is not 

conνergent. The current anaJysis is particularJy important for it !eads in quite 

a simple way 10 the deveJopment of enveJoping series for some of the speciaJ 

functions of mathematicaJ pbysics, 5ee PóJya and Szegö [9] , 10 an estimation 

of their 5maJJest zeros, see Whittaker and Watson [J3] as weJJ as the book of 

Luke [6J. 

10 this paper, it is found convenient to define the general ized and lower 

order hypergeometric funct ions by the series 

∞ (a , )'" (aJ.xν 
FJx)三 ,FJa" " 'a" ; b" .. . b~; x] = 1: ~ ν p ν (2) 

P q p q 1 p l q v=0개파자q) v'V! 

where the ai , i= 1,2, ... ,þ and the b., }=1 ,2, .. . q are regarded as para미eters in 
‘ l 

the numerator and denominator respectiveJy and x is the independent variable. 
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Here the Pochhammer symbo! (c) .. stands for the product of v terms so that 
v 

(c), = c(c+ l) (c + 2) ... (c +v-l) when v= I.2.3 •... and (c~ = 1. 

ln case p and/ or q= O the parameters in the numerator and/ or denominator are 
simply omitted. Since the series referred to in (2) is often cumbersome to 

write down in more complicated formulae the following alternative notations, 
due to Slater [I2] will be used. namely 

∞ ((aJ )x' 
따(x)랩 [ (ap) ; (bq) ; ，，'j프ν요R화끌 

whene‘ er the series ìs meaningful and converges for some x :;t:O‘ Here (c
k

) 

k 
denotes the s택uen야 of pararneters c꽉 ' Ck and ((ck)) ν denotes E (Ci )p 

It is a않umed thr。이Jghout the paper that. if any one of the 깐’s is a negative 

integer or zero then the series terminates at a stage before the zero divisor 

appears. Thus. if - N is the la rgest of the non-positive integers in the set 

b,.b, .... . bq then at leas t 0띠e of the parameters Ql ' Q2' .. . • Qp must èe a non-posιtive 

integer greater than or equal to -N. Note that the convention is adopted that 

the series terminates at v= M if -a,=- bk=M and M is the smallest positive 

integer with this property. lt follows that the Mth partial sum of the series 
p끽 (x) can ce written in the form 

얻 ( - M) ,( (ap))까v 

'=0 (- M)ν ((b q)) ，ν1 

Apart from the above possibility the series is convergent 
(a) for all complex x. when p~q. 

(b) for !x! < I. when p=q + l. 

(c) for x = l provided that ￡ ι-￡ aJ> O when p = q+ l , 
j = l J i=1 

(d) for z = l provided that & ι- ￡ a,> l when P= q- l , 
i = 1 r=1 

and (e) x =O whenever p> q+ 1. 

On the other hand. it is easy to sh。‘v that for all od1er values of x. p and q 
the series in (2) is divergent, unless it terminates. Throughout this paper the 

convention will be adopted that n。 까 is equal to ai since this merely has the 

effect of reducing the order of the hypergeometric function. The situation 

where one or more of the parameters ai is zero will be ignored as well for 

then the hypergeometric series contains only one term 
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2. T he main theorems 

THEOREM A. Let {ai } alld {얀} be tωo sequellces, possib6' null sequences, 01 
real nUn7bers then 

FIι r ， η. ‘ ι ι , 
FJ (aJ; (bJ; x] 

P-Q~'-Þ ~ "fZ _ , L‘ r ‘(I- t) -' - , ‘ F _ .[ (a , .l; 
r(앙)r(bq-ap ) J O' ,.., P-I' q• 1-' p-l 

provided that b .> a.> O. q' -p 

(bq • 1) ; xt]dt (3) 

This is easily proved b)' expanding the hypergeometric function in the 

integrand in po、;vers of x and integrating the unifonnly convergent series 

term.b)'. term, see Slater [12] . 

To begin, it is important to look a t the case where {a시 and 씨 are null 
sequences 

LE~IMA. The exþollelllÍal J lIlIctioll e
X

드oFo[ - ; x] satisJies 
n+l n ).1 

x • . . [f J - ; - ; x]- L; →ε;르0， for all xER. (4) 
(n. T 1)! . U U. ).1 = 0 ν 1 ’ 

n ν 

PROOF. Let ζ(x) = !_e- X L; 으.，-， then Y.(O) = 0 
” ν= 0 11 ~ “ 

” ’ 2" and -r추 ， . ← -ε- [Y.(x) J = e • - . . 느-，-， _. 2:0, for all xER. 
(1I ',-1)! dx . n ' -- n !(II + 1) 1 

See for comparison a similar inequality given in Pólya and Szegö [91. 

