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A Note on Solvability of a Compact Perturhation of
Some Linear Fredholm Operators

By Sang Cg Kim

In this paper, we show some conditions for a compact perturbation of a linear Fredholm operato:

to have a solation.
1. Prelimiaaries

Definition (. Let X, Y be Banach spaces and A ; X—7Y a linear map. A is called « Frednr:,
oF dndex > i

a) Ker A has finite dimension d

b, Rangz 4 *3 .loszd with codimension d*¥=d—p.

Lemmsa i. Le o be a closed subspace of a topological vector space X. If X is localiy corvew aw.
has finite dimension, then M is complemented in X, i.e. there exists a closed subspace N of . -uci "
S =M®PN.

Proof. See [3].

Yence if A is a continuous linear Fredholm operator X—Y, then X=KerA ®X, for some closed
subspace of X by lemma 1.

Let M and N be two C~-manifolds of dimension # and m respectively and f: M"—N™ be in
CtNCm*+, We define the rank of f at p=M to be the rank of the mxn matrix (9(y; of)/éz;),
where (z,U) and (y, V) are coordinate systems around p and f(p) respectively. The point p is
called a critical point of f if the rank of f at p is less than m (the dimension of N); if p is not
a critical point of f, it is called a regular point of f. If p is a critical point of f, the value f(p)
is called a critical value of f. Other points in N are regular values; thus g=N is a regular value if
and only if p is a regular point of f for every p=S"1(g).

Definition 2, Let X, and Y be C~-manifolds of dimension n and XC X, be open with compact
closure. Assume ¢ : X—Y is continuous and C! in X. If yo=Y—¢(dz) is a regular value of ¢ and

¢ (¥ ={%1,..., T}, define d(¢,y, X)=£i sgn|J¢(z;) |, the Brouwer degree for .
j=

Suppose now that ¢ is known to be a C'-mapping of @—R". Then by the Sard’s theorem, we can
find a sequence of regular points {y,} such that y,—y,, We then define the Brouwer degree as
d(¢:y0,g)=1’;i21 d(¢’ym‘9)-
1.

Furthermevz, 17 4 i vy Lhioown io be continous in 7, there is a sequence of C'-mappings ¢,—¢
uniformly on *5, .ud e sut
a(¢: Yo ‘Q) =£H2 d(‘f’m Yos ﬂ).

gexdmiuicn 3. \a) .et D be a bounded domain in a Banach space X. If the compact mapping



C: D—X has finite dimensional range (i.e. C(D)CX,, a finite dimensional subspace of X), we
define the Leray-Schauder degree of I+C at p relative to D by
deg (I+C,D,$)=d(I+C,DNX,,p)
if the right hand side is defined.
(b) For a general compact map C:D—X, approximate C by a sequence of compact mappings
with finite dimensional range C, : D—X, such that sup ICax—Cz||£1/n. Then define

deg (I+C, D,p)=lim d(I+C,, D, )

by (a).

Definition 4. Let S be a closed subset of a Banach space X. Suppose f is a fixed continuous
mapping of X—7Y. Then g, and g, are compactly homotopic on S if there is a continuous compact
mapping h(z,t) : Sx(0,1]—Y with

&(x)=f(x) +h(z,0) and
g1(@)=f(z)+h(x,1) and such that
glx, )=f(x)+h(z,)%0 on Sx(0,1).

Lemma 2. If y, is a regular value of ¢, then d(¢,yy, X)=deg (¢, X, y,).

Proof: See (2].

Lemma 3. Suppose D is a bounded domain in a Banach space X and f—pe=C?(D,X)={g|
g=1+C, g=x0 on aD, C:9D—X is continuous and compact}. Then

(a) (homotopy invariance)

If (h(z,t)—p)=Ci(@D,X) for t=(0,1] is a compact homotopy with h(x,0)=f, then deg(f,
#,D)=deg (k(z,),,D). "

(b) (Cartesian product formula)

If X=X,®X, with D;CX;, f=_f1,fs) with f;:D—X;, D=D,xXD, and p=(p.,9:), then
deg (f,p,D)=deg (f1,$1, D)) deg (fs,p:, Dy) provided the right-hand side is defined.

Proof: See [1].

2. Solvability of a compact perturbation of Fredholm operators

Proposition 1. Let X, Y be real Banach spaces and A : X—'Y a bounded linear map and Fredholm.
Let K:X—Y be a (nonlinear) compact map such that

(@) K(X)CRange A

) K is uniformly bounded.
Then Az+K(x)=0 has a solution.

