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，)~ THE ERROR ANA LYSIS OF SOME PIECEWISE CUBIC 
I:\'TEHPOLATING POLYNOJ1 IALS‘ 

By Ha-Jine Kimn and Hong Gi Kim 

L Introcluction 

The studies on the in terpolating polynomials p(l). which interpolate real 

funclion [ ( t) at the evenly spacing given knots; 

π : 0=10 < 11 <…… <In= b 

、，.ith the constraints; 

(1) 

(2) 

(3) 

p(I;) =[(1;) . (;=0. 1 • ..... . n). 

κ(1;)=1'(1;). (; = 0. 1. …"n). 

p(l) is twicc diffcrcntiablc. 

arc vcry intcrcsting to applied mathcmatician. From the HoIIaday’ s minimum 

cur、 at u ro propcrty lheorem [4J such polynomials are callcd cubic inlerpololing 
polyuomlals. 
B、 lhr òdinition of good approximation . lhc intcrpolating polynomial p(i ) 

“ ith thc’ ('onst raints must be provided 1I [(I) -P(l) 11 for a sufficicntl v small 

' >0. 、vhcrc .1 . 11 is the Tchcbychcff norm. However the graphs of 5uch a 

intcrpob tin~ rol~.nomial p(t) divcrge evcn if E is sma ll cnough and force lO 

QCCUf so ca l1ed the Rungc-Méray phcnomcna wh ich oscilalc at thc ends of knols 

、，\'Îth large vibralion [6] . It has becn known lh :lt the piecewisc intcrpolating 

polynomiuls can bc avoided this phcnomcna. 

In l~i " rapcr. 、\'e dcrive the crror bounds 1: [(t) -þ(l) 1I for thrcc ma jor 

plCCC“ ISl. tntcrpolating polynomials þ(t). i. c. the piecewi5c cubic Lagrangc 

polynoffiwl lhe piecewise cubic Hermitc polynomial and tÌi.C cubic B-splinc 

which havc thc good approx imation to [ (t ) using the Rolle’ s thcorcm even 

though the error bounds for such p이ynomials have bccn dcr ivcd already using 

diviàcd differencc method by other authors. 

2. The error ana lysis on thc piecewise cubic Lagrangc polynomial 

DEFJ :-I JTJON 2. 1. Given real function [ (1) and four evenly spacing knots 

... This rcsearch is partiaJly supported by thc Korca Sc ience and Enginccring Foundation 
Rescarch ιrant ， 1981-1982 
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t ,. <ti+l < 1; +2<1;+3 of the partition π of [a. bJ. a polynomial IsCt) of degrec 3 

solving thc interpolation problem 

13(1,+,) =/(1,+,). 0든h든3. 1 ，ε [a. b] = [10' 13d] 

where d is Lhc number of subintervals. is called the piecewise cubic Lagrange 

inlerþolaling þolynomial to /(1) . 

lt has bccn known that 
3 

13(1) =담(I'+k) li+k(l) ’ i=l •.. ... . d. 

where li +k(t) is Lagrangian (0 든k르3) exist and is unique [5] . 

LEMMA 2. 1. Lel /(t)εc' [a. bJ. Tlzen Ihere exisl a t ill Ihe stlbinterval 

[1,. li+3] 0/ [a. bJ slIch Ihat 

‘.(,1),. p 、
/ (1) -13(야ζ딸2...(1 씨-li + 1)(서싸1-싸· 

PROOF. Let ï ,,: l i • li+ l' li+2' ti+3 be a point in [1,. li+3]' Wc define the 

function g(t) by 

g (t) = (I,(t) - / (t)) - 보ι.~ CI,(l)-f(ï)) j\.W .I J ".1.1 w(ï) " ' j 

where w(t)=(I - I ,)(I-li+) (I -1i+2) (I -I,+3) ' Since g(l ) has five zeros at the 

point t. t i , 1;+ 1' 1;+2' '; +3' thcre a re four zeros of g ’(1) by Rolle’5 thcorcm. 
(3) 

Applying the Rollc’ s theorcm repea tcdl y to g ’ (1 ) g" (t) and g'"'(t). thcre are 

at least one zerOs of /4)(t) in [1,. li +3J . Since IsCl) is a polynomial of degree 
(4) 

3. I'~' (l) = 0. Thus we can 

/4)(1)=_/(')따찮)(130)-/(/)). 

lf we set t to bc /4)(Ç) = 0. 

