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ON THE PROJECTIVE Hü.VIOLOGY GROUPS 

by Abd El-Sattar A. Dabbour 

In [IJ it is proposed the idea of thc projcctivc homology groups of compact 

.spaces. \ ,,"hich 1S a gencralization of the intercsting homology groups of Stcenrod. 

[9J. These groups depcnd on a ncw lypC 01 cycle. In eS!Ocnce it is an infinite 

cyclc Cin a compacc space X) wilh thc (rcgu larity) rcquirement tha t thc Su 

.ccessive simplcxes are contained ìn any fi ni te opcn covering of the space X. [4J. 

In [I J and [2J it is proved that thc projective homology groups satisfies the 

fi rst five axioms of thc scvcn axioms of Eilenoerg-Steenrod , [5J . 

The main objective of the present papor is to present a proof 01 t he excision 

.axio:n (The sixth onc of Eilenbcrg-Slcenrod's axioms) for the projective homo

logy groups defincd over a chain complcx as a coefficient group, 

J. P l'ojcctivc homology groups ovcr a chain complex 

Lc t ;r bc the catcgory of pairs of countably locally finile simplicia l com

picxcs and thcir inclusion maps. Q the catcgory of paìr3 of compac t spaces 

and th t!!I" continuous maps, .:. _ld G= [G’. d'} bc a chain complcx of commulative 

groups, where dl 
: G'-• G,-t- l for cach intcger i. For c、 ery object (X , A) of Q 

considcr the set w(X, A ) of the t riplcs a=(K , L ;/) , whcre (K , L ) is an ob;cct 

o f the category .5t and 1 : (K, L )-• ( X , A) is a regula r map, i. e. , for every 

fi ni rc opcn covcring 0 of th~ sp~cc X amost f --magcs o~ thc simplexes of K a re 

CO i1 tailled in lhe members of O. If ß=(Kj ' Lj ’ 지) ε w(X , A ) then 、'，'c consicler 

a <β if in K thcrc CXiSlS 

" aß : (K , L)• • (K j' Lj) such tha t I j πaß =I， [4J ; and wc say a<β III vinue 
i 

of " aß" Let C:~i be the group Cn~ i (K , L; C' ) of the chains of ( K , L ) over 

the cocfficient group C' , and D:=민 C따i" The boun따y map 껴 : 야→D2- l 
is defincd as show n in thc following diagram 
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D'" ••• + c:J:1l + c‘“ + CεCll +.,. 

d~ d 

å, 
i 

D:-l: ••• + C::1-..', + C:ι-‘ + c:Jf‘ + ...• 

i.e. , if X투 D~ and its ith coordinate is Xi εcg’L， then Ag xt=% xt 十(-
1)… d; xg’ 빼ere a~ is a boundary homomorphism and d~ is the hOmOffim 

his잉mll때lced by d'. The homology groups of the chain complex [D~， 껴) is. 

denoted by [쩍). If α <ß then π얘 defines, consequent ly, the homor 

π%αg밝:D따z→D얘R and πlCaß얘짜β&‘ :잭H따z →H택3， [6]. 

DEFINITION 1. The projective homology groZlp of a pair (X , A) over the chaiTh 

complex G is the limit of the direct system {H~， rraβ.} over lhe directed set 

w(X, A); it is denoted by Hn(X, A: G); or, brcif1y H，γ i. e. , H/X, A:G)= 

Hn=핀띤 {HZ, πaß‘). 
g 

If G is a trivial chain complex. [6]. the H n is isomorphic to the projective 

homology group defined in [2]. 

Jf g: (X, A) - • (Y, B) is in the category Q anclα = (K. L : f) E w(X, A) then 

g(α)=(K， L :gf) is in thc sct !υ (Y， B). Tho induccû homomorphism g* : Hη 
( X , A: G)-• H/Y, B : G) is defined as fo llows: if A. E H n(X, A : G) with 

repre않ntatlve h g H2 then h g Hg(α) and it is a rcprcsentatiα of g*(An ). 

If the boundary homomorphism 0* of the groups {H서 (compare with [3]) 

then it is casy to show that the triple Jit'= 1Hn' gι 8셔 , 、vhich is callcd the 

projective homology construction ovcr thc chain complex G. is naturally equi 

valent to the construction H dclincd in [3] . lvlorcovcr, wc can prove that the 
triple $:ι satisfies the first fivo axioms of EiJenberg.Stcenrcd list ofaxioms, 

[3]. 

2. The excision axiom 

1'he object of this scction is to vcrify the sixth onc of the Eilenbcrg.Steenrod ’s 
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axioms for t he construction &"". The prool dcpends on the lollowing notions. 

