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Fixed Point Theorems for Commuting Mappings
in Probabilistic Metric Spaces

By S.L.Singh & B.D.Pant

§ |. Sehgal (20) initiated the study of fixed points of contraction mappings on
probabilistic metric spaces (PM-spaces) (cf. also {21) and (22)). Cirid (2)
introduced the notion of ‘generalized contraction’ on a PM-space (see Remark 1
below). For fixed point theorems in PM-spaces refer to [5), [6), (7], [28)and
references thereof. On the other hand Jungck (9] generalized the Banach contrac-
tion principle by introducing a contraction condition for a pair of commuting self-
mappings on a metric space. He also pointed out the potential of commuting map-
pings for generalizing fixed point theorems in metric spaces (cf. also (10)).The
essential part of Jungck’s result (9) may be stated as follows |

A pair of commuting self-mappings P and T on a complete metric space (M, d)
possesses a unique common fixed point, if T is continuous, P(M)ST(M) and
there exists a constant h € (0, 1) such that d(pzx, py) <hd(Tx, Ty) for every x, 9
eM.

This result has been extensively generalized by demanding the pair to satisfy
general type of contractive or functional conditions (e. g see (3), (11), [(13],
(14), (18], (16), (17), (18), (23), (243, (25), (26) and (32)). Further gen-
eralizations have also been suggested by considering contractive type and functi-
onal conditions for three self-mappings of a metric space-one of the mappings
commuting with the other two- (see (4], (12}, [(27), (29), (30] and [31)).

In this paper we combine the ideas of ¢iri¢ {2 ) and Singh and Singh [29],ar{d
introduce the notion of ‘generalized contraction triplet’ for three self- mappings
on a PM-space (cf. Definition 1). In §2 of this paper, three fixed point th-
eorems are proved for such mappings. One of the results is a fixed point theorem
for mappings from a product space X XX to a PM-space X, Finally, in §3,
we present convergence theorems for three sequences of mappings and their com-
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mon fixed points.

A PM-space is an ordered pair (X, J) consisting of a non-empty set X and a
mapping 7 from X x X to £, the collection of all distribution functions. The va-
lue of 7 at (p,q) € X X X is represented by F, .. The functions F,,, are as-
sumed to satisfy the following conditions :

(i) Fuo(z)=1 for all x>0, iff u=v:

(ii) (Fu,v(0)=10:

(iii) Fuo=Fou:

(iv) if Fu,o(x)=1 and Fuuw(y) =1 then Fy wlz+y)=1.

A Menger space is a triplet (X, 7.t), where (X,7) is a PM-space and t-norm
(or T-norm (19) or d-norm (21)) t is such that {iv) is replaced by

(iv') Fuwlzty) 2t{Fuo(z), Fouwly}
for all x= 0, y= 0. For topological preliminaries refer to Schweizer and Sklar
(19), (see also (6]).

Throughout this paper (X,#) stands for a PM-space and (M,d) for a metric
space.

DEFINITION 1. Three mappings P. @ T on a PM-space (X,7) will be called
a ‘generalized contraction triplet’ (P. Q. T) iff there exists a constant A € (0,
1) such that for every u, v in X,

(1) Fru, av (hx) Zmin{Fru, 10 (), Fru ru(x), Fooro(2), Fru 10(22), Fou 1u(22)}
holds for all x>0,

DEFINITION 2. Let P,Q and T be mappings from X (resp. M) to itself. If
there exists a point u, in X (resp. M) and a sequence {u,} in X (resp. M) such
that

(2) Ttyne, = Pttyn, Tugpe, = Quyn,, for n=0,1,2, -+,
then the space X (resp. M) will be called (P. Q. T)-orbitally complete with res-
pect to u, or simply (P.Q: T(u,))-orbitally complete if the closure of {Tu, . n=
1,2, -} is complete.

If P=Q and T is an identity mapping on X (resp. M) then the space X({resp.
M) will be called P(u,)-orbitally complete X (resp. M) is called P-orbitally
complete if it is P(u,)-orbitally complete for every u, in X (resp. M), (1,8].

DEFINITION 3. T will be called (P, Q: T(u,))-orbitally continuous if the res-

triction of T on the closure of {Tu,: n=1,2, -} is continuous.
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§ 2. We shall need the following lemma.

