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S-CLOSEDNESS IN BITOP OLOGICAL SP ACES 

ßy A. S. Mashhour. F . H. Khedr. 1. A. Hasane in. and A. A. Allam 

1. Introduction 

Let S be a subset of a topological space (X. T). S is said to be semi.open [3]. 

if for some opcn set U. UζSζclU. S is an α-sel [5] (resp. prcopen [4]). if 

SCinl (cI (int(S))) ( resp. Sζint(cJ (S))). Obviously. every a -set is semi 'opcn 

and preopen. The fam iJy of all semi'open sets (resμ α.scts. preopen sets) in 

(X. T) is denoted by SO(T) (resp. a (T). P O(T)). A lopological space (X. T) is 

ca lIed S.cJosed [1이 if for every semi.open cover (U U' : aε찌 of X there exisls 

a finite subset 'V 0 of '\1 such that X = U [cI(U a) : a드Vo] ' A subset S of a space 

X is regular open resp. rcgular closed) if int (cI (S))=S (resp. CJ (int(S))=S). 

l.et S be a subset of a bitopologicaI space (X. Tl' T2). The cJosure and the interior 

of S wilh respect to τi are denoted by Ti-cJ (S) and T(int(S). respective ly. 

i = 1. 2. However. Ti'cJ (S) ( resp. T(int(S)) will bc denoted by cJ(S)(resp. int 

(S) ) for the simpJicity if the meaning is expJicit. 

Thc fo lIowing results are established by T. Noiri. 

TH EOREM A. 기 An opell sel G 01 a lopological space X is S-closed Ifl 
il is S.closed relalive 10 X 

THEOREM B. [8J An a'set A 01 a topological sþoce X is an S-closed subspace 

Ifl il is S-closed relalive 10 X. 

THEOREM C. [8] Lel A and X o be open sels 01 a space X s“ch Ihat AζXrr 
Then A is an S-closed subsþace 01 Xo ill A is all S-closed subsþace 01 X. 

10 this paper, we introd uce and study S.closedness in bitopological spaces. 

Also. we gencralize thc ab::>vc rcsults and introduce the generalization forms 

in bitopologica l spaces. 

Throughout the paper. 'V w ilI stand for an index set and '\10' a finite subset 

of '\1 

2. S-cIosed bi topological spaces 

DEFINlTION 2. 1. A fam iJy .:r of ;ub;e ls of a bitopologicaI space (X. T,. T2) 
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is ca lIed '.' _ scmi oþell. if JTcSO('j) USO('2) ' If. in addition. .:T conta ins at 

leasl onc nonemply membcr of SO(, j) and al least one nonempty member of 

SO(.')) . Îl is callcd a pairwise semi-open family. 

A r1:-:.!-semi-open co\'er, a pairwisc serni'open cover. a Tpzregular closed 

.covcr and a pai rwisc regular closed cover are defined sirnilarly. 

DEFI:\IT!OK 2.2. A bitopological spacc (X. '1' 딘) is said to be þairwise 

S-closed if for every pairwise semi-open cover {U ct : aE찌 o[ X , 、"e have Xc 

U(c1 (Ua) : a EVO} , lf for cvery 'j'2-5Omi-open cover (Ua α드\' ) . XCU (c1 

(Ua) : aEVol. then (X. '" '2) is called M-þairωise S-closed. 

DEFINITION 2. 3. [1} In a bitopological space (X. 간， 갇) :1 is rcgular with‘ 
resþecl 10 '2' if for every point xEX and each 'Cclo5Où sct F such that xf1; F 

there exist a ,(opcn set U and a '2-open 50t V such that xEU. FCV and un 
V =rþ. The space is pairwisc regular if "1 is regular \vith respect to 1"2 and T2 
is regulal 、vith respeCl to '1' 

EXAMPLE 2. 1. Let X be an infinile 5O t. η= lhe discrele lopology and 딘= 

[X , UCX : pfEU [or a fixed point pεX) . Then (X , ']' 견) is not pairwise 

S-c1oscd fo r. Ict ((x) : xEX, x용p} C，~ and [(P)} C 'j' Then I {x } : xεX， x r' p} U 

{Ip}} is painvi50 5Omi-open cover and there is no finile subfamily lhe c10sures 

()f 、，-ho5O members cover X , Since '2-c1 lx) = Ix}. for every xEX and '1-c1 lp} 

= (P) . 

