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ON A LIBERA INTEGRAL OPERATOR 

By Vinod Kumar and S. L. Shul‘la 

1. Introduction 

∞ 

Lct a E [0, 1) and βε(0， 1]. A function f (z) =z+ εEa”z” regular In the unlt 
’ = :::: 

disc U= lz: Iz l < 1l is said to belong to S’ (a , β) ， thc class of starlikc functions 
of order a and typc β， if and only if 

11ζ(，(z)/f(z) -1) / 1ζf’(z)/f(z)+(I - 2a)) 1 <ß. zEU , 

It is well known that such functions are univalent in U. Thc class S홈(a) of 

starlike functions of order a is identificd by S‘(a)르S‘(a， 1), Thc class S*(O) 

is callcd thc class of starlikc functions and is dcnotcd by S‘. 
Li bcra [2) showcd that, if f (z ) ES* , thcn so docs the function F (z) defined 

bv 
z 

(1) F (z) =종J f (t )dl. 
o 

Subsequently, Livingston [3) considered the conversc problcm and proved that, 

if F (z) ES‘, thcn f Cz) bclongs to S‘ in Iz l < 1/2. In this paper we improvc 

thcsc rcsu 1 ts of Libera and Livingston for thc class of starlike functions having 

negati\"e coefficients 

Thc tcchniquc imploycd by us is intirely different from thosc of Libera [2) 

and LivingsLOn (3) . Infact, our basic tool is the fol1owing theorcm duc to 

Gupta and Ja in [1). 

∞ 

THEOREM A. A f ttnclion f (z )=z-ε la.lz. belongs 10 S를 (a， ß) .[ and only .[ 
,, =2 ‘ 

∞ 

ε-:: l (n-l)+β(n+l-2a)) la. I< 2ß(l-a). 
"=z … 

Thc rcsult is sharp. 

We shall frequently usc the above result in particular for β= 1 which is duc 

to Silverman [6) , 

.. AMS(MOS) subject classification (1980). 3OC45. Key words and phrases. StarIike. 
univalent. 
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2. Main results 
∞ 

THEOREM 1. Lol f(z) =z-ε"J la.lz'. If f (z) ES*(a, β) ， 1"011 1110 funclio,‘ 
n=2 

F(z) defitted by (1) bol01lgs 10 S‘((1), ωlzeTe p=격팩딸열~. The 7esull is 

slzarþ. Further , tlle C01WerSe 1teed llot be true 

PROOF. Since F(z)εS*(a， β) ， Thcorcm A ensures that 

∞ ( (n- 1) +β(n+1-2，α) 1 
{ }|a”1S l. ”•2 l 2ß(1-a) 

∞ ι n 、

Also, from (1) 샌 have F(z)=z- ε Ib.lz', whcrc Ib.1 =( -?--. lla.l . 
n=2 、 ，‘ ~J. / • 

Let F(z)ES‘ (11) , then, by Theorcm A , it h이ds if and only if 

흘(끈웅)Ibnl드l 
Thus wc havc to find thc largest vulue of 11 so that the abo\'c incquality 
holds, Now this incquality holds if 

얻/ 、 ∞ ( (n- 1) +ß(,,+ 1-2a) 1 갇( ~~~ Îlb.1드디 lI a.1 n~짖、 1-11 /， -n'~';:;:-"l 2β(1 -a) 

or if 

(꽁뚱젠)Ibιι"샤l 
which i5 CqUl\、 a띠lenl lO 

( .. +2) ((n- I) +ß(n+1-2a)) -ψ.ß(1 -a) 
(n'rl){(，，-1) +β(n +1 -2a))-훤仁하 =(1. ， say, (n =2, 3, "'). 

lt i5 easy to verify that Pn is an incrcasing function of 1l . 끼1'hcrcfore、 

3+ β(1+2aJ 
P믿gt p,=% and, hen@ p=합랐한뚫 

To show the sharpness we take the function f(z) givcn by f(z) = z-

2악느맏←Z2. Thcn 
1 -r βl;;-ιa) 

찮
 

뼈
 뼈 

-
이
 
이
 

、

깅
 

κ
 and, theref ore 

F' (z) 3 (1+β(3- 2a)) -8β(1 -a)z 3+ßCl+2a) 
2 :( n •• ,1'>"... n~_"\1 ~ I'I'~ _., .... ,I'l/ .,. n ~_'. 10r z ‘ F(z) - 3{1+β(3- 2a)) -4β(l -a)z - 3+ß(5- 2a) , • v. ‘-., 

Hcnce, the result is sharp. 

