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THE PARALLELIZABILlTY OF DOLD ’.fANIFOLDS 

By Jin Ho Kwak 

1. Introduction 

A smooth ,,-dimensional maniCold M is parallclizablc whcncvcr its tangent 

bundle :(,1{) is lhe lrivial bundle over M , eq uivalently, the tangent bundlt 

r(M ) has " Iincarly indepcndent \'cctor Cic\ds on M , M is stably paraIlelizablc 

if there is a trivial bundlc ovcr M whose \Vhitncy sum \\'ith thc tangent bundle 

r(M ) of M is triv ia l. The question of pa raIlelizability of a smooth manilold 

has many concern in lopology and geometry, F or examplc, any Lie group G 

is parallelizabJe: the left invariant \'ector field s providc a basis of ‘ cctor fields 

r(G). Thc sphcrcs S' , S3, and S' are also paraIlelizabJe: in fact S' and S3 ..... 3 ...... 7 

are the underJying manifolds of thc Lie group U ( l) and U (2) . respectiveJy. 

Since parallelizab ility of the rcal projective spacc RP( ,,) 、，\'ould imply paraIlel. 

izability of thc corresponding sphere S'. it follows that RP(l ). RP(3) , a nd 

RP( ï ) arc thc only parallclizable rca l projcctive spaces. 1\0 complcx projcctive 

spaccs CP(u) are parallelizabJc (n> 1) . 

A parallclizablc maniCold M is c1carly sta bly pa raIlclizable. The problcm 

whether a stably paraIlelizable manifold is actua lly parallelizablc is reduced 

1O the problem in algebraic lopology by classical lhcorcms of Kervairc and 

Adams 

Let .11 be a stabl y paraIlelizable maniCold. J[ dim M is cvcn. then M is 

parallelizable if and only if its Euler characteristic is zero. If dim M is 1, 3, 

or ï , then .11 is pa rallelizable. Finally, if M has an 여d dimcnsion diffcrent 

from 1. 3. and 7, then M is paraIlelizable if and only if thc scm icharacteristic 
[n/ 21 
ε dim , H ,( M :Z?) is even. 
I = !J ‘ 

In this paper. we shall be concerned with the stably parallelizability of Dold 

manifolds D (…, 씨， defi ncd by A. Dold in his study of cobordism theory, which 

is regarded as a generalization of the reaI and complex projectivc space . 

.. This work is partiaIly supported by the Asan Foundation grant 1982. 
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2. Definitions 

Let S". 111르O. denote the unit 1II-sphere in R"+1 with thc coordinales xO' x1’ 
.... x" and let CP(n). n르o denote the complex projective n-spacc with the 

homogeneous coordinates zα 2" ….2n' Considcr thc product space S.’x CP( ,,) 

and definc a homcomorphism 

T: S" X CP(1I)• S" X CP(1I) 
by 

T(x. 2) =( -X. z). :rES". 2εCP(n). 
where - x is the antipodal point of x and z is thc conjugate point of 2. Then. 
by definition. the D (m. n) of dimension 1II + 2n’ is the quoticnt spacc obtained 

from S.’x CP(n) by identifying (x. 2) 、，\'ith T(X.2). D (m.O) and D (O. 1I) are 
readily scen to bc RP(1II) and CP(n) respcctively. 

The projection S" x CP( ,1)• S’'" induces naturally a map p of D (m. 씨 onto 
the real projective 1II-space RP(m). and 

{D(III. n). Þ. RP(III) . CP(n). Z2) 

is a fibrc bundlc whose fibre is CP(n) and the structure group is Z 2 (conjuga

tion is thc nontri\'ial element of Z2)' 

3. Cohomology 

Let C; (C~) denotc an open i-야11 of S" defined by x;+I=xI+2=" ' =X,,=0. xi> O 

(Xi < 0) and Dj denote an opcn j -cell of CP(n) dcfincd by 

z,= 1. Z .• = 2 . . ,, = …=z =0 j + l - "'i +2 ‘ n- V 

Then {C~ X Dj li=O. 1 ..... 111: j =O.I ..... ’,) forms an oriented cellular decompo

sition of S"' X CP(씨 whosc boundary relations arc given by 

8(cr × Dl)= ± (C,tl XDj+c;lXDl). 

a(c; X Dj) = 0. 

i= I .2. ….m: j = O.I •...• n. 

