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Asymptotic Stability of Multimachine Power Systems
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I. Introduction
Since large scale systems such as power
systems..tax the capabilities of most modern
we use the -decomposition and
Making wuse of the
Lyapunov stability and the constructive st—

computers,
aggregation method,
ability based on the concept of stable ma-
trices, we analyze the stability of the system,
where the stability properties of the isolated
subsystems are investigated by the construc-
tive method,

The application of the second method of

*LECRER TRRR BRIEN GEHm

Lyapunov to power systems was introduced
by Gless [1]) and also by El-Abiad and Na-
gappan [2] in the same year (1966), For the
detailed history of the applications of the
second method of Lyapunov to power systems,
refer to [3)i+ e

The ideas* prqsep’ped in this paper were
motivated by [4],?& short summary of this
paper is as fc’)ﬂo‘ws : We first present the
constructive stabﬂity results by [5] anl (6],
from which we get computer-generated Lya-
Next,
matrix for the stability analysis of the ove-

punov functions, an aggregated test

rall system is determined in terms of the
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qualitative properties of the isolated subsys-
tems and in terms of the inlerconnecting ch-
apply the above

aracleristics, Finally, we

results to a 3-machine power system [7] to
show the system is asymptotically stable in

some region,

I. Background Material

In this section we summarize some global
results from (5] and [6],
We concern ourselves with systems described

by equations of the form

x=F(x) (E)
Where xCR", t€lo, oo)=R", x=jTX F;R"
R" and IFF(x) ==o if and only if x==o0,

System (E) can be rewritten as

x=M(x)x (E")

where M(x) is chosen so that M(x)x=F(x),
Applying Euler’s formula to(E’), we obtain
(1)

where ly==t,.;—t, the current step size, 1f

K1 =X, H I M(x) %,

we let S denote the set of all matrices obt-
ained by varying x, over all allowable val-
ucs, then we get
K== (LR M) xp MES )
where I, denotes the(nXn) identity matrix,
In (5] and [6] it is shown that if x=0 of
(2) is stable (globally asymptotically stable)
for all {h.},

h’>o0, then the equilibrium x==0 of (E) is

sequences o<h,<h’ for some
stable (globally asymptotically stable),

Let S denote the
with the property that [or cvery x€R" there
exists an MES such that I'(x)=Mx, Let A
==[I,-+hS]) for some h>o,

We call a set A of
stable if for cvery ncighborhood of the origin
UCR" there exists another necighborhood of

set of (nxn) matrices

(nxn) real matrices

the origin VcTR" such that for every MEA/,

4

we have MVCU, Here A’ denotes the sem-
igroup of A,

In [5] it is shown that the following st-
atementls are cquivalent @ (a) A is stable 5 (b)
A’ is bounded ; (¢) There exists a bounded
neighborhood of the origin WCR" such that
MWCW for every M€A, (Furthermore, W
can be chosen to be convex and balanced,) ;
(d) There exists a vector norm |||, such
that [IMx!lwZ11x]ly for all MEA and for all
x€R",

Let a€R, let WCR", and let aW={u€R":
u==aw, weW), Since statements (¢) and (d)
above are related by

lxl,=infl{a : >0, x€aW]
it follows that

(3

[Ix[lw defines a Lyapunov

function for A, i, e,, it defines a function
v with the property

v(Mx) <v(x) for
XER",

Next, we call a set of matrices A asymp-

all M€A and for all

totically stable if there cxists a number 0>1
such that pA is stable,

In (5] and (6] a constructive algorithm is
given Lo determine whether a set of m{nXn)
A=(M,, ...., Mn.,Jis stable
by starting with an initial polyhedral ncigh-

real matrices

borhood of the origin, We, and by defining
a scquence of regions (W] by
W, AKCUM, W,], where k/=(k—1)
j=0
(4

and where K[ -] denotes the convex hull of a
Now A is stable if and only if

We=0W, (5)
k=0

mod m

set,

is bounded,
In practice, W, above is usually chosen as
simple as possible, i, e, it is chosen as the
region defined by
E(W,) =(w,ER": x,,==1,

i=1,,,, n]

X:/:“«O’
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where w,"=(X;1,,...» Xi)ER",

