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.AN EXAMPLE. WmCH SHOWS THAT THIERRL\"S CHARACTERIZATW:-;

FOR THE JACOBSON RADICAL OF A RL'lG IS PROPERLY NEW 

By Fcrenc Andor Szàsz 

In 1967. G. Thicrrin [8J has introduccd the notion of Keumannian right iàeal 

.R of a ring A. as fo l1ows ‘ 

A right idcal R is ca l1ed in a ring A Ncumannian. if for cvery clcment aEA 

I thcrc exists an elcmen t bεA such lhat 

aba-aER 

holds 

In [8] is a lso vcrified by G. Thierrin lhat cvcry m dular (see K. Divinsky 

[1]. N . .J acobson [2J or F. Szàsz [6]. [7]) (maxima l) right ideal is Ncumannian; 

furthcrmorc thc intcrscclion of finite number of Neumannian right ideals Îs 

.again 'Icumannian. \10reoycr. a l50 by [8]. if R is in A Keumann ian. then thc 

idcal quotient 

R : a = [" ; "EA. axER) 
ds again ;.Jcumannian for arbitrary clemcnt a은A. 

Onc. among thc important rcsults 01 Thierrin [8]. asserts that thc Jacobson 

‘radica l ] ( A) of thc ring A coinci,!cs with the inlcrscction 01 a lI Ncumannian 

( not neccssariJy maximal) right idcals. 

THEOREM L (of F. Szàsz). Tile ] aco~"o" r.。이cat ] (A ) o[ a ring A coincides 

wilh Ihc in!ersection T(A ) 01 all Neιmanman max’ IIIαJ ηghl ideats Ra 01 A. 

RROOF (cf. [8]). By lhe first proposition of G. Th ierrin [8J eviùcntly T ( A) 

드](A) holds. ] (A ) bcing lhe interscction of a lI modular 'maximal right idcals 

[1]. [2J. [61. [7J, and since modularity of right idcals impl ics thc I\eumannian 

bchaviou r. If we ussume t.hat 

T (A)￥J(A) 

is valid. then there exists an elemcnt .<E]CA) such that ，，~T(A) . Then there 

.cxists a150 a \'eumannian max.imal right idcal R of A such that "중R. \oVe now 

. 'lSC the lollowing righ t idea l: 

%=Rn ] (A). 

Then there exists. by Qur assumption on R, an element yεA satisfying 
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xyx-xER. 

whence xE!(A) implies also 
xyx-xEJY. 

Furthermore. if z=xy. thcn 

Z2-z=(xyx-x) · yex. 

being JY a right ideal in the ring A. Now xE!(A) ‘mplies zE! (A). Therefore 
there exists an elcmcnt tuεA such that: 

z+ro-z.w=O. 

whence we obtain. by multiplication with ( - z). the equations: 

and 

But z2_zε%" implies: 

Thus 

consequently: 

and 

holds. Thcrefore : 

Z2·to -z· to-Z2=0, 

(z2-z)m-Z2=0. 

2 ; 2 z"= (z" -z)wE JY. 

2". 2 z= (z -z")+z"EJY. 

z'x=xyEJY. 

x=xyx- (xyx-x)EJY 

xE드JY<;;;.R 

is va id. which contradicts our assumption x$R. Conscqucntly we obtain T(A)> 

=!CA). indecd. qu.e.d 

THEOREM 2. There exisls a r,…g A co찌at'ning a N eumatmiaι 11loximal. but 

IWII.modular righl ideal R 01 A. Therκfore lhe Thierrin-Szàsz characlerization 01 

11" !acoásoll radical T(A)=! (A) 01 A is 1101 ollly lormally. bιI also properly 

’‘eu’-
PROOF. Ccf. Szász [5J. [6J. [7J ). Thc letter p let dcnotc 0 or a prime number. 

Furthermore. let Pþ be a prime field of characteristic p: f" be an arbitrary

infnite cardinal number. r be a set of inçexcs of cardinality f ,,' moreover 

%β be the Kronccker symbol . Lct A be an algcbra ovcr Pp with thc basis . 

elements 
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Oa' r aß' Saßr (α， ß, r E r) 

and R be the subalgcbra , gencratcd over Pp by all r <<3’ Saßro 

Put the multiplica tion table 

a, T: r, sεη0 

aa a, a~ a rJ ( a4 0að 

raß Saße δjk oTal'/ δß!oSar;fJ 

Saßr Saß! O rξ 'Saß1j δre'SaßO 

Then A is a monomial algebra, in this : asis, over Pp' Every element a of 

A has a form: 

(‘ ) a=E‘ 1r(aa+ε* Pii. T"，ιS + E* o ·st?R ) "'/"1 -<<1" 

where πi' Pij' (f ijlcEP p and ε* is a fini tc sumo 

We can explicitly verify that this tabJc dcfincs an associative muJtipJication. 

Moreover, we obviously see that R is a right idcal of this ring A. 

If a풍R， aEA, then thcre cxists a cocffi cicnt πiEPp such that 지~O in (η. 

Thus we have 

a(πrl ·p ·%ta)= p·aβ+ r' ( r'E R) 

for every βεr and ρEPÞ' conscqucntly ‘ 

aR+ R = A . 

This shows that R is a maxima l right idcal in A. indeed. 

Now we verify tha t R is not modula r in the ring A. i. e. (1 -a)A투R hoJds 
for evcry aEA. Namely. if a드R. thcn 

(1 -a)aa = aa - a , o,,$R. 

being aa$R. But. if a$R, thcn thcrc ex ists in (*) a coefficient 깐~O such that 

(1 -0) ' (π?·r때) =0β+r" 솥R 

Thus, by (l-a)A~R， the maximaJ right idcal R is not modular in A. 

Now we show that R is a l'oieumannian right idcaJ in A. By 1 r 1 =ιγ(l' thcre: 

exists an index ω in (‘), which is diffcrcnt from all occuring 익· 에· 까.If 

all π is zero, then a in (‘ ) beJongs to R. and thus oER t rivially implics 

a'a'a-aER 

But, if there cxis~s for a in (‘) a coefficicn t π， ~O. thcn with the denoting: 
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(ι‘*πj' aai + I.'* Pij ' Y <<，.β，+ ε* (J ifJ( '5a;ßJ7)'(π「1. satμ) =b 
‘ O:1.e calculates 

b=aω + r". where r"ER: 

"-whcnce we obtain, by ('’) and by the choice of ω. thc rclations: 

a(π-l Saμω)a -a= ba -a= (aw rr" )a-aεR. 

1‘ hcrefore R is a Ncumannian maximal , but not modular fi gh t ideal of this 

• ring A. qu. c. d 

REMARK 3. R is al50 qιaslmodιlar in A : that is R : A득R holds, where 

R: A= [%; xEA, Ax드R). 

‘ (Sce [51. ) 61. [7J.) 

REMARK 4. Ovcr Þp holds 

dim A = dim R = “ra' 

PROBLEM 5. Docs therc exist a Ncumannian, maximal, but non-quasimod ular 

.. right idcal of a ring? 

PROBLEM 6. Does thcrc exist a quasimodular, maximal, but non- Neum:tnn ia n 

right ideal of a ring? 

PROBLEM 7. (A. D. Sands. communication in a Icttcr. ). Is lhc Jacoo.oo 

radical J (A ) thc intcrsection of all simultenously Icft and righ t primitiyc idc:Ils 

of the ring A ? 

Budapcst 
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