LEMMA [28]. Let {y,} be a sequence in a Menger space (X, 7, 1), where tis
continuous and satisfies t(x, x) 2x for every x € (0, 1]. If there exists on h &
(0,1) such that

Fan, snei (h2) ZFspy, 50 (), n=1,2,,
for all x= 0, then {y,} is a Cauchy sequence in X

THEOREM 1. Let (X,7.t) be a Menger space, where t is continuous and
satisfies t(z, #) =« for every 2 € (0,1}, and P, @, T: X—X. Further, let (P,
Q: T) be a generalized contraction triplet and T commute with each of P and Q.
If there exists a point u, in X such that X is (P, Q" T(w,))-orbitally complete
and T is (P, @Q: T(u,))-orbitally continuous, then P, @ and T have a unique com-
mon fixed point and {Tu,} converges to the fixed point.

PROOF. By (1)

Frumis Tumes (h2) = Frup auy., (h2) Zmin {Fry, o (21, Frog g, (8,

) ~
FT“zn-n’ Tugpes (x) M FT"zn+1’ Tuzns (Zx) ’ F Tuzneas Tugn

(2x)1,
giving
Fru,,,.,,. Tusnss (hx) ZFTu“,, Tupnyr (x),
since
Froposs tugn (22) Zmin {Fruy 0t (8), Frup s mig, (01,
Similarly

Fru,,m, Tugnss (hx) 2Fru,,m, Tuypay (x).
In general,

Fr“"“. Tupsy (hx) 2F1uﬂ, Tups, (x) .
so by the above lemma {Tu,} is a Cauchy sequence, and converges to a point z in X.
We now prove that

Qz=Tz,
Let Ugz(e, A) be a neighborhood of Q2. Since, by the continuity condition on T,
TTu,,— Tz and TTu,..,— Tz, there exists on integer K=K(€, A) such that

1— A
(3) n=K implies Frr,,. 7 (”‘2“;‘1‘6) >1~ A and Fregmnn, 72 (

By (1),

1—-h
o &) >1—A.

Fm,,m,, (€)= Fpru,,,. e (&) Zmin {Frw,,,. . (€/h), Frtugmars Tugn (e/h),
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4 S. L. Singh & B.D. Pant

FQz- Tz (£/h) » F"”‘uzun, Tz (28/}') ’ FQZ! TTuzn (2£/h>} = min
{FTTuzm Tz (E/h} s FTTwn'n Tz <£/2h) 5 FTTuzn- Tz (6/2’1) s

144 1—h
Fsz TTuzn+ (—_.?? 8) ) I:TTuan, Tz (TE) )

FTTuern T (28:/}5). FQz’ TTuenity (G/h) ’ FTTuanv TTuin (E/h)}v

giving
Firtunets a2 (8) Zmin {F rrum 15 (6/28), Frnuner, 72 (‘1“;,;&‘5)'
Frruncs, 17uin (€/R) }
min {From (o). F rremens e (CZre)
Frrunn. 10 A5e), Fro, v (%—J—'-e)}
=min {Frrgne. e (“‘E,‘;"@, Fre, 1rusn h €}
So by (3),

FTTumﬂ»Qz(e) >1""A fOX‘ aﬂ NZK,
Consequently Tz=Qz. Similarly Tz= Pz,
To prove Tz=2, let Ur (& A) be a neighbourhood of Tz Since {Tu,} is a Ca-

uchy sequence, there existﬁ an integer K=K (&, A) such that

—h
FTu:m Tmlnﬂ ( 2h E) >1 fOI‘ a” n:"fK
By (1),
FTuznn; Tz (8) = Ff’um- Q@ (6)
Zmin {FTuzm Tz (E/h) ’ FT‘uznn, Tuzn (é‘/h) ’ 1 )
FTuzn+n Tz (28/’1) F;’zz. Tuzn (25/}‘)}
1 s 1
Zmin {FTuzﬂ- Tuzn+ (ﬁ_é*h“— 8) F’ﬁnmu Tz( 2h le)
FTunn“v Tuzn (E/h B I:Tuznny Tz (26/h) .
Fsz Tuzn+i (S/h) y F‘Tuznn. Tuzn (E/h) } ’
giving
Turn+yrs Tz E) Tuzns Tuzn+: 2h £).
SO
Frine, 1 (8) >1—4  for all n=K.
50,

2=Tz, since Tuy,.,—>z.
To prove the uniqueness of z as a common fixed point of P,Q and T, let y be
another common fixed point.
For some z> 0, we have by (1),

Fy, 2(x) >Fy, 2 (z/h).
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Thus
Fy 2(2) ZF5, 2 (x/h") =1 as n—s0o,
proving y=z.