The homeomorphism T is cellular with respect to the above cellular decompo-
sition and satisfies 

T(C~ X Dj ) = (- 1)’ +j+ l(C~ XDj). 
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Lct ø: Sm x CP (1!)• D(11l. n) denote the projection. and write (C;. Dj) =Ø (C~ X 

D). Thcn {(Ci.Dj) !i =O. 1 ... .. m ; j=O. 1. …. n) is a cellular decomposilion 

01 D(m. n) 、vhose boundary relations are given by 

B(Ci. Dj) = O T( - l) ' +J)(Ci_ l' Dj) . 

B(Co' D)=O. 

i:::: 1. 2, .. . 11l; j = O, 1, "', n , 

and φ is a ccllular map. Let (c' . d') dcnotc thc cochain dual 10 (C;. Dj)' thcn 

for thc coboundary opcration δ we havc 

if (c', d j)= C1 +(-l)'+j+I)(c’+1 i ). 
From this we have 

THEOREM. TIIe inlegral cohomology H‘ ( D(m. nz); Z) is a direcl s1lm of IIIe 

f ollowi /l g grouþs: 

case 11l : even 
o ./2j, _ .. .1 1" _tn .J2j+ 1 free abelian gro"þ generaled by (c". d'J ) a/ld (cm

• d'J +' ) . lorsion gro"þ ge1!' 

'Lì A2j, m .,1 (.,.2;-1 ./2j+l eraled by (C4: I , d 4:
J) a1Zd (C': I

-\ ι ) wllose order QTe 2. 

case m: odd 

free abelia/I grouþ generaaled by (co d
2j

) and (c"’, d2l) , torstO” group 
2; .2;, . ~ 2i- 1 ,2h.1 gelleraled by (c ’. d-') alld (c~' d~J ") wllOse order are 2, 

wlIere i= 1. 2. .. .• [111/ 2); j=O. 1. ... • [n / 2) 

Dold's dctcrmination of Lhe ring Slructurc of H‘ ( D(m . n) ; Z ) can bc described 
as follows 

THEORE :VI 12J . The mod 2 co lIomology rillg H‘ ( D(m.II ) ; Z.,) is 0 In",caled 
'n+l ,n+h ,0,,, 0 .1 

þolYllomial ring Z2 [c' d )/ (c’ . d" TO). ,"IIere c= (c. ,!") and d =(c". d' ) . 

Wc notc thot H 2(D(m. n ) ; Z)~Z2 if m르2 \vith the gcncrator reducing mod 2 

to C2
• 

4. The tangent bundle 

Thc tangcnt bundlc of a Dold manifold D( nz. n ) was dcscribed by j. j . Ucci 

[5] . \Ve summarizc thcir resu lts in this sec lion. which arc csscntial for Qur 

purpo않. 

Let ~ bc thc canonical real linc bundJe over RP(’'/1). and let 규 be the 
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canon ical co:nplex line bundlc over CP(끼. Lct’ s rcpresent a point of D ( m. n) 

by [ι. zJ under the identification ( x. z)= ( -x. AZ) for xESn
,‘. zES~n ..，.. l CCn+l 

and a ll ÃES
1
CC. Define a real 2-planc bundlc η Qver ι (11‘”‘) WhOS2 total 

spacc E(T/) is the sct of all triples [(x, z) , {J undcr the identiiicution ((x, z) , 

이 =((-x， λZ) ， λ0， wherc CEC, and x, z, and À are as bcforc, and defiDe 

a projcction map p : E(η)→D(nt， 끼 by p( [( x, z) , {]) = [x , zJ , For m=O, η IS 

just the canonical complex 1ine bundlc ~ 。、 er D (O, n ) =CP ( n) considered as a 

real bundlc, denotcd rc(규); thus ‘\'e obtain a bund le map (j. E 

E(re(규)) 

lp 

D(u. n) 

implying j‘η= re(규). 

