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The Exponential Smoothing and the Variance of Errors.
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Dae Joun College, Dae Joun, Korea

1. Introduction

Recent observations should be given more weight in forecasting than older observations.
In such a situation, substitute F, for X,_x

Frou=(X+X 1+ +X;n1) /N

F=X1+Xi s+ +X_N)/N

Fiy—F=X,-%X_n)/N
. Fou=X,/N-X,_y/N+F,.

Fi,=1/NX,) —~1/NF) +F,

=1/NX)+ (1~L/N)F,

F,+1=aX,+(1—a)F, ......................................................... )]

equation (1) is a general form used in computing a forecast with the method of exponential

It becomes

smoothing.
Where the fraction a: smoothing constant.
An alternative way of writing (1)
Fin=aX+(1—a) #=F+a(X,— F)
if X,—F,=e,, then F,,,=F,+ae
Equation (1) is expanded by replacing F, with its component as follows:
Fiu=aX+(1~a)(aX,1+ (1—a) Fuyy)

.—_‘a_X,+a(1——a)X’_l+(l-..a)2F’+l..........................,............‘(2)
If this substitution process is repeated the result is equation (3)
F=aXta(l~a) X +a(l—a)? X p+ +a(l~a) R GRUPE S (B Rt GIF PRI &)

Equation (3) can be seen that the weights applied to each of the past values decrease exponent-

ially thus the name exponential smooth.

2. Development of Simple Exponential Smooting.
Suppose we belive that the average level of demand is not changing over time.
In this case, model process is
Xi=b+¢g
where b: expected demand in any period.
& random component with mean 0, variance o,
At the end of period 7, we have available a demand history X;, X,,--Xr, from which we wish

to estimate b and o,2.
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We have availed the estimate of b made at the end of the previous period 6(7T—1), and
current period’s actual demand Xr.
We want to use this information to calculate an updated estimate 6(T).
The new estimate is to modify the old estimate by some fraction of the forecast error resulting
from using the old estimate to forecast demand in the current period.
This forecast error is
e(T)=X—5(T-1)
so that if a is the desired fraction.
The new estimate 5(T) is
B(T)=b6(T—1) +a(Xr—b(T-1)]
in simplify notation 5(T)=F,
Fr=Fr_ +a(Xy—Fr_1=Fr_,+ae,(T)
where Fr: the smoothed value

Sum of weighted squared error
T
_ SSE=‘§ BT4(X,—b)? (0<B<1)

where AT-*: the weight of ¢* squared error
The estimate of b, made at the end of period 7, and denoted by 5(T), must satisfy

ang ] bt =—2,§T1 F(X—b(T)]=0

. T T
or 5(T) :Z=;1 ﬂT"=l=Z{ X,

5(’1‘)_ 51_ Z - L T PR 4

Equation (4) expresses the estimator as a function of all prior historical data.
From (4)

13(T)w11 5, ‘Z,Tlﬂr“‘X, 11 §T<XT+Z ,ef—fx> ...... @

b(T—l)"‘ ﬁfl Z ﬁT-—l t X,= (1 lﬁT—ﬂl)‘BTZ .BT"’X‘

=1

Tzlﬁr_gx (lzﬁrﬂjﬁé(T_ 1)e-eeee @

-0

BTy=E { % 2UZB) ) | = <1—ﬁ>XT+ﬁl<1_—ﬂf§T“>b<T—1> ............ &)

If T—oo, then gT—0.
Equation (5) becomes
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b(T)=(—B Xr+pb(T—1).
Letting a=1-8, 6(T)=F,,
Fr=aXr+ (1-—a)Fr_,.
Substituting for Fr_, it’s components
Fr=aXr+a(l—a)Xr_+ (1—a)?Fr_,
recursively for Fr_s, £=2,3,, T.

T-1
FT:a,,Z"o (1—a)*Xr 4+ (1—a)TF,

where F;: the initial estimate of &.
For T sufficiently large s.t. (1—a)TFy—0

E(F)=E [a%; (1-a)"Xr-s |
k=0
i 1
— Y =beqe——m—— =
_ak}% (Q1—a)*E(Xr_p) =bea == b.
Therefore, it seems reasonable to use Fr as an estimator of the unknown parameter b, that is, at
time T
b(T)=Fr.
The forecast for demand in any future period 747 would be

In exponential smoothing, the weight given to data % periods ago is a(l1—a)*
so that
the average is

ay (1—a)tok= d-a
&=0 a
because

A:z“: (l——a)k.k ...... (D
k=0

(1——a)A=§__°;o (1—a) k@

O-@
aA=1—a)+ (1—a)?+t s
=__lza
1-(1-a)
A= 1;!—2{1

Y (l—a)th—q. L% = 1—a
.aké’ (1—a)tk=a p” =

Thus if we wish to define an exponential smoothing system that is equivalent to an N-period
moving average.
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We set

l—a _ N—1 or  a=—2
a 2 N+1

VEI=V [« E (1~ ] =2 £ 1-0)BV (X
=a? ?leTa)T V(X)) = ..2."‘::082 .................................... %)

N-1
V(MT)=V[1—{,— Z_(}’Xr_k] =~11\7 g2 , where My: moving average,

. 2
in V(Fr), for a replace Nl

V(F T)=< N2+1 )\(2— N?H )"‘2=1Lv o=V (Mr)

The variance of exponential smoothing equal to the variance of moving average.

3. Estimation of Damand Variance.

The constant demand process is
Xi=b+e
where b: expected value of demand in any period,
random component ¢,: the random deviation from the mean in period ¢,
(somethimes “noise” component)
with mean O, variance o,2
assumed E(e;¢) =0 for all jxk.
The variance of forecast error, a,.2
For a constant demand process and simple exponential smoothing.

Then al= —2-%7032

Proof.
erye(T) =Xry, —dkgo B Xryer
X1y and X7 are iid, so, that T4+t>T

erse(T)=Xr—a go B X1y

¢=E(Xr?) —zakg BE(XrXr_cs) +a? g m)'; BHME (X 1 Xrosom)

Here ro=0.=E({Xr—E(X1)}%)
717=E({Xr—E(XD)} (Xr4i—EXr)}]
Therefore E( X ) =1+ (E(XD)} =7, +b?
E(XrXr =1+ EXr) E(Xrys)
=7;+b¢
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" E@) =122 5B Tt ) + @D 5 noa )
A <

=182 —2a3] B (Fepst 8D + 25 PRt 4@ 5 5 B (s +BP), mck,
k=0 k=0 k=0 m=0

if i30, then 7,%0,

==yy4b2— Jab? kg B+ Zza (fo+5%) +a2b2k§>;'=oﬂk+m’

mxk, m=k+i,

_ 2 2
T otT

P28 4 2028 Y, 3o B
a =0 i=1
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