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A NOTE ON THE PERIODICITY OF SEQUENCES OF DERIVED SETS* 

ßy JoscP Guia 

We generalize the Tucker's dcfinition about the periodicity of lhe consccutive 

derived sets and \\'C prO\'C that 、\'i th l:li :i dcf‘ 10 ‘ tion lhc p.;:r ioJ is als~ !1ot 

greater lhan 2 λforeover . it is sho“ n lhal the pzrioJ not grealer than 1 cha r 

acterizes the T f)l spaces. 

1. DEFL'\JTJO:\'. Let λ bc an ordinal numbcr. A a subset of a lopologIcal 

space. X and dA lhc dcrived sct 01 A . The deri\ cJ 5ct 0; order 2 01 A. 

d^ A. is defincd by transfinte induction in thc i'ollowi n~ way 

dUA =A. d'사A= ddιA. d"A= 기 dιA (μ limil ordina l) 
:.!_~).<μ 

2. PROPOSITIO:\'(see [2]) . A slIbset A 01 a toþ,!o.ica! sþace IIas tilree 

associated scts 

XA =d“ ‘A\d '2n+1A =d:.!"A\ hd:.!II-I,l , Il같 l 

Y A= d"“ A\ d '211A =d '2II-1 A \ /id- ‘ A. ’l르 l 

ZA = k”dA\ lz"dA. ’Z 르 1 
(11 is tlze colzereilce oþcralo" lzA = AndA) 

that vertfy: a) x.nYA=o. xAnZA= D. yAnzA=o 

b) IXAI =I YAI 

c) X AUZA=dA\dA 

RE~1ARK. A 5pace i5 a Tα-5pace if XA=O=Y꺼’ for each 5ub5et A (500 [~J) . 

A 5pace i5 a T fID-5pace if Z A=O. for cach 5ub5et A (500 [3]) . T HD + T IJ' = T lJ' 

3. DEFIKTION- The sequence A. dA. d-A -- , dxA - h ‘ IS þcriod olorder ι 
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and þre'þeriod 01 order a if d ß A ", iA. for a를β<r<a+δ. and if d" A =d"+õ A. 

REMARK . Tuckcr [IJ defines the periodicity without prc' period and only for 

50quences with finite ordinals. The generalizated periodicity defined above is 

nOl superfluous. as it is shown in lhc following exemple: Let X bc thc sub50t 

of lhe rationals numters. with the usual order. x= fm+上1m. >lEZ. n"'O. 1. 11 • -, J 

with lhe LOP이ogy g뼈 by the su bba50 of c10 5Od 50ts \j" = {Cm• ] -∞• m+소] 
( 1 1 1 !’'1l, nEZ , n# O. 1l ~2t. Cm =1’tz - 2' 11이. For the subset A=다 . 2- / the 

2 ’ A sequence of its derived sets has prc-period ω and period 1 : dωA= U C ,,=dA 

A. 2> ω2 
111<.ω 

With the preceding definition of period icity. all 50quences of derived 50ts of 

a subset become periodic. 

4. PROPOSITION. In a tOþological sþace X. the sequence 01 derived sels 01 a 

subset ACX has þeriod >lot greater tha>l 2. 

PROOF. Let a be the prc.period of the sequence of derived 50ts of A. lf a르띠， 

then the period is 1. becau50 "" A is c105Od (5Oe [4]). lf a <ω and d"A =dÅA 

Gì르ω) . then dU A is c105Od and thc pcriod is 1. For a <ω and finitc period. if 

the period is cven. then it is 2. and if the pcriod is odd. then it is 1 (by 

proposilion 2) 

5. PROPOSITION. A toþological sþace X is T D' il and only rf Ihe sequence 

01 dcrived sels 01 a subsel AζX has þeriod nol greater than 1. 

PR OOF'. Let a be the prc' period of the sequcncc of derivcd 'ets of A. Since 

d2 A is c105Od. if a르2. the period is 1. If a=1 and dA =d"A. for some n르2. 
then dA is c105Od and lhe period is 1. For a=O. if A =d" A. for somc n르2. 

then A is c1 0 5Od and the period is 1; if A =dA. the period is 1. 

Inver5Oly. if the space is not T D' there is a subset A such that d2A is not 

closed. Then. the sequence of derlved sets of d 2A\ d 2 A has period 2 (and 

prc'period 0). 
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