EXAMPLE 2.2. Let X be an infinite sct, η = lhe discrele lopology and 

'2= IØ. UζX : PEU. for a fixed point pEX}. Then (X , 'j' 딘) is pall ‘,VlSC 

S-closed but not pairwise compact [or, {{x } : xEX} is a pairwisc opcn co\'er 

which has no finite subcover. 

EXA~1PLE 2.2 shows that a pairwise S-c105Od space may nol be pairwise 

oCompact. The following theorem proves that a pairwisc $-c1osed pairwi:;e regular 

space is paìrwise compact. 

THEOREM 2. 1. A pairwise S-c/osed pairwise regular space(X, '1' '2) is pair

.wise compact 

PROOF. Let (U a : aE끼 be a pairwise open cover of X. Since X is pairwise 

regular, then for every ，ιopen set U ct and xEU ct there exists a 'i-ope n 않1 W a 
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such tha'- "EWaζtrclWaCUa' for evcry aEV : i , j = l, 2: i잊}， Then {W a : 

a E V'} is pairwisc scmi-open cover of X. Sincc X is pa irwise S-closed. then 

XCU (cl(Wa) : aEVolC U {Ua : aEVol , This shows that X is pairwise compact 

In [2J. Kim provcs that every pairwisc compact pairwisc regular space is 

pairwi,e normal. Now, from Thcorem 2.1, wc can state the following corollary. 

COROLLARY 2. 1. A þairwise S.closed ’alrwzse regιlar sþace is þat'rwise normal. 

THEOREM 2.2. A bitoþological space (X , t" '2) is pairwise S.c/osed zfl every 

þairwise regular closed CO lJcr 01 X has a fi’uïc suhcover. 

PROOF. Follows from thc fact that cvery rcgular closcd sct is scmi'open. 

THEOREM 2. 3. A bitopological space (X. '" ，~) is M'pairwise S.c/osed ill il 

is pairwise S'c/osed, (X . '1) is S .closed alld (X, ,} is S'c/osed. 

PROOF. N ecessily. Let 1/ bc any one 0 1' thc followi ng tbrcc typcs of covers 

for X (i) pairwise semi-opcn (ii) :-(semi-open (iii) T:fscm i-open. In each case. 

ι IS a τlτ~-semi-opcn covcr of X. Thcn. XζU (cJ(U a) : aEVol . Ilcnce, (X, 

T 1• ~~) is pair、vise S.closcd. ( X , τ1) is S'closcd. 

Stt/[iciency. Let ι= {U a : aEVl bc a tl'z' scmi'oren cover of X. Then W is 

palnv!se semlopen or rl-semi-open or T2-semi open. In each case- XCU {cl(Ua) 

: αEVol and hcncc (X , '" tz) is M.pai rwise S.closcd. 

COROLLARY 2. 2. A bilopological space (X , '1 ' 'z) is M 'pairwise S.c/osed Ifl 

.every τl-=;!-regιlar c/oscd cover 0/ x Itas a /illilc subcover. 

3. Remarks on S .closcd subspaccs 

Let A be a subsct of a topological space ( X , t) . The rela니 ve topology induccd 

on , by A is denoted by t/ A and (A , t/ A ) indicates the subspacc of (X , ,). 
lf (A. t/A ) is a subspace of (X , t) , then by clA( ) we mcans the closure 

、，vith rcspect to r/ A. ‘ / 
LE~[MA 3. 1. [6J l[ A is a preopen sel in X , Ihen c/(V) nAccl(VnA ) , [or 

every semi-open sel V in X. 

LEMMA 3.2. [6J 1[ A and B are subsels 01 X sαch thal ACB and A preopen 

jn X. then A is preopen in B. 

LEMMA 3.3. [6J 11 B is a preopen sel 찌 X , Ihen xnB is semi.open in B, 
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for every semi~o.ρe1Z set V in X. 

As generalization of Theorems A. B and C we have the following resul ts. 

THEOREM 3. 1. A preoþell sel A of a lopological sþace (X. T) is an S-closeá 

subsþace 'ff il is S-closed relalive 10 X . 

PROOF. Necess‘Iy. Let (Va ’ aEV) be a cover of A by semi-open 잊ts of X. 

