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On the Exact Triangle of Direct Sums of Torsion Products

by Sang-Ho Park

0. Introduction

Let zM be the category of R-modules and R-homomorphisms, where R is a commutative ring
with unity. Also, le¢ COMP be the category of all chain complexes and chain transformations.
Then it is already known that there exists the exact triangle of homology modules of differential
modules induced by chain complexes C, D and E (Proposition 4).

The main object of this paper is to construct the exact triangle of direct sums of torsion products

(Theorem 8). Most of notations in this paper are taken from [2].

1. Preliminaries

Definition 1. Let X be an R-module and (C,3) a chain complex:
] b

C:oeres [N o SN o SR

Then C is called a projective resolution of X if
(1) C—1=X
(2) C,=0 for every a<l—1
(3) C, is a projective R-module for every #>>0.
Let X and Y be arbitrarily given R-modules. Select any projective resolution C of the module X
0 0

. '
C:oeen Corp——rCp——rCpj—reveves

where 9y stands for the tensor product d®i of the homomorphism 4 and the identity endomorphism
i of the module Y. Since 9y 0x=(0R%) «(8R)i) = (800) R (f0i) =0Ri=0, CRY is a semi-exact sequen-
ce and so CRY is a chain complex. Thus for every integer 7, the n-dimensional homology module
H,(CRY) of CRY is defined.

Proposition 2. For any two projective resolution C,D of the module X,
9 bl

we have H,(CRQY)~H,(DRXRY) for every integer n.
Proof. The proof may be found in (2. p.131).
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The above module H,(CRY) depends essentially only on the integer 7 and given R-modules X, Y.
Thus we make the following definition.
Definition 3. For every integer », the R-module H,(CRY) is said to be the n-dimensional torsion
product of the given modules X, Y and is denoted by the symbol Torf(X, Y).
Proposition 4. Let
O0—-C—D—E—-0
be a given short exact sequence in COMP. Then there exists an exact triangle of homology modules of

differential modules induced by chain complexes C, D and E:

HX)——H(Y)
N 7
NHzy

,where X:@zC,,, Y=@ZD,, and Z:@zEn.
ne ne néx

Proof. It follows from [3).

ko p
Proposition 5, If O— A'—A——A""~—0 is exact in zM, then for any R-module K, the

sequence

A'OK—ADK— A""QDK—0O
is exact in pM.
Proof. 1t follows from (1. p. 35].

Definition 6. Let A, B and K be R-modulcs. Then K is said to be a flat module if {or every

monomorphism h : A—B,
hRi, : AQK—BRK

is monic, where 7, is the endomorphism of K.

Proposition 7. (Horseshoe Lemma) Consider the diagram in zM

{ !

P/ P

a'| Ld/
P, ) 2
¢ [
0—A"—A—4""—0

L kR p
0 0

where the columns are projective resolutions and the row is exact. Then there exists a projective
resolution of A and chain transformations so that the columns form an exact sequence in COMP.

Proof. It follows from [1. p.187].

2. Main theorem
Theorem 8. Let

k ?
O—A'— A—A""—0
be a given short exact sequence in RM and K a flat module. Then there exists an exact triangle of

direct sums of torsion products, that is,
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@PTork(A', K)——@Torf(4,K)
neZ ’\ n':‘Z/

N@porar, K¢

Proof. By Proposition 7, there exists an exact scquence
O0—C—-D——E—O0 in COMP,
where C, D and E arc projective resolutions A’, A and A’/ respectively. This means that, for every

integer ne=Z,

O' ’C::“"Du'—""EN'_"'O

is exact in pM.
By Proposition 5 and Dcfinition ¢,
O Cor: K s D K — s By QKO
is exact in M. Thus
0——CRK —rDRK—s EQK——0
is exact in COMP. By Proposition 4, there exists an exact triangle of homology modules of differ-
cntial modules induced by chain complexes CRK, DXK and EQK:

w2 ’\ utZ/

NHQE.®K)Y
Also we obtain H(@®(C,@K)) =@H, (COK) =@ Torf(4, K). Similarly H(Q) (D.9K))=

(_DZTorf: (4,K) and H(@(E,,@K)):@}'orf(A”,K). This proof completcs.

ne
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