THEOREM l Let {al } and {bl} be t tL1o, poss1bly 1llttI, sequeyaces of ”。” ”egattτe 

real ’“‘mbers then 

+1 ,. ..,. ,.,_ \ • 11 ,-. :, ((afl))"x ).I [ .F.[(a.) ; (bJ ; x j - r; " - p" ,. ]2:0, 
F pL \-P' ' \V p' ' II-:'O----rt힘Fr 

(5) 

Jor all xεR， alld n= 1, 2, 3, 

PROOF. The preceeding Lemma shows that (5) is valid for p= O. When p* O 

and ((a.)) ,=O inequal ity (5) is an identity and there is no more to 5ay. On 
P" 1 

the other hand, when p=f:.O and the two sequences are such that 까>a，>O for 

each ; = 1,2, ‘ ,þ then it is admiss ible to appl)' the representation Theorem A, 
p-times to the inequality (4) of the Lemma so obtaining the result (5) ‘ 

The next s tep is 10 show that the inequality restrictions on Ihe parameters 

a, and bl can te eased. ThlS can te achieved by noung mat there are no such 
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res tr ictions for a oFo( x) and then to use an inductive proof based on the above 

resul t. To begin, suppose that inequali ty in (5) is valid wi th Qi' 까>0 for each 

.. Fm(x) with 111=0,1, ... ,þ - l. Thea by applying the relation (3) of Theorem 

A , it is see i1 that the Iunction p'앙(x) sat isfies (5) whenever bp>ap and where 

ap> O 

χow it is well known that .F ’S satisfy a simple three-term recurrence rela tion 
p p 

((aJ) ,x 
appFi(ap) ; (bq) ; xJ+ -'ii쉰f- pFq [ (l-ap) , (1+bq) ; z ] 

’ ‘ =appFq[(ap_I)' l+ap ; (bq) ; x; 

See Luke μ ， p160~ . This can be used to infer 비:H their remainders satisfy a 

similar type of relat ion. In particular, On e :tmlting coefficie,ts of x '\ it is 

found that 

얻 ((a‘ )) .x' ((aJ) ,x 걱 ((l+ aJ).x' n Y' • ' - -p ν --1.- " ~pf' 1-- Y'" - -p ν 

-κ~';;+l l(힘간! ' -(힘)) 1ν:η( l-rb;ι!J! 

엎 (I ~aJ.((a . ,)) .. Xν 
=a ~ I: ~ ___ ~~:..~' -Þ-_l:"":"二 (6)

p ，김+1 힘~Wp_/j‘v 1 

for 11 = 0,1,2, ... and provided that each series is meaningful (by which is meant 

thal n。 bl IS a negative integer and 써at the series converges for some x+O,. 

Or else it terminates or termi nated) , 

Now from (5) and the inducti ve hypothesis it can èe deduced that 

∞ ((aJ) .. xν a .... xn -r-\ 1: \\U p)J .. ;{. 흐 0， 
P ‘~n+ 1 ((μ)) ，ν 1 

and 

((aJ ‘ n+2 ~ ((1 • a‘) ‘ x” 
→~X"T‘ r →~二ι=-- > 0. 11 = 1. 2. 3. 
((잉 l ; ” (14%))t!- ’ ”’ 

for ι>앙 where ap>O. Hence it follows, after multiply ing (6) by x n+1 that 

"+1 얻 (l+aJ.((a •. , )).x' 
y" ' .' - P' I.I ←p-:!"~- 2 0, for all 11 = 1,2,3 

l.I=~-l--(강)7(b~I))';; ’ -
Hence, on using (6) a number of times it appears that the inequality restriction 

상>잉 lS n。 longer needed to establish (5) as long as each al and bl IS non­

negative 

THEORHl 2. Let !ai ) Q lId !bj } be l!ν0， ，ν ith {a i } possibly tlull, sequences of 

non-negative real numbers thell , for p< q 
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’ ((a .l) .x“ ‘ 

x"+I[.F.[(aJ ; (bJ ; x J - ε →드ξ二=--J 
p q p q ”=o ( b Lν , . 