Since A is preopen in X . by Lemma 3.3 vanA is semi-open in A for each 

aEV. Since A is S-cJosed. then A=U [clA (VanA) : aεVo)' Therefore. we have 

ACU [cJ (Va ) : aE깨 . This shows that A is S-cJosed relative to X. 

Sκfficiellcy. Let [U a : aEV) be a cover of A by semi-open 않ts o[ the subspace 

A. For each aEV. there exists a semi-open set Va in X such that VanA =Ua 
[9. Thcorcm 3.2) . Since ACU (Va : aEV) and A is S-cJosed relative to X. lhen 

AζU [c lV a : aEVo) ' Since A is preo야n in X and by making use of Lemma 

3.1. we obtain cJ(VanA)ζcJA(Ua) and hence A = U [cJ A(Ua): aEVo) ' This 

shows that A is an S-cJosed subspace of X. 

COROLLARY 3. 1. An a-sel A of a lopological sρace (X. T) is all S-closed sub

sþace 'ff il is S-closed relalive 10 X. 

THEOREM 3.2. Lel A and B be s“bsels of X such 1 hal AζB and B þreoþen in 
X. Then A is S-closed relalive 10 Ihe sιbsþace B iff A is S-closed relalive 10 X. 

PR∞F. Necessily. Let (Va: aEV) be a cover o[ A by semi'open 않ts of X. 

By Lcmma 3.3. va nB is semi' open in B for each aEV and AC U (Va nB : aE 

V). Since A is S.closed re lative to B. thcn. ACU [cJ B(Van B) : aEV，이 .T‘ her

efore, ‘ve have ACU [cJ (Va ) : aEVo)' This shows that A is S.cJosed relative 

to X. 

Sufficiellcy. Let [Ua : aEV) be a cover of A by semi' opcn 않lS o[ lhc subspace 

B. For each aEV. there exists a semi' open 않t Va in X such lhat Ua =VanB 

[9. Theorem 3. 2]. Since ACU {Va :aEV) and A isS.cJoscd rc lativc lOX. lhen 

ACU (cJVa:aεVo ) ' By making use of Lemma 3.1. WC obtain cl(Va)nBCcJ B 

(Ua ) and hence AcU [cJøUa : aEVo) ' This shows that A is S.cJosed relative 

to B. 

COROLLARY 3.2. Lel A and B be preoþen subsels of X such Ihal AζB. Then 

A is an S.closed subspace of B iff A is an S .closed subsþace of X. 
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PROOF. Follows from Lcmma 3.2, Theorem 3.1 and Theorem 3.2 

4. S .closed subspaces in bitopological spaces 

DEFIN ITlOI< 4. I. A subscl S of μ bitopological spacc (X , ηr.) is pairwise 

S'closed relalive 10 X if for evcry pairwisc scmi opcn ( in X ) covcr {U a : aE 'ï7J 

。f S, we havc SC U (c l(U“) : aE 'ï7uJ. 

THEOREM 4. I. A ,( regular opeu subsel 01 a pairwise S.c/osed space (X , ' 1' ' z) 

is ',.-S'c/osed, Ci, j = l , 2, i o;éj). 

PROOF. Lct K bc a 1" 이JCr ',reg ular open subse l of X and {Ua : αE'ï7 J be 

a r {seml-open cover 이 K . Then (Ua : aεVJ UX\K is a pairwise semi 이:>CI1 

cover of X. Then X = U {c1 (Ua) : aε'ï7uJ U (X \ K) , This implies Kζ U{c1 (Ua) : 

aE 'ï7ol . '1‘ hcrcfore. K is ,(S.c1oscd. 

THEOJ~E .\1 4. 2. Lel A and B be Iwo subsels 01 X sucll IlIal A is þairwise 

S'c/osed relalive 10 X and B ，ιregular oþeι Tllen AnB is ,(S'c/osed relalive 

10 X , Ci, j = l. 2, i￥j). 

PR∞F. Lct {U ,, : aE 'ï71 bc a ,{ scmi.open covcr of AnB. Since X \ B is T( 
l 

regul“r c1o>c,J thcn X \ B is Tιscmi opcn and AC [U [U a : aE 'ï71 J U (X \ B) . Sincc 

A is pairwisc Sιlo>cù rclalivc to X , thcn AC [U (c1 (U a) : aεV이 JUX\B. 

