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A Note on Witt Ring over Local Ring

by Myung Jae Kim
Kyong Gi College, Soowon, Korea

In this note, the theorem 1 and 2 will be shown by quite elementary techniques which are
immediate generalization of the ones in “field case” to the ones in “local ring case”. Throughout
this note, we shall asume that A is a local ring with maximal ideal M, and 2=A4*=A—M, Let A
be a ring and M be an A-module. A quadratic form on M is a map ¢ : M—A such that

(i) glaz)=a%q(z), a€A, XM,

(i) B(z,¥) =-é—(q(z+y)—q(.r)—q(y)) is an A-bilinear map from MXM into A.

B, in (ii) is called the associated bilinear form of ¢. For all z&M, B,(z,z)=q(z). A quadratic
A-module is a pair (M, q), where M is a unitary A-module, and ¢ is a quadrztic form on M, A
quadratic A-space is a quadratic A-module (V,B), where V is a free A-module of finite rank, and
B: VX V—A is a symmetric bilinear form on V., Let = be an element of a space (V,B), We
define the norm of z to be n(z) =B(z, £). Let M(A) be the set of isometric classes of non-singular
quadratic A-spaces. (A is local ring and 2 A4%,) 24(A), together with operations induced by the
orthogonal sum | and the temsor product %), becomes a commutative semi-ring with identity <1).
Let W(A) be the set of all formal expressions E—~G with E, G in M(A). Two expressions E—G,
E’'—G’ are defined to be equal if and only if £ | G/=FE' | G. We define addition and multiplication
in W(A) as follows:

(E,—Gp+ (Ez—Gz) =(E, | E,)— (Gl_l_Gz) ’

(E,~Gy) « (B—Gy) = (BiQEy) |_(GiRG:) — (Ei®G,) 1 (GIQE,)).
Then W(A) becomes a commutative ring. We call W (A) the Witt-Grothendieck ring of A. Let H
be the free cyclic additive subgroup spanned by (1) {—1) in W(A). Then His an ideal in

W(A), so that W(A) =W (A)/ZH is a commutative ring with identity element. W(A) is called the
Witt-ring over A.

Definition 1. Two orthogonal bases L and L’ of a quadratic space are connectable, if there are

orthogonal bases Li, ..., L, such that Ly=L, L,=I/ and L; and L.y, differ at most in two elements
for i=1,...,r—1.

Definition 2. A local ring A with maximal ideal St and identity element 1 is called quadratically

Henselian if every quadratic monic polynomial X*+aX+bA(X), which splits into coprime linear
factors mod M, has always roots in A,

Theorem 1. Two orthogonal bases of a quadratic space over A are connectable if A is quadratically
Henselian local ring with 2 A¥,
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proof. Let L= {z,...,z,) and L’= {y,, ..., .} be two orthogonal bases of a space V, We show that
L is connectable to a basis containing y,. Then the theorem follows immediately by induction on 2,
Renumbering the y; if necessary we assume y;=riz;+...+7,z, with s<n and r; in A* for i=1,...,
s. Since clearly L and {ryzy,..., 7.z, ..., T,} are connectable, we may assume r;=1 for i=1,...,s.
We now proceed by induction on s, If s=1, we are done. Let 53>2. We have a(y))=n(z)+...+
n(z,) %0. If we had n(x)) +n(z;)=0 for all ixj, i j<s, this would imply 2n(z;) =0 for i=1,...,
s, hence n(z;) =0 for i=1,...,s, since 2 A¥ But this is impossible. Thus #n(z;) +n(z;)>0 for
some 4,j, and we may assume n(z;)+n(z,)%0. Let z/,=z,+z, and choose z/; such that
Az | Az,=Ax', | Az’,, Thus [z}, 2’5, 73, ..., 7,) is connectable to L, and y,=x,/4+z3+...+a; is
a shorter presention of y;. (q.e.d.)

Let A be a commutative quadratically Henselian local ring such that 2A*, Then the Witt ring
W(A) is generated by (a) where aA¥*, and satisfy the following obvious properties;

@) (ab®) =(a),

(ii) (@) + () = (a+b)+ (ab(a+b)), if atb=A*

(i) (a)+ (—a)=0,

(iv) (@) (&) = (ab).

Theorem 2, Let A be a commutative quadratically Henselian local ring and let k be its residue class
Jfield with characteristic not 2. Then W(A) is ring-isomorphic to W(k).
proof. Denote by @ the canonical image of ac=A* in 2= A/M. Let (a) be the similarity class of
(@) (quadratic space over %) in W(k). Above relations (i), (ii), (iii), and (iv) are easily verified
for (a), (8), ..., (a,b,...A%), Thus, there exists a surjective ring-homorphism ¢ : W(A)—>W(&).
To show the injectivity of p, we must prove that, for a, ..., a,= A%,
Gy, vy By =, =D | oo L, —1> over k
implies
lay, ..., @mp={, -0 ... L, —1I) over A,
It is sufficient to remark that, for a,ceA* be=A, az?+dy?=c is solvable in A if, and only if,
ai®+by2=¢ is solvable in &, since A is quadratically Henselian.
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