SBER RN T A EEANE) Journal of the Korea Society of Mathematical Education
1983. 6. Vol. XXI, No. 3 Jun. 1983, Vol. XXI, No. 3

A Note on Open Mapping Theorem

By In-Seon Hwang

A topological vector space X is an F-space if its topology is induced by a complete invariant metric.

In this paper we study open mapping theorems on various F-spaces.

To prove the main theorems, the following lemmas are nccessary.

Lemma 1. (Baire’s category theorem) A complete metric space is not a unmion of a countable

collection of nowhere dense sets.

Proof. see (1]

Lemma 2. (The open mapping theorem) Swuppose

a) X is an F-space,

b) Y is a topological vector space,

¢) T:X—>Y is continuous and linear, and

d) T(X) is of the second category in Y.
Then

H TX)=Y

1) T és an open mapping, and

i) Y is an F-space.

Proof. see¢ (3]

Lemma 3, Let W be a topological vector space and W,C W be a subspace of W. Let T be a
continuous linear map from W onto an F-space X. If the restriction Ty of T on Wy is an open map,
then T is also open.

Proof. Let U be open in W. It suffices to prove that T(U) isopen in X. Let z=T(U). Since
Ti is onto, there exists we W NU such that Tyw=Tw=x. Since T is open and W,NU is open
in Wy, T(W.NU) is open in X satisfying z=Ti(W,NU)CT(U). Therefore T(U) is open.

Theorem 4, Let V,, n=1,2,3,-:+ be F-spaces over @. Let W be topological vector space and for

eack n, let T, is continuously linear map from V, into W. If W= C_JIT,,(V,,) then every continuous

linear map T from W onto any F-space X is open.
Proof. Let T be a continuous linear map from W onto X. Let V be any open set in W. We

need to prove that T(V) is an open set in X. It is easy to see that QIT(T,,(V,,))=X. If T(T,

(V.)) is of the first category in F for all n=N, then D,T(T"(V")) itself is again of the first category

in X. But by lemma 1, F-space X is not of the first category. Thus for some 7y, T(T,,(V,.)) is
of the second category in X. Then by lemma 2, T(T,,(V.))=X i.., ToT, is a continuous linear



map from V,, onto X.

Note that T, (V,,) is a subspace of W. Now we claim that the restriction T’ of Ton T, (V,,)
is an open map.

Let U be an open subset of T,,(V,,). Then there exists an open set V in W such that U=V
T.,(V.,). Since T, is continuous, Tz, '(U) is open in V,,. Since T-T,, is open by lemma 2,
ToT, (T, 2 (U))=T(VN Tn (Vo) )=T'(U) is open in X.

Therefore T” is an open map. By lemma 3, the proof is completed.

Theorem 5. Suppose that W is a topological vector space. Suppose there exists a sequence W, of

subspaces such that Wn are F-spaces and \) W,=W. Let T be continuous linear map from W onto
n=l

any F-space X. Then T is an open map.

Proof. Let V be any open set in W. Let T,=T|W,, restriction of T on W,. Then Ij T,

(W,)=2X. Since X is of the second category, at least one of 7,(W,) is of the second category in
X, say T, (W,,). Since W,, is F-space, by lemma 2, T, (W,)=X and T,, is an open map. The-
refore by lemma 3, We complete the proof.
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