REMARK 1. If P=Q and T is an identity mapping in (1), then generalized
contraction {on a PM-space) introduced by éirié’ {2) is obtained. Hence, in this
case éirié’s result [(Th. 1,2} is obtained as a corollary to the above theorem.

COROLLARY. Let (M, d) be a metric space, and P, @ and T be mappings
from M to M such that PT=TP and TQ=QT. further, let M be (P,Q: T(u,))
-orbitally complete and T be (P, Q. T(u,)-orbitally continuous. If there exists a
constant A€ (0, 1) such that

d{pu, Qv) <h max {d(Tu, Tv),, d(Pu, Tu), d(Qv, Tv),
3d(Pu, Tv), +d(Qu, Tu)}
for all u, v, € M, then P,Q and T have a unique common fixed point and {Tu,}

converges to the fixed point.

PROOF. It may be completed following éirié (2, Cor. 1. 1J.

THEOREM 2. Let (X, 7, 1) be a complete Menger space, where t is continu-
ous and satisfies t{x, 2) =x for every x € [0, 1], and P, Q, T: X—+X, Further, let
(P,Q: T) be a generalized contraction triplet, PT=TP, QT=TQ and P(X) U
QRX)=T(X). If T is continuous, then P,Q and T have a unique common fixed
point.

PROOF. We take %, in x and construct a sequence {u,} in x in the following
way .

Tuppe: = Prtyn, Ttpns,= Quyp,,, n=0,1 2,
This can be done since P(X) U Q(X) = T(X). Now the proof of Theorem 1 works.

Now we apply Theorem 2 to establish the following result.

THEOREM 3. Let (X, 7, t) be a complete Menger space, where t is continu-
ous and satisfies ¢ (x, ) =x for every x € {0, 1], and P, @, T three mappings f-
rom the product space X % X to X such that

P(Xednt) U Q(Xfob) <= T(Xedoh), P(T(u,v),0)=T(Plu,v), )
and
Q(T(u, v),v) =T(Q(u ), v)

for all u, v in X. Suppose that
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6 S. L. Singh & B.D: Pant

Friu v, e, vy (hx)
(3.1) 2min {Fnu, o, nv/, o' (2), Fru o, nu o (2),
Foaw, v, nw o) (2), Fru o, nw, o) (22),
Fau, v, nu o (2x), Fu o (2)}
for all u, v, u", v in X, for all x>0 and for some constant h € (0,1). If T is
continuous, then there exists exactly one point b in X such that
P(b,b)=Q(b, b)=T(b, b) =b.
PROOF. Let v=19" in (3.1). Then
Few, v, au’, o (h2) Z2min {Fnu, v, 70’ v (2),
Frou v, nu, 0 (2), Faw, o, nu, v (x),
Fru v, nu/ v (22), Fouw, v, ne o (22)}
Therefore for a fixed v in X, Theorem 2 yields that there exists a unique u(v)
in X such that
(3.2) Plu(v), v) =Qulv), v) = T(u(v), v) =u(v).
Therefore for any », ¢” in X we have by (3.1),
Fuv, wory (k) = Fruv, v, quvr, v (hx)
=Zmin {Fuw, wo (2, Fuo, wo (1),
Fuvr,wor (2), Fuo, won (22),
Fuon, we (22), Fo o ()},
giving
Fuw, wor (hx) ZFo, o (2).
Since this is true for all x>0, u(:) is a contraction on the complete Menger

space X, so there exists a unique b in X such that u(b) =05, Hence, by (3.2),
P(b, b)=Q(b, b)=T(b, b) =b,

§3. Let P and P,(n=1,2,+*) be mappings on a PM-space. If P,— P uniform-
ly on X then Ciri¢ (2. Istritescu (6] and others (see also references of (2]
and [6)) have investigated the conditions under which the sequence of fixed po-
ints of P, (n=1,2,--*) converges to the f{ixed point of P. Similar investigations
have been made by Istratescu and Sacuiu {7} in the case of two sequences of
mappings on a PM-space. Istrétescu (6, page 342) has also proved a econver-
gence theorem, if {P,} is pointwise convergent to P. This section offers (uniform

and pointwise) convergence theorems for three sequences of mappings.

THEOREM 4. Let (X, 7,1) be a Menger space, where t is continuous and
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Fixed Point Theorems for Commuting Mappings in Probabilistic Metric Spaces 7

satisfies t(x, z) 2z for every x € (0,1). Let P, Q,and T, be self-mappings of
X with a common fixed point Z,, n=1,2,---. Let (P,Q: T) be a generalized con-
traction triplet on X with z as their common fixed point. If the sequences {P,},
{Q.} and {T,} converge uniformly to P,Q and T respectively on {z, . n=1,2, -

}, then z,—z.