/4)(0=-/(4)따 

Hence 

/(1)-1/1)=펴퓨2...w(l) 
' .. 0-1 

LEMMA 2. 2. Lel h=~운...!... For IE [Ii • li+3J. 

3! ,,4 
|ω(1) 1= I (1 -li) (t -li + 1)(I- 1i+ 2)(1- Ii+~ I 든-끽~ 



57 

value at one of the distinct three 

Let 씨(Y1) 1 be a ma-

On Illc Error Analysis 

1 ω(1) 1 may has the maximum 

points YI' Yz- Y3 such that I, <y , < 1'+1 <Y2<I,+203 <1i+3' 

ximum value of Iw(l) l. then 

PROOF. 
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Since IY1-1i+21 <211. 

Ej二느l프=과즈 
4 4 

r 

When w(Y2) Or w(YJ) is maximum value. we have the same resul ts. 

LellεC4 1a， b 1. Ihen THEOREM 2. 1. 

where h=ti+1-li 11 1(1) -/3(1) 11든옮 11 1α)1바4 

PR∞F. By Lemma 2.1 and Lemma 2.2, 

11 1 (1) -13(1) 11 =꼼1II (4\I)w(l) 11 

든irll f (4)”꽁114 =옳11 1 (4) lI h4• 

polynomial 

DEFINITION 3. 1. Given real function 1 (1) and two knots 1,<1i+1 of the 

partition π of [a, bJ. a cubic polynomial "3(1) with the constraints: 

Error analysis on t he cubic Hermite interpolating 3. 

h3(1,) =1 (1 ,) . " 3(1i+1) =1(1,+1) 

113’(1,) =['(1;) , "3’ (1' +1) =1 ’(1' +1)' i=O, 1, 2, 3 .. . ...• n, 

;s called the þiecewise c“bic H ermile inlerþolaling þolynomia/ to 1(1). 

It has been known that the "3(1) such that 

" 3(1) = 1 (I) H ,(t) +1(1, + I)Hi+ 1 (1) + [' (I,)G,(t) + f ’(li+1)G'+l(1) 

H'+l(t) =(1-2권늑)(끊늑y 
where 

Hι1)=(1-2깜한)(침한)'. 
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and 

)' t-t ‘ • 、 2 1-1 、 2
G,(I)=(I-t,)( I _;T ' ), G ι ，(1)=(1-μ ，)( I ') \ t..-L. , )' -'+ 1"'-"- -'+1 \ 1, , -1, } . .,.“f “ 

exists and is unique [2J. 

LEMMA 3. 1. Lel!εC'[a， bJ. The /J Ihere exisl ç in [t" I,+,J sιch Ihal 

!(I) - h
3
(1) = L딴L(I _ IψPR∞OOF. L떠e야tE떼(“ω1) =(σfκ찌(“…t 

’w“) = (1 -1까’J)f2(ot-t“I나+꺼lJ)f2. SInce E (“1) vanishcs at I까i' t까’， +“， and ï , E'’τ(1) vanishe앙 s 

a따t f“oωu따r d비，s앞t디incπc따t points 1，’ <Y킨， < y견2 <1μl샤써+“， b이y Rolle’s thcorem. And also E"τ1) 

vanishes at three points, E (3)(1) at two points and E (4)CI) at lcast onc point 
(4) E in (t ì' 'i+1] from the same reaSQn. Since h;j\"'J(t ) =0, we get 

E'4)(l) =!(4)(Ç) _ ([(1)) _ ，，3(1))넓)=0 

Thus 

f따 

That is, 
1' (4)a、 - ’ 

[(1) - 113(1) = .L쉰:스(I - I，)<(t - I，+ ，)‘· 

THEOREM 3. 1. Let fEC4 [a, b1. then 

( 4、

11 !(t) - h3 ( 1) 11드」L」Lh4 Wtth h = t -tl· J'.""- 3δ4 

PR∞F. Since I (t -I,)(I-I‘+,) I 드÷f， ! (t -t，)2(t - tl+l)f드객4 * ’ 16 

Thus 

11 1… 
E짧!Lh4 
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4. Thc crror anaJysis on thc cubic B spline 

DEFINITIO"l 4. 1. Given rea l function [(1) and two knots 1, < 1,+ , of the 

partition :: of [a. bJ. a p31ynomial 53(1) of degree 3 which is twicc continously 

differcn liablc on [t i • t j + 1] wi th thc constraints 

53(1) =[ (1,) . 5ll,+ ,) =[ (1,+,). 

