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A Note on the Spectrum of any Self-adjoint Extension

by Chong Rock Lim

Abstract. In this note we consider properties for the discreteness of the spectrum of second-order
differential operators. If we give some conditions, then the spectrum of any self-adjoint extension of

Ay, Aw=alu], D(Ay)=Cy(0.1) is discrete.
1. Introduction

The spectrum of an operator A is discrete if and only if 0.(4A) is empty. Let p(z) and ¢q(z) be
real-valued functions defined on the interval w=[(z, z,), with length |w| where $(2)>0 and

#71(z) and ¢(zx) are integrable over w. Let ,u'wz—li—’—l—f g(z) dzx denote the mean value of g(z)
on w, and let either ¢(z) >0 or ¢(z)<0 on w. Then
| 0@1w1P+e@ 01D dz>p(1+ lwlp | p7(@)de) 2l

for every (complex valued) function u#(z)=C'(a,z;).
We assume that the a,(z) satisfy the following conditions
1) ;@ eEWF(0,X), 0K, for all X>0.
i) a.(x)>0, 0<a oo,
The first condition means that a,(z) belongs to the Sovolev-space W,*(0, X) for all z, 0<z<<X.
We consider the spectrum of differential operators.

2. Auxiliary results

Now, we list some lemmas necessary to developing our discussion further in our particular direction.
Lemma 1. If a,(z) >0 on the interval w=/{_z,z;] for all K, then the inequalities

% | a@ a2z (w20 g+ Dl ) 4w, 0<r <s<n,

k=r

hold for all u(z)=C"(x), x;), where

2(k—r)

j wa,,(z)dx and pw,,,=(——le|— ‘ w%yl, o<k,

Next we consider necessary and sufficient condition for the discreteness of the spectrum of second-

1
,uw:k lwl

order differential operators where the bebaviour of the highest is not restricted by a power 2=

Lemma 2. Let the coefficients of the Sturm-Liouville differential expression

ol )=~ p@ S +e(@), 0<z<oo

satisfy the following conditions.



1) ple)e W, (0, X) and q(z)=L,(0,X) for all X>0.
i) p(x)>0, 0<z<o, and lim inf ¢(2)> —co,
iii) There are positive constants hy,co, and Cy such that
Cop (21) <p(x2) KCop () for 0K 2, <z xy+ by P12 (2y).
Then the spectrum of any self-adjoint exclusion of A,,
Aw=alu], D(Ay)=Co=(0, ),
is discrete if and onlf if

l"’”;f/%(?) f o q(t)dt=o0 for each fized Q<h<1.

Lemma 3. Every increasing function p(z) satisfies
Cop(x) Lp(zy), 0,522 +hop' 2 (2y), 21, 20, 20), Cp>0

3. The main Theorem

Theorem. Let the coefficients of the Sturm-Liouville differential expression

al)= =2 p(a)—E+q(@), 0<2<L.
satisfy the following conditions.
i) p)eW,l(X,]1) and g(@)=L,(X,1) for all X, 0<X<1.
it) There is a constant C,>0 such that
0<p(z) <Cpz? ¢(x)2>0, 0<zL1.
iif) There exist positive constants hy, co, Cy Such that
cop (x1) Sp (x3) Seop(x1), T2 <zy+hop? (), 0<2iK1, i=1,2.
Then the spectrum of any self-adjoint extension of A, Agu=alu), D(Ay)=Cy(0,1) is discrete if
and only if

xt+hpisi(x)

l:%—iviza 3 . g(t)dt=oco for each h, 0<h min(h,, C, 172)),
Proof. we define a sequence z, by
Z=x,—hpt % (z,), 0<h<min (hy, C,71/%), v=1,2,..., =1,
and we have z,—0 as v—oo,
For a given ¢>0 we find a value z,, 0<z. such that

(Agte, ) 0,12 (26) 7 4?1y, 8=Co™(0, x.)
Therefere o, (A) =49,
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