'E 

ι • νυ11 ， n) 

We define another line bundle ~ over D (m, n) whosc total space E(S) is Sm x 

CP(ll)X R mod the identification (x , z, 1)=( - x. Z, -1). For n=O, ~ is just 

thc canonical real line bundle s ovcr D(m, 0) =RP(，끼. and 50 '\iC obtain a 

bundlc map (1, i E) 

ECO 
'E 

• E (Ç) 

t • 
D (m, 0) , l.J .... 11l, 11 ) 

implying that i*s =~. ln particular. by the naturality of cha racteristic classes, 

、vc have that the first SticfcJ끼Vhitney class of s : 씨(0 =c, and that ,"(0 = 

l +c. 
Thc map Sm X S2n+lXIi• smxS2n 사 xC given by ( x. u; 1" 12)• (x , u , I1 +it2 

induces a bundlc map (1, iE ’ ) 

‘ ECl EÐO E 

D (m , 0) ’ • D (m, n) 

whence i*r; = lEÐ~. 50. 씨(η)= c. 

The equivalences i‘η = 1+~ and j‘η= re('i) imply that W2(끼 =d and so w(’1) 

=1+c+d. 
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PROPOSITION. There e:ri51 a l-plane b,‘’,dle t and a 2-plane btendle η over 

D(m , n) 5μch Ihal 

i ) W(n= 1+c, ω(η)=l+c+d: 

ii) i*t=t, j‘η=re(규)， and i‘η=1+f 

where i : RP(m)• D(m, n) , j: CP(n)• D (m , n) are Ihe nalural embeddings. 

Now we see a description of the tangent bundle ~=~(D(m， n)) of D(1II, n). 

THEOREM. ,(D(m , n)8tEll2 = (m + 1)fGω+ 1)1/. 

PROOF. \V rite C=(m+ 1)t8(n + 1)η and X=S"’XS2n+lXR’n+l XCn+1. Then 

E(O is thc set of all ( :r, u , y , v)EX mod the idcn ‘ ifications ( X; '!l ,y , v}-..... (X. À.u, 

y. λv)~ ( -:r, ::ìü , -y， 자)~( -:r, Ü, -y, ii) , where λεC with Iλ1= 1. 

Let < , > and ( . ) denote the real and complcx inner products of Rm+l and 

Cn+ 1
• respcctively. Then E(~) is the subset of Eι) of all (:r, ι y , v) Eatisfy.ng 

(x. y = 0 and (ι， v)=O. 
3 Since E(，)ζE(이， we have ~æ~"=c ， where ~O (the orthogonal complement 

。f ~ in 0 has total space E(~3) gi,'e 1 by {(:r, ι. ax, ßu)EX ; aεR， βEC) mod 

the identification above. Now E(28 0 is given by S’'XCP(n)xR3 mod the 

identifications (x. tt ; 서. ' 1' 13)~(x， Àu: ' 1' :2‘ .'3) ......... 、- x， ì:ü ; '1 ' 12’ 
-13)~ 

m .. ,..,2n+1. , ...3 r'I， 3、(-:r. ü: ‘ 2' -13) and so the map S"' XS<"T' XR →E(~O) given by (x, u ; 11, 

12, (3)• (x, “ ’ l ' ('2 t-i13)u) induces a bundle equivalence h E 

Thus u3=rGEE-

E(~tÐn 

D(m , n) 

"E • E(v3) 

D(m , n) 

No‘". we have the Sticfcl-Whitney classcs of D(m , ’‘). 
THEORE^1. w(D(m , n))= (1+cl'"c l+c+d)n+1 (mod 2) 

’n H*(D(m . n); Z3)=Z2{c, dl / (c
m

+
1
. d

n
+

I
). 

5. Thc Grothendieck ring of D(m , n ) and its parallelizab iJity 

Lct F denote thc field of real numbers R. or complex numbers C. and let 

X be a connected finite dimensional CW complex. The set VectF(X) of isomor

phism classes of F -veclor bundles over X admits a com.mutative semiring 
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structure with the Whitney sum EÐ and the tensúr product 181. For thc ring 

completion of this semiring. let’ s consider pairs Cs. η)EVcc단(X) x VcctFCX) 

and put the following cquivalence rclation on these pairs; CS • .,,) and Cs ' . γ) 

are equivalent provided there exists Cε VcctFCX) such that sEBγEÐC is isornorphic 

to S'EÐη링C. Let s-η dcnote the equivalcnce class of CS . .,,) . and let K AX) 

dcnote the set of eq비valence classcs. Thcn K FCX) is a commutativc ring under 

Cs η)+(s’ -η') = (sEi1i ’ ) - (."EB.,,') . 

and 
(η-η) . (Ç' -η’)=(η18108(.，， 181γ) -(ηI8Is ’ )EB(sl8l."’) . 

