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A SIMPLE PROOF OF KNOPP AND SIl\KHOR:\'’S THEOREl이 

By Suk Geun Hwang 

Let 4 denote the ”-square matrix all of whose entries are 움 and 

o I 남r 낭r 

T.= I 딛r 

l 강-1 
끼← 2 , 

”• l ‘.-, 
Let Q, den。te the set 。f all R square d。ubly stochastic matrices and 

0!J.= {X= [x.)EO.1 xll = O} . 

A matrix A E 0!J. is called a minimizing matrix on 00. if perA르perX lor 

all XEoQ •. 

P. Knopp and R. Sinkhorn have proved the lollowing 

THEOREM [3]. If n르4 ， T n is the unique mini11lizing matrix on òQ’‘ 
By using the limit process with one 01 their old results in [4], namely, 

LEMMA [4] . lf n르4 ， perX has a local strict minimum at T n on the boundary 

01 !}n' and h~nce On òQn 

ln this note, ‘.ve shall provide an elementary combinatorial proof of the 

uniqueness part 01 the theorem without using their lemma. An n-쩍uare matnx 

is c떠led f비 ly indecomposable if it does not ∞ntain an s X 1 zero submatrix 

with s+ t=ι For an n-square (0, 1) -matrix D, define 

Q(D)={XεQ” 1 X흐D}. 

For an I/-square matrix A, A(i, j) will stand for the (n-l)-square matrix 

obtained from A by stri king out the rOw i and the column j. 

LEMMA 1. [Foregger. 2] . Let D= [d .. J be an n-square. J끼dly indecomposable 
‘1 

(0, 1) -matrix, Qnd let A =[a,) be a minimizillg matrix 01l Q(D). 11, for some 

i , i , 이l= l , theR 
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perA(1, J) =perA 1f al1>0, 
perA (i, j)은perA if aij=O. 

94 

LEMMA 2. [Minc, 5J. Let D= [카， __ _ , dn] and 11 

1 f , for $ome k등n， dJ= '- -= d", thell , /or any Þ등k ， A(JJ!,!l __ .l i k' ---J ~=_ .• . . '-p'-"-n- p 

matrix On Q(D). A similar statement holds /or rOW$_ 

the same as in Lemma L be 

Wec‘m easily prove the following lemma as a corollary of Lemma 2 

Thetl , /or any LEMMA 3‘ Let n르3 ， and let A be a millimizing 11’atrtX OIz aQn· 

.', þ츠n-l ， 

(l， (f)Jk잉In _ k_ ， )A (1，8Jp송In p- l ) 
is a minimizing matrix on òQn" 

PROOF OF THEOREM. Jt is c1ear, by Lemma 3, that T n is minimizing matrix 

on òQn- vVe are to show that T n is the unique minimizing matrix On oQn-

Let A= [ai;l be a minimizing matrix on ðQ.. We c1aim , first, that for all 

1 
ai }는김-1 . 

without loss of general ity , 

i=2
’ “ ’”’ 

we may assume that 

on ðQ 
n 

matrix B is a minimizing Then, 

For, suppose no t. Then , 

‘ 1 
a . >•• -•( 

11 1 ...... n- l 

Let B = (1，밍J._ ，fÐl ， )A (1 ,(f)J 0-'). 

by Lemma 3, which has the form 

a 

a 

a 

a 

c 

c 
B = 

b nn 

Since a_ ，>~， we have c<~， and hence a>---.!!.二효_. nl ""'- n - l (n-1) 

치
 

l o 
-

서
 

a 

Thus 

perB(n, 1) = (n-2)! a
n- 2 

>(n-2)!( .....!'.퍼니
11 -2 야rT. 

、 (n-1)< / ’ 
contradicting the minimality of perB by Lemma 1. So, the c1aim is proved. 
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Thus we have 
1 

-껴
 

씨
 

1 
긴
 

a 

” since 1:: a,., = 1. Similary we can show that 
'-= 2 .• 

l a ._=."=a. =--.-
12 ‘ ln n- l' 

η 2 
Now, let’s show that a;;= ." '"' . ') for all i , }= 2, ... , η Suppose no t. Then, 

.， η-1)" 

we may asswne, without loss of generality, that a .... > ...!:..二으，. Let 
"'. (n - l )" 

C= (I/fYn_2잉I ， )A (J，잉'Jn_iB/j ) 

Then C is a minimizing matrix on òQn which Iooks like 

1 1 
n- I I 11 • l 

4 
-4 

η
 • ” 

> a m 。
。

we have d>...!!.二느 as before. Thus we have 
(n-I) ‘ 
, - " 、

perC( >I, η) =(끔딘 (n-3) 'dn
- J 

= (n - 2) ，...!!.二즈τ dn- 3 

(11 - 1)" 

> (n-2)!( ...!!.표，)’-2 야rT_， 
、 (11- 1 )‘ 

contradicting Lemma 1 again ‘ Hence 

4 ... 흐J二으τ for all i, j: 2닫， J학， which imply a‘ ’ n二~ for all i, j ., (n-I)" ., (n-I) ‘ 

2듣 1 ， J르n ， as cefore. Thus .4=Tn, completing the proof. 

In [6], several proofs of the van der Waerden ’s conjecture 

If XEQn and X i=J n, then per X > perJn, which has recently been solved by 

Egorycev [1], are listed. A slight modification of the Egorycev ’s proof of the 
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van der Waerden’s conjecture can be made to produce another proof which is 

different from those in [6], as follows ‘ 

If A= [alI] eQn is a mIImillZing matrlX on Qη ， then, as before, i t must be 

that a ìj르~ for all i , j=l, ... , η ， which 찌 

Kyungpook Universi ty 
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