There forc, AnBc二 U (c l(U a) : aE 'ï7vJ and hcncc the lhcorcm, 

Let (X , '" ,) bc “ bitopolog ical spacc, ACX, we say that A is pairwisc 

이)en ( rc:i jl. I'fC 0pC: I. scml U ).>C O. c tc. ) if A is 이}c u (rcsp. prcopeu, 않1l1l-이)cn ， 

ctc. ) ‘.\' ith rC :ipCCL Lo bOlh T, and T2, 

From the gcnerali zalions 01' Thcorcrns A. B and C we have the following 

results În bi topolo셔 ical Sp.1 CC:; 

TIIEOR J까J J. J. Lel A be “ þairwisl1 þreoþcn sel i1z t1ze bitoþological sþace (X , 
r l' r} . 1‘hCIl A is a pairwise S c/osed s“bsþace ill A is þairwise S'closed relalive 

10 (X , '" 'z) ' 

PROOI'. N ecessily. Lcl IU a : aE 'ï71 bc a pairwise scmi.open (in X) cover of 

A. Sincc 1 is p lÎ l' wisc jlfCopcn. thcn by Lemma 3.2 fAnU{f : aε'ï7 J is a pair 

wise scmi-opc !l ( ill .4 ) covcr uf .-1. Sì nce ( A. r/A. !:/A ) Îs pairwisc S-clo5ed , 

thcn AcU (c1 A(U anA ) : aε'ï7ul . 1‘ hercfore, wc havc AζU IcI(U a) : aE 'ï70J. 
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Hence A is pairwise S'c losed relative to X. 
Sttfficiellcy. Lel IU a ’ aεV) be a pairwise semi'open (in A) cover of A. For 

each r,lA-semi open SCl Uu' thcrc cxisls ‘l ζ ::ieml 이)cn 5ct V. such that V.nA 

=U. [9 Thcorcm3.2J, i = 1. 2. Then ACUIV. : aE 'i7}. Since A is pairwise 

S.closcd rclati\’e LOX. thcn AζU :clVa αEVJ. By Lemma 3.l, cI(Va) nAc=clA 

(U) and hence A=U ldA(Ua): αEY L}' Thcn (A , ~ / A , 'j A) is pairwi5e S 

cJosed , 

COROL I.ARY 4,1. Lel A be a þairwise α'sel 01 a biloþological space (X , '1' ,), 

Tilell , A is a Þιl fl.“se S c/osetl sltóspace 01 X ill A is þairwise S'c/osed relalive 

10 X , 

THEOREM 4, 4. Lel B be a þairwise þreoþell s/lbsel 01 Iile bilOþological sþace 

(X , '1' '2)' alld ACB. Tilell A is þairwise S'closed relalive 10 B .JI A is þair' 

wise S-close relative 10 X . 

PROOF. N ecessily. Let IU. ’ aεV'} bc a pairwise semi'open ( in X) cover of 

A , By Lemma 3, 3 [Bnu. ’ aε'i7} is a pail 、，VI SC scml 이lC n (in B) cover of A 

Sincc A i5 p~irwise S closcJ rclativc to B , lhcn ACU IcIB(U.nB): aE 'i7ol . 
Therefore, ACU (cJ (U.) : aEV'o}' J1ence. A is pair\\'isc S.cJosed rclative to B. 

Sltjliciency. Lct {U.: aE 'i7} bc a paiwisc semi'opcn (in B) Covcr of A. For 

eac h r/B-sem i-opcn sel U . thcre exists a 'l"{scmi-opcn scL Va such that U a= 
v.n B. aEV' and i = l . 2. Sincc ACU IV.: aE 'i7o} and A is 까li rwise S-closed 

relativc to X. then AζU (cJ (Va) : aE 'i7o}' l3y Lemma 3. 1. cJ (v.)nBCcJ B(U.) 
and thercfore. AC U (cl B(U.) : aEVol. Ilencc. A is pairwise S.cJoscd relative 

to B. 

COROLLARY 4. 2. Lel A alld B be þairwise þreoþell s1tbsels 01 a bilopological 
space (X. 

'" 
낀) s1tcil t1zal ACB. Tilen A is “ þaiTiuise S'c/osed s/lbsþace 01 B 

.JI A is a þairwise S.closed subspace 01 X. 

Assiut University 

Egypt 
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