、\'e now show that the converse of the theorcm need not bc true. To this 

end we consider the function 
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I 1- .0 \ 3 F (z)=z-( ~_: ) \ 3- .0 j 

Theorem A guarantees that F(z)ES‘ (.0 ). But the corresponding function 

f(z)=z-2( ~:::~ ) \ 3- .0 j 

docs not belong to S‘ (a, β) ， since, for this f (z) the cocfficicnt incquality of 

Theorem A is not satisfied. 

As promised in thc introduction, we now state a corollary of Theorcm 1 

which improvcs thc rcsult 0 1' Libcra [2, Theorem lJ for thc class of starlikc 

fUDctions havin 'z negath-e coefficien ts. 

∞ 

COROLLARY 1. Lcl f(z) =z- ε::la"I z". lf f(z)ES‘ , /lzen /1,. f U/,clion F(z) 
11= '2 “ 

defined by (1) belollgs 10 S‘ (1 / 2) . Tlze result is slzarp. Tlze cOllverse lIeed 1101 

be tr1le. 

∞ 

REMARK. Reccntly, Mocanu et a l. [5J havc shown that, if f(z)=z+.L: ιz” 
11 = '2 “ 

ES’ , then thc function F (z) dcfincd by (1) belongs to S‘ (.29435) , whercas, 
‘(.，::，.으느후\ Millcr ct al , [4J ha\'e sho、vn that F(z)ES*l , . -4 - ). The abo\'c carollary 

providcs better estimate for the order of starlikeness of F(z) when the cocffi

cicnts in the Taylor expansion of f (z) are negative. Moreover, our result is 

sharp also. 

∞ 

THEOREM 2. Lcl F(z)=z- .L: la.l z". lf F(z)ES‘ (a , β) ， Ifzen Ihe funclioll 
1I .=.2 “ 

f(z) defincd by (1) belollgs 10 S’ (.0) in Izl < ,..(.0, a , ß) , where 

션(p， a， ß)=inf i("'!二.e...)(.J1/- J) -'- ß ( I!+ 1- 2a2... ì 1'/('-') 
~::'2L\ n-pJ\ ( 11 + 1)β(l-a) / J 

Thc rcsult is sharp. 

pIWOF. Since F(z) =z옳l a， I z"， itf이lows from (1) 빠 f(z)=z -울막L) 
1I ~2、 < I 

la.lz'. In order to establish the required result it suffices to show that 

Izf’ (z)/f(z)-11 < (1-.0) in Izl <"'(p， a， β) . 

Now 

(3) 쩨
 -웬
 

∞
 ε
 

4 ” 

∞
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 -「

」
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、

깅
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t 
-
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< 흘(11 -1)(풍L)la， 1 Izl ,- 1 

1-흘(감L) l a”| 1zj ” -l 

< (1- p). 

provided 

(4) 흘(쉰응)(쓴L)la， ll z l'- I <1 
But. for F(z)ES*(α• ß). Theorem A cnsurss that 

。':r (11- 1) +β(n + I -2a) 1 l \.r~ J. .I ' I-' \J~ <--U/ f J a_1드1. 
~ l ι，，(l -a) 

Thereforc. thc inequality (4) holds 11 

- - - - - lan1 lzl <{ ) } lan l, for each n =2, a , ( ~::~ )( "t 1 )l a"l lzl . - 1<( (n- J)~~β(11 + 1 -2α 
~þ (1 - a) 

or il 

Izld(-:!:二4-)(.in-]) - 싸...，.... ) _.)αL ì 1 1/(←까 for each n = 2.3. … 
l\ “ -p J\ (’1 ， 1 )ρu-a) JJ 

Hence. / (z) E S*( p) in Izl <션(p.a. β) . 

Sharphess follows il we take the function F (z) given by 

2ß(1 -a) 
F (z)=z 1 ... ~ I ~=-';;í_ =-/t _<) ..... \ Z’ . n = 2. 3 .... (n- l)+β(n + 1- 2a) 

This completes the proof of thcorem. 

Since r* (a. a .l ) = 2/ 3. we have the foIIowing coroIIary as an immediatc 

consequencc of Theorem 2. 

∞ 

COROLLARY 2. Lel F (z) = z - ..c' 1 a니 z'. 1/ F(z)ES용(a) . Ilzen tlze /ttηctio1l / (z) 
n=2 

dζfined by (1) belongs 10 S‘ (a) in Izl <2/3. The result is sharþ ωilh Ilze exlrema/ 

fμnctioll F(z) =z- (꽁응)강 

REMARK. lt is a remarkablc leature coroIIary 2 that thc radius of thc disc. 
in which / (z) bclongs to S*(a). is independcnt of a. When α= 0. the coroIlar y 

improves a result 01 Livingston [3. Theorem lJ for the class of starlike functions 

having negative coefficients. 

]anta CoIlege. Bakewar 206124 
Etawah (U. P. ). ln이1a. 
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