DEFI:liITIO"1 2. If ( X. A ) ε Q and a= (K; f ) is in w( X ). then a n element 

xt of the group C:~ti=Cn+ i CK ; G’) is said to bc a regu.lar cilain of X rclative 

10 A if. for each ncighborhood V of A , f (I)CV lor almosl all si mplexcs 1 01 

the carrier 1.'1/ I of X' , 

Thc subset 탁피 of Cεi consisting of thc rcgular chains of X rclativc to A 

1녕s a St배g망lπωoω뼈II 

factor group C암/력~j is dcnorcd by ε따j' Notc that if f(K )C A then C::~i 
_r‘a , ! 
--)n+ .· 

Let {H: }. {쩍l bc the homology groups 01 the co아rrc잉sp야on뼈1 

{띠D학2， i검3잉l ，’ {펴5쩍g’ E돼，~} where 학=민 CZ;. 뀔=민εμ and 갚， 강 are the rcs-

rrlCtloris of A; 

DEFI"1ITIOX 3. Thc projectivc homology group 01 thc spacc X (pail• (X, A)) 

rcla tivc to A over thc chain complcx G is t he dir따 limit 단깐 {잭 "aß.l (펀l 
‘:r a 

{락， 툰αg‘}) ， 까rhcre C( ε 1U (X) , lt lS denoted by Ea(X ; G) (강"(X， A ; G) ) . 

lt is casy to show that cach 01 thc pairs (HιX; G), ξ서 anc! (H ,, (X , A; 

G) , 화 is a covaricnt functor. ìvhcrc 양， 융* urc thc induccd, by the map g : 

(X , A) - • (Y , B) 01 thc category Q, homomorphisms. 

Along the following part dcnote by X thc bouquct X 1 V X '2 of thc two COm!1act 

spaccs X ‘ and Xzo [7}. and by A thc subsct X~. Also, lct 1 : A - • X bc the 

inclusion map and r : X-• A the rctraction, [5] . 

THEORE:lf 1. Tize þrojeclive homology groμþ of X relalive 10 A over G is 

isomorþhic 10 lize projeclive homology grouþ of Ihe sþace X over G. 

PROOF. Dcfi nc thc homomorphism 

T‘ : H ,,(A; G) - • H n(X ; G) 

by : if A투 H nIA; G ) and 떠 represcntative “ e 따， W빼hcre α= (K ;f) E ω(A) • . 
냐 

l t is easy to pαrove t hat T n is a monomo아rp야h ism. In ordcr to prove tha', T n is 

an eplmorp뼈n， consider that B. E Hμ 
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，'c써c텅;Jrcs앙en따t때ve 0마f B., wherc ß=(K1 : / 1) E α(X) ， Assume that Z. E l5; belongs 

to the homologyclassh:le. , h=IZ”l · LetK/l= 9K,, whereKl=lZllandzt 

th is the i'. coordinate of Z.. Thus we obtain such an element ß’ =(K1 : / 1" ) of 

the sct 1O(X) that β<β in virtue of thc m.뼈ap ï.πï.. S없mce 

hιzν'=터IιZ.셔) EεH다팩E hM‘oreo야ve앙r，’ h'isarπc매prπe않nta따tiv、v’잉c 0이f B. 
r(ß') On the other side, ι E H~\t-' -' and it defines an elcment An of the group HJI 

(A : G) , where r(β’) =(K’1: rl1π) belongs to lO(A) . 1 t remains to show tha t 

T"(A.)=B •. Denote by K'1 the standard subdivision of K ’ 1 X [, where [= [0, 

1] , Define the mapg: K 1-->X by: g8o=/ 1 and g81= lr /1π， where 8,ca) = (a, s) 

f or every vertex a of K ’ 1 and 5= 0,1. It casy to show that g is a regular and 

o=(K’1 : g) E 1O (X) , This follows, csscntially, from the regularity of each Z‘ 

relative to A (Definition 1) . If the two pairs β’， Ir (β’) are identified with 

the corresponding pairs (K 'I XO: g) , (K ’ l X1 : g) then ß'<o and 1γ(ß') <o in 

vi rtue of 80 and 81' respectivcly. Also we have 8，。‘(I1') =81< (h ') ， i ， e. ， Bn=T.(A.). 

THEOREM 2. The projective hQ1시ology grol，φ 01 the pair (X , A) relalive 10 A 

.over G is z'somorþhlc 10 11M projecUve homology gTOαp 01 Ihe þair (X , A) over G, 

PROOF, Definc the map 

T지 : H ,,(X , A : G) - • H ,,(X, A: G) 
a 

.as follows. Let A" E H .(X, A : G) and h E H ; such that h E A‘’ where α= (K， 

L ; 1) E lU ( X , A ) , If l K is the identity map of the simplicial complex K onto 

itself t hen it induces a homomorphism μ 쩍→략， whcre a '=(K ;/) E w(X). 

Thc element 1‘ (h) is a represcntativc of T ,,(A,). 
)low the following scquence is cxact, (8) 

N a': ____ →Ha’-→Hr-→효a’-→]J.a' → 
’ 11 n n-‘ 

εonsider the following diagram 

H n(A; G)-• H.(X:G) - • Hn(X, A; G) - • H • I (A; G) 
- H" _I ( X ; G) 

lT" _lT~ 
l

Tn - 1

! 
E

’‘
(X: G)-• H ,,(X: G) 

-
H n(X, A ; G) - • H._ 1

(X; G)-• H n•
I(X; G), 

whe rc the first row is the exact scquence of the projcctivc homology groups 



Oll The Projeclive H 011‘ology Groups 179 

‘ over G (Thc fourth axiom of the triple ι:il") . thc second row is the direc t limit 

of the direct system (NaJ over the set w(X). [히 • and T It is the isomorphism 

.of the thcorcm 1. It can bc provcd that this diagram is commutative and there 

by. the live lcmma 이 homomorphisms. [5] . sufficc to prove thc theorem. 