Jor all .，드R， and n= 1,2,3, 

PRoor. This is based on a repeated application of a principle of confluence 

as applied to the particular hyperge:>metric function .F.(x) discussed in the P- P 
previous theorem, namely 

af3￡p%nap-l) ， ap , (%) , 뚱J=P_I감[(ap_ l ) ; (bq) ; xJ 

for Þ=I ,2, ‘ .. ,q and all xER , see Luke [4, pl80] . 

The next step is to look at theorems which apply in case þ> q 

THEORE:M 3. Let {oi J and 얘기 be tulo, 1Vlth lbll POSS1bly ,lull, seqlterlees WIth 

ai , 꺼.>0 Jor i , j=1 ,2, ... ,þ, .p+I E R and -1<',< 1, 샤en 

!. ((a“‘ ) xν 
(a l'l-l..) ... -I.. 1X"T~ L. .l. IF，， ~(a .J， a ,, -,-, ; (bJ ; x~~ I: 二F되ζ:.:;...~ O ， (7) 

P ’ P-i- 1 ' \ ~P ’ v=oτ파πv' 
Jor η=] ， 2 ， 3 ， 

PRoor. From the enveloping property of the Binomial expansion (l) it 

follows that 

(a • • .J .. Xν 
(au .J •. ， Xη+l [ F [a , - , z ] Z -」소~~O， 
þ+l'n+l~ ~ r OL-P +J ' v~o 

for _,<1 and any ap+，εR. On appJying the integral transformation referred to 

as equation (3) 이 Theorem A. þ- ti!TIes in succession and then the repeated 
application of (6) a suitable number of times the inequaJity in (7) is proven 

The further restriction on .'1: arises from a convergence conditio!1 which has to­

be placed on the integrals in quest ion 

THEORE:IIr 4. Let {ai } alld 써 be two, þossibly null, sequences 0/ real nunψers ， 

then 
((aJ). . . n+ I _ __ . . !'. ((aJ l..x' 

ZnT l • F.:(a.l ; (b.l ; x ]- í: ::~;::ι.:...~O， 
((bq))n4l ? q p q ν~o ((bqll ，ν! ’ 

(8) 

for n= (m , l) , (m + 2) , ... , where m ‘s the smallest positiνe integer /or which each 

term oJ the seq“eηces a .. + m + 1, b ; ..L m+ 1 is þositive aηd b.;*O， -1 ， ~2 ， ... and 
1 

(i) Jor all real x , when Þ드q 

(ii) Jor -1<x<1 when þ= q+ l. 

(ii i) Jor all x iJ þ> q+ 1 allψor the series terminates since then the term in the-
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large squared brackets is idelltically zero. 

ln case p= q+ 1 tαth -1< x<1 the Theorem 1IIay apply with a smaller value 01 
” if there e1ists a” m=M uhich tS Sach that each term m the sequence lbl+ M+ 

l} is þositive Qnd all but QJle term in the sequence {a:. +!\1 + l} is positive 

PROOF. The 떠se \vhen a ,' and 꺼 are all positive 퍼 contained in the earlier 

part of this paper. Hence, it is sufficient to assume that either Qne or mQre 

of the Qi ’s Or the 까’s is negative. Clearly it is always possible to ch∞se a 

positi ve integer 1n such that all memters of the sequences bj+ 1Jl+ 1 and ai + m+ 1 

are positive. In that case Theorems can ce used to show that 
(( a.+ m+ l)) __ , n~l 

'"‘ [.F.[(a.+m'..l); (b.+ 1II + 1) ; xJ 
(( bq +…+ l ))t+l p q p 

?'., ((a ι+m+ l)) "xν 
- ζ p . '11 는O 

).I~O ((bq+m + l)) ).Iv! 

under the conditions given in the statement of the Theorem 

Now on applying the transformation 

((a. + 끼))， r X 

( q+ ”‘ : L p%〔(람 111 수 1) ; (b센↓+1) ; t ]dt 

= ß J(a. 7 m); (b_+ m); x ]- 1 p- q' ' - P 

to the inequality (9) , (111 + 1) times the result foll。、.vs

(9) 

The second part of the Theorem is an immediate consequence of Theorem 3 

It is worth noting that Theorem 4 cannot, in general , te strengthen in the 
sense that (8) does not always remain true for values of 115,", . This is easily 
proved by looking at a particular example. Thus 

3Z 1 
3x2 X 3 q?4 q-5 ,Fj (-1. 5,1; -3.5 ; x)= l+ τT합 꿇+좋+→-+ ... for Ixl < 1 

and, if the theorem were appl icable for n=2, this would imply that 

x
3 

_ 

3x' . 3x5 , 
강훈는강5 + ~7 for some .1: in 0드Z드l 

a result which is false when x = O.2. 