PROOF. For any n,

— h
an.z(e)“Fi’nzm QZ(}_2£€+}°;+—2-—£)
1—4a + h
>min {Fepz,, pzn (T &), Frzy, a2 (%"5) t
1—h 1+A
(4.1 2min {Fenzy, rzn(.,TE), Fran, az ( 5 &)},
By (1),
1+hA 1+h
Fran o2 (~5—8) = F,, o (5576, F
1+h 1+h
2min {Frep, 12 ('_2",;"'5) v Frap 12y (We) '
1-+h 1+h
Foz, 12 ("""‘é‘i;‘"ﬁ) . FPzn, Tz (Te) v
1+h
F}%1wn6-7:“£)h
giving
1+h 1+h 1th
Fsz QI(TE) Zmin {F‘I'Zm T2 (WE) s Pz, T2 (_.27—;‘6)} ’
since Qz=Tz=12z
1—h 1+2h
2min {FTZ’[, TnZn (—-ZTE) v FTnzm TZ (7];—.5) y
1-+A 1+h
Fran razn (5578, Frazm ran (75601
1—A 1+2h
(4 2) = min {me TnZn (TE) v an- Z(Wére) s

1—h
FPZn, Pnzn (Te) } )
since Ppz,=T,z,=z,.
Since {P,} and {T,} converge uniformly to P and T, for & A>0 there exists an

integer K=K (&, A) such that
1—h
Fepza, p2n (TG) >1—4

and

1
Frazn, 12 (5

1 &) >1—4
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8 S.L.Singh & B.D. Pant

for all n=K. so from (4.1) and (4,2) we have for all n=K
1+2h

Fz,;,z(e)>1"“A, since Fz",z(G)SFz”,z( 2h

&)

Thus z,~z.

THEOREM 5. Let (X 7, %) be a Menger space, where t is continuous and
satisfies t (x, x) =z for every z € [0,1). Let a triplet (P, Q.. T, of self-
mappings on X be a generalized contraction with (the same) generalized contra-
ction constant h and z, as their common fixed point for each n=1,2, ---. If {Pg},
{Q.} and{T,} converge respectively pointwise to self-mappings P,Q and T of X
with z as their common fixed point, then z,—z.

PROOF. For any n,

1+h 1-—h
Fap, 2(€) = Frpag, gz (—5— 5+""§‘"‘ €)

2
1+h 1—h
=min {Frnza, an(”‘é"'f)' Fanz, Qz(""é"‘é)}

1+h 1 h

(5. 1) Zmin <Ff’n2nsQnZ( 5 “5). Fcnz. Qz("Tf)”

Since (P,, Q,: T,) is a generalized contraction triplet, we have
1+h 1+h

Pnzn, Qnz (TE) zFPnZn. an(h _.‘27‘1.“—6)
1+h 1+h
Zmin {Frozn, mz ("-2-5'* €), Fruzn tazn (*ﬁ;"s),
1+4h . 1+h 1+h
Fonz. 7"2(_—2'7;.6) Frza, TnZ(Te) , FQn‘z, Tn2n (Tf)},
giving
1+h 1+h 1+h
Frnza, cnz("’é"“ €) Zmin {Fryzm, Tnz(“’érﬁ), Faya, rnz(‘“g};"‘“:) b,
since Ph,z,=T.2,= 2,
. 3_’f_2f18) F (}:_’ie)
Zmin {Fa,, 2 7h R 72, mmz "5y ,
1+ A . 1+h
F gz, az("i;;""f) v Fra, me ("27“‘8) H
1+2h 1—h
(5.2) Zmin {F, z(“’"z*;;'"’e), Frz, 1z (TE).
1—h
Fanz, oz ("*4”““8) b

Since @ and T are pointwise limits of {Q,} and {T,}, for positive & A corres-

ponding to a point 2, there exists an integer K=K (&, A) such that

—h
F’rnz, TZ(ATS) >1-—2
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and
Fors setie) > 1 -4
for all n=K.
so from (5.1) and (5.2) we have for all n=K,

142k

Fon 2(&) >1—2A, since Faz, 2 ( Zh“é‘)ZFzmz(e).

Hence z,—=z.

REMARK 2. In Theorem 4, if P=@Q and T be an identity mapping on X then
we obtain Cirié’s result (Theorem 2,2) under a slightly different condition. In
fact, in such a situation, Theorem 4 presents a slightly improved version of Ci-

rie’s result (op. cit).
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