Proof: Since A is a Fredholm operator, A can be written

A=KerADX,

by lemma 1. If we restrict A on X,, then clearly A-! is linear.

Let y,—y in R(A) and A 'y,=z,—z. Since A is continuous, Az,=y,—Az. Therefore y=Az, i.e.
z=A"'y. Hence A : X,—~R(A) is an isomorphism with a bounded inverse A~! by the closed graph

theorem. We shall prove that there exists z,=X, such that Az, +K(Z)=0.c.cccceerrrrruncerenruan. *
Let z,=X, and set Az,=2=R(A) and write z,=A"'z, Then(*) takes the form
2+ K(A™1z)=0.



Let T(2)=K(A™'2). For R sufficiently large, (I+T)(2)=0 has no solution for ||z||=R, since
K is uniformly bounded. Hence deg(I+T, [2|=R,0) is defined. By the homotopy invariance in
lemma 3, we see that for 0<¢<1,

deg(I+T, |z| SR, 0)=deg(I+tT, |z| <R, 0)=1.
Hence z+ T(2)=0 has a solution, i.e. Az;+K(z,)=0 has a solution.

Lemma 4. Suppose X is a topological vector space, Y is an n-dimensinonal subspace of X. Then
every isomorphism of C" onto Y is a homeomorphism.

Proof: See (3].

Let X, ¥ be Banach spaces and A : XY a continuous linear map which is Fredholm of index
0. Decompose X=(X,=Kerd)DX,, Y=(YV;=R(A))PY,=QYDU-Q)Y, where Q:Y-Y,, a
projection.

Proposition 2. Let K: X—Y be a uniformly bounded (nonlinear) compact map for which there
exist positive coustarts Ry, € such that

(@) I-QK(x+13,) #0 for z1€X,, z,€X, and [2,|2 Ry, |22l Lellz, .

(b) Leray-Schauder degree of the map (I—Q)K(z,) for [x,|=R, into Y,— {0} at the origin is not
zero. Then Ax-+K(z)=0 has a solution.

Proof: Applying Q and (I--Q) to the equation Az+K(z)=0, we see that it is equivalent to
the system .

Az, +QK(z1+2,) =0

I-Q K (zy+25)=0
Writing z=Axz, we obtain as in the proof of proposition 1,

z2+0K (z;+ 4712)=0

I-QDK(z+A2)=0
Since A is of index zero, X; and (I—Q) Y=Y, have the same dimension d. Therefore there is a
linear isomorphism B : X;— Y, which is a homeomorphism by lemma 4, Hence setting Bz,=y,, wc
rewrite the system as

* z+QK(B 'y, + A™'2) =0

(I-Q KBy, +4£72)=0
Note that the left-hand sides of these equations may be viewed as an operator of the form I+C,
C:compact, mapping y=z+y,=Y into Y. Here

Clzt+y)=K(B y,+A47'2) — ..
We claim that the degree of the map in a large ball |y}j<R is defined. For suppose (*) has a
solution in a large ball ||y)=R. Then

l2ll=[QK (B y,+ A '2) KM
for some constant M by the uniform boundedness of K.

If we take y, so that ||y,| be large enough so as to be [[A~!|M< e|B| [yl which is possible if

R is large, we have

A2 <[ A7 M<el BI™ [ly.ll <ellB~1y.l.
Then we must have (I-Q)K(z,+7,)=I~-Q) K (B ly,+A™'2)%0, by hypothesis (a). Thisis a
contradiction. Hence (*) cannot have a solution y on |y=R, R large. Similarly for 0<¢<]1,

—_— 8 —



F,(3):2+tQK (B ly,+A™'2)
(I-Q)K(Bly,+tA™'2),

we have F,(y)%0 for ||y|=R large. By the homotopy invariance deg (F,, |y]|<R,0) is independent
of t. But the map F, is simply

z+y, b 2+ I-QK(By,).
This is a product map. Hence by lemma 3,

deg (Fy, [l9I<R,0)=deg [(I-Q)K(B'y,), [yI<R,0].
Since B is an isomorphism,

deg[(I-Q KBy, 9I<R,0]==%deg [(I-Q)K(z), llz,|<Ry,0]20

by (b). Therefore (*) hence Az+K(z)==0 has a solution.
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