We begin by linearizing (E) about the eq-
uilibrium x=o0 of (E), This yields the equa-
tion

k=Jx+F; (x) (6)

where j#g—li(X) lx=0 denotes the Jacobian ma-

trix evaluated at x=0 and F;(x) consists of
higher order terms in the components of x,
Now if the real parts of the eigenvalues of
J are negative, then the equilibrium x==0 of
(E) will be asymptotically stable, and fur-
thermore, the equilibrium x=0 of the linea-
rization of (E), given by

x=Jx N
will be globally asymptotically stable,

If we follow the procedure stated earlier
in this section, then we get the singleton
extremal matrix E(A)={[,+h]} for some
h>0. Using the multiplicative semigroup of
the set {0(I,-~h])}, for some #>1, we make
use of the constructiue algorithm to obtain
W*, starting with an initial convex set W,,
The set W* determines a norm v{(x) 2 ||x}l.*
which will serve as a Lyapunov function for
(7), also for (6), and hence, for (E),

We first note that aW*={x€R" : [|x[l,=1},
Since W* is convex, then for any x€R" there
is an x’€ 9W* such that x=ax’ for some
a>o0, For this @ we have |Ixlli=0,

For further details concerning the above
constructive algorithm, the recader should

consult [5],[6], and (8],

I. Interconnected Systems

Frequently it is possible to view systems

described by (E) as interconnected systems of

the form
2:=F,(Z)+G; (%), i=1,.,., I, (Z)
where Z,€R™, T, : R""—>R", x¢R" with xT

5

1
=(Z,"...,Z217) and n=Y.n,, and G, : R">R"™
i=1

If we define f(X)™=(f1(ZD%..., F1{ZD")
and g(x)T=(g, (x)",..., 2(x)™), then (Zi)

can be rewritten as

x=f(x)+g(x)AF (%), )
We call
7.=F,(Z) i=1,.,., I, )

the isolated subsystems, As in the previous
section, (S,) can be rewritten equivalently as

7:=M,(Z)Z; (ChY)
where M,(Z,) is chosen so that F,(Z,)=M,
(Z)Z; for all Z,€R"Y

Lemma 1(4] : Suppose that for system (5;/)
we can find some h,”>0 and some #,>1 such
that the set

{0,(L;+0/ M (Z)) + Z,€RY} (8
is stable, Let W,* denote the convex, bala-
nced set determined by the constructive alg-
orithm for the set(8), Let v,(Z,)=lZ1l;
denote the corresponding norm Lyapunov
function, Then the total time derivative along
the solutions of (S,”), Dvicsi,)(Z,.), can he
estimated by

DVi(si,)(Zi)S—ﬂiVi(Zf),
where ﬂ;"—‘(l—-%{) (h%)>0.

Theorem 1{6] : The equilibrium x=0 of
() is globally asymptotically stable if the
following hypotheses are satisfied : (A—1)
The free, subsystem (S,) satisfies Lemma 13
(A—2) For (2,) there exist constants g;;=0
i, j==1,...,4, such that

1
[lgi<x)]|i£21gif] 1Zills
5=

(A—3) The successive principal minors of
the (I x1) test matrix D=[d,;] are all posi-

for all x€R";

tive==where
i 8y 1=J}
—8ii 1#.] .

1
In particular, if we have g,(x)=XA,;Z,,
i

di.i:l



ie=1,.. ., 4, where ALER™Y are constant

matrices(independent of x), in this casc we
can take g,;=1A 1, where

“5\:1[[;J:nqux{Hf\zile: : 7,6}: (\\'VJJ)}.

V. Application to Power
Systems

Consider an n-machine power system in
which the absolute motions of the i-th ma-—
chine is described by the equations.

I\(isi_‘_DiSi;:Pmi_—Pehi:l, 25,510 (9)
where Pe,~=Z“EiE,-Y,, cos(d;—d;—6,,) and
7=1

d, : absolute rotor angle

M, : inertia coefficient

D, : damping coefficicnt

P,, : mechanical power delivered to the
i-th machine

P,, : electrical power delivered by the
i-th machinc

E, : internal voltage

Y,; : modulus of the transfer admittance
between the i-th and j-th machines

8,; : phase angle of the transfer adm-
ittance between tihe i-th and j-th
machines,

M., Di Pai

all machines, In

In (9), it is assumed that
and E,;
addition, we assume uniform damping, that

are constant for

is,
D
M;

We note that the equilibrium of (9) is (w,=

=Y, i=1,2,...,0,

0, 8,=9,"), where §;=w, and J,"’s are com-
ponents of an asymptotically stable equilib-
rium obtained as solutions of the equations
Pe;(8,°)=Pu;s 17=1,2,...50, 10)
Let 8,,==6,—0, and w.=w,—o, I[ we define
Z. = (W, 0;s—0"in), we gel the cqua-

tions of the form

7.0 (751G, (x), i=l,,,,,0—1 (2)
where
rzy=l" e[ Y ) ne
(o= oy )7 L N2,
Cre=l1 07,
G(0T=[0  £0(0%

L(y) = (=30 BBaY 10080, (cos (y +6°0)