This ring K F(X) is called the Grotlzclldicck r illg. or K rTù,g of the space 

X. The rank function rk: K F(X)• Z dcfincd by rk(s-η) = dimension (0 -
dimension (η) is clearly a ring homomorphism. Let K FCX) be the kernel of 

this homomorphism. Clearly. KAX)=KF(X)밍Z. where a posilive integer n 

represents the n-dimensional trivial F-vcctor bundle over X. 

Two vcctor bundles S and η over a finitc dimensional CW complex a re called 

stably equivalent provided the Whitney sums sEÐn and ηEÐm are isomorphic 

for some trivial bundles n and m. Stable equivalence is an equivalence relation. 

and the stable classes form a commutativc ring under the Whitney sum and 
the tensor produc t. This is the K -ring of the space 

For a more precise dcscription. let’ s consider a function a; VectF(X)• 

K F(X) defined by a (s)=s- rk (O. For any s-ηεKF(O . where rks=rkη. there 

exists a vector bundle .,,' such that ηEÐ."’ is isomorphic lo a trivial bundIe. 

bccause thc space X is a finite dimensional CW complex. Hencc. E-η= CEEBη’〉

- (."EBγ) = (EEB.,,') - rk (sEBγ) . Conscquently. a is sur jectivc. Let S - rk (O = 
.，， - rkCη) in K F(X) , Then. by the definition of K FCX) , therc cxists a vcctor 

bundle C such 1hat EEBrk (η)EB' is isomorphic 10 ηEBrk(OEBζ Also. 1here 

exists a vec10r bundle C' such 1hat CEBC' is trivia l. hencc E and ." are 
stably equivalen t. Converscly. if S and η are stabl y cquivalent. wc scc that 

a(O=a(η) . We showed that K F(X) can be thought of as the ring of cquiva

lencc classes of the isomorphism classes of F - vec1or bundles over X under the 

stable equivalence relation. 
Note that a space is stably parallelizable if and only if its tangcnt bundle is 

the zero element of its K - ring over the real field. 

For any complex vector bundle E over X. let re(O bc the underlying rcal 

vector bundle of s. then re is a group homomorphism from Kc(X) 10 KR(X). 
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(NOlC lhat it is not a ring homo:norphism). lJually. [or any real \'cClor bundlc 

η ovcr X. ICl c(~) bc thc complcx vCClor bundlc ovcr X induced from η by 

taking thc lcnsor product w iLh C on cach lïbrc 01' η. then c is a ring homomor 

phiSìl1 fr om πμX) to I?c(X) 

Clcarly. thcrc arc thc relations rc (c(η))=2~ and c(rc(O)=s+한 whcrc 한 

dcnotc thc conjugation of a complcx vcc lOr bundlc ç. 
To an5\Vcr the 5tably parallelizability problcm. rccall that the 1-plane bundle 

f and thc 2- planc η over D(끼• n) and that 

T(D(m. n))EBfEB2"'(m + 1)s$(n+ 1)η. 

、IVe write x=e-l. z=η 2 and 2=2-X. 

Ucci [5] 5howcd 

[11'/2) 
THEOREM. I? R(D(m. n)) conlains a s“”“’land isomoψh，c to Z2@(m)$ Z 

2 __ " . __ ."41. H._ __，_~:_ .. n (J(m) generale-! by x. y. y" ..... y" wilh Ihe relalion 2"""x=0. where Iþ(tn) is Ihe 

nιmbers s such Ihal O<s르maηd s = 0.1.2.4 (mod 8). 

Now Ict D(m. 씨 be stably parallclizablc. then ( D(m.n))- (m + 2n) mu5t be 

thc zc ro clcment in KR(D(m. η)) . i. e .. 

m~ +(n + 1)η dim(mf + (n + 1)η) 

= /1I x +(n +1)z 

=(m +n + l)x+(n+ 1)y 

mU5t bc 7. cro in K/D(m.n)). Hence n =O or 1. lf n =O. then m = l. 3 or 7. If 

n=l , thcn m+ l =2'μ .. ) ’ 50 lhat m =O. 2. 6. This gives thc [ollowing main 

thcorcm 

THEOREM. Th e Dold manifold D(m. n) is slably þarallelizable when and 

。nly when 

eilher i) n =O. and m = 1.3. or 7. 

or ü) n =l a써 m =O. 2. or 6. 

Kyungpook Univej',ity 
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