3. Examples 

The theorems in the previous section may be used to verify the one-sided 
(', 이 approximations 10 Bessel functions J.(x) and to Jacobi polynomials Pn'.' "'(x) 

.as referred to by .'\skey [!J. For, since 

(xI2)" ~ r J.(x) =념하늙)OFj[- ; a+l; -x"/ 4]. for a> -1 and x20, 
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a simple application of Theorem 2 implies that 

"'+. + Ir ’ (- 1) ' (x / 2) U" . <I 1 
(-l)RIJa(x)-E。 rν十;~ï')v ! J ~O . for a>- I. x~O 

with n = l ， ι3 •.... Observe that (x / 2)' and J. (x) are underlined for x= O if a< O. 

('，이 (a+ l) ", v 
P", 써=각r푸'1 [- 1Jl, 11l + a+ ß+ 1 ; a+ 1 ; 숭(1 - x) 1 

for α ， β• xER and m= O.I. 2 •...• an applcation of Theorem 3 leads to 

n+Jr 어， ß ) ，_， (a + l) '" ;. - m) ν (m+a+ß+ l ) ν (1 - x) • 
( - 1) "T' IP _,",,, (x) - •_.. ι U 년O. 

l m …• .=0 2'(a+ l ) ，이 」

for a+ ,8> -I. a> - I. - 1< x < 1 and 11 = 1. 2. 3 • ... ’11. 
Some interesting extensions of these inequali ties are obtainabJe from 

identities relating to a product of hypergeometric functions. Thus it is known 

that 

( x/2)'+β I:" ra...;...ß+ 2 a +ß...;... l. _ 1 . ". 1 _ I D I "1 . _21 
J (1 )J (z)=-----←一 ,Fr ;;뚜-" -' ; a-:- l; ,8+ 1. a+ß+ l ; -x<1 ß'- ' - F(a+ l ) F (화 1 ) r 3l 2 ’ 2 • - , .. > r- ' . , - I r- • ... . ... J 

for a. ,6> - 1 and x~O. see Luke [4. p314] 

Hence. from Theorem 2 it follows that 

/ α+ß+ 2 \ / a + ,8+ 1 \ a 「 ” l--까'-'-"- ) { -"'--'츄~ ) (_l) lo'x :,:
v

1-
a

-t P ~ 
(- 1)"+ IIJ_(x)J ,(x) - ε \ Z /아 /u 넌O. 

“ F ν=0 Z'< TμF(a+ 1+ν) F(얘+ 1+ν)(a+ ;3+ 1)，이 」

under the same conditions as stated above with n= 1,2,3, .. ’ 

Again the product of two Jacobi polynomial s 

Pm(a,al(1) Pm(g,al(I ) (a+1)m(8+ l ) ’” 
m! m’ 

.F3[- m. +(a+ ,8+ 1) . +(a+ ß+ 2). m+a. ;3+ 1 ; 

a+1, P+1, a +g+1 , l - x zj , 
for a ,,8,xER and m= O, 1,2, ... , see Koornwinder [3] . Hence, from T heorem 3,. 

it is seen that 

r n (a ，이 (β， a) 
( - W'IP，꺼 (x) Pm'"' "' (x ) 

(a + l )_ (8+ 1)_ … … 
m! ’n! 

( a+ ，~+ ! \ ( a+ß+ 2 \ 간 ( -씨 ( -"'--'공-")(~우L:) (m+ a ÷ a + l)v(l - z2)” 
" 、 ‘ '" 、 ‘ /ν ，~ n 

'':::0 (a + 1),(ß : 1) ， ( a'댐피τv! J""v 
for a. ,6> - I. - .;τ <x< ';강 and n== l , 2,3, ... ,m. Observe that this inequality 
is fal se when n= O and l<x<';τ-
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