—cosds, )+ <T\14‘,."‘ —I\l/ln)E,E,,Y“sinOzn
- (sin(y+2°,,) —sind’,.]
a-1
£ () =3 SIBE Y, (eos(—x1, 40",
ixi

n-1
0 —cos (' —0u) I3 32

i I=1
Ik
E.E,Y,(cos(xy;—%;+0%,—0,,)
—cos(8°;—0:)]
x,;=C*Z,, and
xT=(Z,", Zo" ..., 2 1),
As an example, a threc-machine system
given in (8] will be used, The valucs of the
paramenters arc specified as follows :
M,=0,01, M,=0,01, M,=20, [,=1,017,
E,=1.005, Es=1,033, Y;3=0.98X107% Y;=
0.114, Y2:=0.105, 6,,=86°, 0,5=88", O33—=
89°, 8°1,=5°, &' 13=—2° 0'n=—3" T7=6
(instead of 7=100 which is less realistic),
With machine 3 as a reference, two subsys-
tems are formed, wherce the isolated subsyst-
cms are :
Zi=I,(Z), i=12, (50
wheer 7Z,T=(x,, xs) and Z,"=(x;, X4), and
X=Xy
o) [ X,=—6x,—0, 4159{cos(x;+8°;5)
—co80’ 13} —12. 0289 {sin(x,+0°13)
—sind’ s}
Kg=X4
39 [y a0, 1911Cc08Crs b7
—c080° 53] — 11, 0579(sin(x3+8"33)

_ninaqggj.



Applying the constructive algorithm discussed
in section I, we get the Jacobian matrix :
0 1
Ji= [—12. oz —g) and
0 1
U [——11.0581 ) .
And if we choose the time-step h;=h,=0,1,
then we obtain the asymptotically stable
matrices @

1 01
M‘:[——1.2029 0.4] and
[ 1 0.1]

Ma=1_1 1058 0.4/,

where £,=1, 38 and p,=1, 39 are chosen such
that o,M,, Therefore,
applying Lemma I to this isolated subsystem,

i=1,2 are stable,

we get the stability measure #,=2, 7536 and
H:=2,8057.

Next, we will estimate the intcrconnecting
functions G,(x) by the Lyapunov functions
v,(x) =l|x|], generated by W,* as discussed in
section I, We use the following inequalities @

alcos (y+0)—cosfl<lal«Isind| |yl
and ly;£yal <lyil+ly.l for all scalars yi, vy,
vy a, and @,
Hence, for the interconnecting parts
g,(x) =0, 055(cos(x;+8,) —cosd;]
—0, 1002(cos(x;—x3—0,) —cos 0,]
g2 (x) =0, 0599[ cos(x;4-85) —cos 83]
—0, 1002[cos(x;—x3-+84) —cos 04],
where 6,=86°, 0,=81°, #;=86°, and #,=91°,

we get the estimates :
0 0 0 1%;1
G‘(X)z[gx(x)]s[o.ogg o] [lx;I]
lxsl]
x4l

0 0
+[o.154 o][

LA 1% )T AR %4107

Ixy!
Ix;l]

and

0
GZ(X):[gz(x)JS[o.(l)e g] [
0 09 %l

+[o.1002 o] [lle]

7

2 Ay %007 Agallxsl x0T
So, gi;i=I1A,;ll;; are computed from W;* and
W,* as follows :

g11=0, 099 g12=0, 099
g21=0,16 g22=0, 1002,
Now the test matrix D is formed as f{ollows :
De [ 2.6546 —0.099 J
—0.16 2.7055-,

Since the successive principal minors of the
test matrix D are all positive, by Theorem.
1 of Section I,

equilibrium x==0 of the power

we can  conclude that the
system is

asymptotically stable in some region,
V. Conclusion

Using the concept of stable matrices, com—~
puter—genefatéd Lyapunov functions were used
in the stability analysis of dynamical systems
of the form X==F(x), Guided by recent deve-
lopments in stability of large scale systems
by Lyapunov functions, the decomposition-
aggregation method has been applied to the
asymptotic stability analysis of multimachine
power systems,

The Lyapunov results given above can yield
an estimate for the domain of attraction of
the power system(which will be presented
later), Also these Lyapunov results could be
used to determine parameter sensitivity of
and they

can also be used to quickly ascertain any

power system transicnt stability,

potential emergency conditions based on an
existing power system configuration and load-
ing condition, Finally, since the above tech-
nique is constructive and graphical in niture,
it has the potential of being developed into
a powerful on-line tool for dynamic security
assessment, and can be used for further an-—
alysis to find a similar method for large-scale

power systems with non—uniform damping,
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