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1. Preliminary

Throughout this note, X will denote a nonempty set, A a o-algebra of subsets of X, and g a
positive measure on the measurable space (X, A). We derive characterizations of the measurable
space (X, A, p) such that 0<p<q implies either L*(p) CL?(x) or Li() CLA(p).

Definition 1. A set E is said to be of finite measure if E=A and p(E) <oo,

Definition 2. A set E is said to be of o-finite measure if E is the union of a countable collection
of measuarble sets of finite measure.

Definitions 3. A g-measurable set ECX such that 0<{u(E)<+oo is called an atom whenever
for any p-measurable subset E, of E we have either u(E,)=pu(E) or u(E,)=0.

2. Theorems

Theorem 1. If every set of finite measure in X is a finite pairwise disjoint union of atoms, and
the measures of the atoms in X are bounded away from zero, then L*(y) CL9(y) for all positive real
numbers p and q such that p<q.

Proof. Assume f:X—R is a function such that a={x|f|?du<+ oo, For every n=N, we set E,=
{zeX:1|f(2)|>n}. Now
W u(Ey) < S| f12dp< x| fl2dp=a<+ oo,
so p(E,) < 400 for every n=N, and p(E,)—Q as n—oo, The hypothesis implies that there exists
an ny=N such that u(E,)=0 for a>n, This proves that |f(z)|<n, for all z=X except a set
of y-measure zero. Hence,
Sx|fledu=x | f12| fle2du<ne x| f|Pdp<+o0.
This completes the proof.

Theorem 2. If X=E,JE, where E,CX is a measurable set such that p(E)<+oo and E, is
either empty or an atom of finite mesure, then Le(p)CL*(y) for all positive numbers p and q such
that p<q.

Proof. Assume f:X—R is a messurable function such that f§x|f|%du<+o0, If we set A,=
{zEEzz | f(x) I>%} , we havc either ¢(4,)=0 or p(A4,)=+co, Since

L (A2 Sl Fl9dp< Syl flodu<+oo,
it follows that u(4, =0 for every n=N. Let A be the set QA,,: (zEE,: f(z)#0}. We have
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#(A)=0 and fx|f|dp="Fg|fldp<+oo.
Since p(E,)<+oo, Holder’s inequality implies that
Ix|f12dp=§p | F12dp< (§5,(| F12)272dp) 278 (S, 1dp) =27
=p(E) 9 (fe,| f19dp) P70+ o0, '
This completes the proof.

Theorem 3. If fi, f,...form a Cauchy sequence in L*(y) for 1<p<oo, that is, |fuo—Ful—0 as
n, m—oo, there is an f&L? such that | f,— f1,—0.

Proof. Let #; be an integer such that ||f,—f.l,<{1/4 for n,m>n,, and let g,=f,. In general,
having chosen g, ..., 2; and #ny, ..., m, let my, >n, be such that | f,— fall,<Q/H* for n,m>np,
and let giy=fu4, by lemma ((1), p.85), g: converges a.e. to limit function f. Given &>0,
choose N such that (| f,~ ful,)?<e for n,m>N. Fix n>N. and let m—oo through values in the
subsequence, that is, let m=n, #&—soco. Then,

SZli':l_.iﬂf (ﬂfn—fmﬂ;)’=lfﬁjﬂf Ix| f—ful?dy

> xlin: inf| fa—gr|?dy (by Fatou’s lemma)

= (|fa—Fl)?.
Thus |lf,~f,—0. Since f=f—fut+fs we have feL?(y).

Theorem 4. If gy, go,...€L?(u) (p>>0) and llgs— gl , <1/, k=1,2, ..., then {g;) converges a.e.
Proof. Let A,={z:|g:(z) —8r1(2) [ >27*. Then by Chebyshev’s inequality,
2(AD) L2 (lge—grnall ) 2277, plim, sup A,)=0.
But if xcElim, sup A,, then |g.(x) —ges (z)|<<27* for large %, so {g.(z)} is a Cauchy sequence of

complex numbers, and there converges.
Abstract

This note treats the inclusive relation of L#(y) for 0<p<q and the convergence of sequences
in L*(y).
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