53’(1,) = /’(1,) . 53’(1,+ ,)=/’(1,+,) . 

and 

5{'(1) =["(1). 5t (l ,+ ,) = [ ’ (:;+ 1)' 

is called thc cιbic 5þline i~terpolating [(1). Espccially thc cubic spli nc 
- +, 

5ll)~ε-: .a.B.(I) . wherc B.(I)'5 are basis functions dcfincd by 
k=-1 

(1-1._2)3. i[ 1.-2르t트1.- 1' 

l‘3+ 3112(1 -I._,)+3" (I-I. _ l-3(1- 1._/. .J 1“.-카l 르t르tμ*’ 

B.(/) =월폐~ "터마hμI? -rζ-r 3짜hf끼찌2각…(“μt 
(1“i←_~_1)3’ .J 1>+ ，르t듣tk +2• 
0, clscw here. 

“’ith k = - l. O.1 .... . ‘·’:. 1Z -r- l and lI = t;+I- t;. is called thc cubic B -spline inter

polating to [(1) . Thc a/5 arc dc tcrmined by thc intcrpolating constraintes. 

It has bccn known that thc cubic B-spline exist and is unique [71. 

LEM \IA 4. 1. 1[ [EC' [a. bJ. 1".’‘ 
11써1냐써s허3τ(1ω1) - f'τν(“ω”씨/)…씨)기) 11든꿇11/σ/ (4“써4 

It has pro\、\'잉cd by Birk‘이ho:f and dc Boor [11 . 

LEMMA 4. 2. IffeCl[a, bl , then 

싸1) - 5 J(I)II 듣옳1I [(4) lI h4 wilh " = 1,+, - 1, 

PROOF. Let e(l) =[ (1) - S3(1). then thc "3(1) -S3(1) bccomcs the piecewisc cubic 

Hcrmite interpolation of <(1) [31 . Hencc. for 1 in [1,. I,+,J. wc can writc from 

thc dcfinition 

"3(1) - 5l l) = e( I,)H ,(/) + <(1, + ,)H , +, (1) + e’(I)G;CI) 

+e’(I,+,)G,+ ,(I). 
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Since e(li) =/ (1,) -53(1 i) =0 and e(li +- 1) =/(li+ 1) - 5lli r1) =0, 

"3(1) - 53(1) = c’ (I,)Gi(t) +0’(li + I)Gi+-1 (1) . 
Thus by Lcmma 4. 1 

II h3(1) - 53(1) 11 = 110’ (I ,)G‘(1) +0’(I'+I)G'+-1 (1)11 
르 110'(1, 11 IIG,(I) 11 + 110’(1, +-1) Ii IIGi +1 (1)11 

르화11 / (')lIh3(IJG,(t)U + IIG'+1 (씨) 

Since 따(1) 11 n nd IIG, ,. I (t)ii is lc잃 than or c띠q때 lO -，강g&- lmc잉s워”짜pc짜)c 

11 "미"J(끼(1ωt) -s아싸씨lι씨(“ω”…t)끼끼) 11흐킹꿇렇￡ψ11/ψ1σψ/(“')써)새싸”“h3(~과LL- lh” ) ~) J' . ....... 3 \8 ‘ sJ 

등꿇11 / (')lIh' 

THEORE~1 4. 1. Lel /EC' [a , b J. Ihen 

11 / (1)-

PROOF. From Theorem 3. 1 and Lemma 4. 2, 

5. ConcIusion 

11 /(1) -53(1) 11 =1I(f(1) -hP)) + (hl t) - 53(1m 
든 11 /(1) - " 3(/)iI + !I"it) - 5il) II 

르경&삶싫[-:1 / (α')시\ 1，니내，，'샤+ &끓꾀r낀1σ/ <“페4시세써↑7내lιl 

=옳I낀1I / (')lI h 

By virtue of Thcorem 2. 1. Thcorcm 3. 1 and Theorem 4. 1. wc can concludc 

that the piccc,,'ise cubic Hcnnitc 1l3( /) has the best accuracy to intcrpo latc a 

given real funclion /(1). E。、‘ c、 cr. it is dcsirable to usc the cubic B-splinc 

$3(1) for obtaining thc smoothcst curve fitting because 53(t)Ed [a. bJ even 

though 13(I) EC [a , bJ , "ß)εCI[a. b). 

Ajou University , Su、.\'on ， I\orea 

Chung-Buk National University’ . Chongju, Korea 
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