Tile main result ;s the /0110ωing theol’em 

THEREM 3. 1/ U is a1! oþell subset 0/ the sþace X (the b5uquet 0/ X 1 and X ) 

stlch tllat i/s closure σ is cOlltailled in the ’nter;or 0/ A = X , . i. e . • UC Ao• tlze 

끼tclusì01l map g ’ (X- U. A- U) -> (X. A ) ;ndαces the iso1Jlorphism g* : H ,JX 

U. A-U; G) - • H ,(X , A; G). 

PROOF. Let X ’ = X-U. A ’ = A -U and 0 bc thc opcn covering of X consis 

ting 01 A" and X - U. We mcntion that 중‘ T*”=T치g용. whcr T‘ It is the iscmor

phi5m givcn in the theorcm 2. Therefore, it is sufficient to prove that thc map 

중￥ H n(X'. A' ; G)-• E,I(X, A : G) 1S al1 lSOmol Plusm. 

Firstly. we show that 감 is an epimorphism. Lct B. be an elcment 01 the 

g roup H . CX. A; G) with a rcprescntative h E 략. wherc a= (K; / ) E w(X) . 

[[ thc cycle Z“ ε D3 is belO맨ng tωo아t디thc야homo뼈10이logy c이lass h 나 

10 s잉ho\'‘w‘v that the ,.'“n COOI띠d비10μa띠1 1ωe Z' (101' cach i) of Z. has such a reprcsentative 

z’ ε c따I 너lal all / -imagcs of thc s잉llT때1 

00아1 X.시. I. C.ι . . ’ thcy arc contained in either AO 01' X -U. Consider that 2’ =2뉴 

강， whcrc z;, 감 are the restrictioDS of the chain z’ Qn those sit찌exes I of 

12’1 fol whlCh f (t)CAO, f(t)C(X-E) (Aon (X-i7)), lCSFectlVCly. -Assume 

that K ’ =[t EK :/ (t )CX -U} and a' = (K:/ IK' ) Ew(X') . lt is clear tha t 

z; e c강: and a;" (2;) E ë강'-1 ' Thus we obtain such an clcmcnt h= [Z . J E 

할 tha t 2강2 15 a 때resent때、v얘，e 0아f the i'h coordinatc of Zn. ìvloreover. h dcfines 

an elementn An 01 the group H .(X'. A ’ G) for which 화(An)=B" 

Secondly. in order to prove that 강융 is a moncmorphism. aS5ume that An ε Hn 

( X ' . A ’ ; G) and hE쩍 such lha t h is a rcpresenta tivc 01 An' where a =(K; 

f) E w(X’ ) . Consider that Z n E 1i: belongs to the homology class Iz. Let zi E 

‘ C仁i be a a repre잊ntative of Z’ such that a l1 g/-images of the si r때exes of 

(12’ 1 are contained in the covering 0 0/ X. Morcover. consider that 동μA.)= O. 
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This means that therc exist a pair ß=(K ,; 1,) in the set w(X ) and an elcment 

X n+ 1 of thc g roup ñ~T 1 such thatg(a) <β in virtuc of thc i띠USIOD π :KζK1’ 
and 

- 1 ;-1 aβ X’ +( -1)nT d; x =1rz + i , - - - ( l ) 

(see [6]). whcrc Xi E C~;i is a representativc of the i lh coordinalc of X써 and 

ÿ' E C료. Let 1('1= It E K 1 : I/I)CX' }. It follows 내at thc pair ß'=(K'l ; 지 1 
K' 1) belongs to w(X') and α 〈β in virtue of rr': KCK'lO \Vrite 

:) 3 
".,'= ε x~ and yl=ε PL 

k=1 ‘ k= l ‘ 

where 써， 션 (펴. 파) are the restrictions of thc chain x' (ÿ') on those simp 

lexes of x' (ÿ’) for which 1
1 
(1) are contained in the covering 0 of X. f 1( t)CAO

• 

respectively; but 서 (v;) denotes the restric tion of x' CY’) on the rcmain simp 

lexes. The equality (1) can be rewritten as follows: 
+: ~I ← ;-1 ’ ‘ o&/ X;+( 1) ”Tt dg, Xl =π’ z+치+c’， •• (2) 

r_ i .... i . .... n+i +l . ;-1 i- l 
、‘ here c’=뀔 파8g 상+( -1)η dg 작 ] 

l t is clear that 치 +c' E C싫. If x~ is considcred as a repre않ntative of the ;'h 

coordinate of an cJement X n+1 of the group 잭니 then the equality (2) implies, 

tha t t:，강 1 Xn+ l=π’ Z，. i.e . • A.=O. This complctcs thc proof of the theorem. 
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