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1. Introduction

In (3]}, the authors have first introduced and investigated the concept of semi-closure structures.
The purpose of this paper is to state and prove the theorem which is similar to the classical
theorem concerning with uniformity on topological spaces. In section 2, we shall introduce the
concept of semi-open covering structures on a semiclosure space and show that some equivalent conditions
to the s-continuities. In the final section, we shall give a2 main theorem; Let {4,};er be a semi-open
covering structure on an s-compact space X and {Bj};c; a semi-open covering structure on & semi-
closure space Y. If f: X—7Y is s-continuous, then f is uniformly s-continuous.

Let X be a set and let (X) be the power set of X. A mapping #: $(X)—3(X) is called
a semi-closure structure on X if it satisfies i) u(¢)=¢, i) A=u(A) for every As3p(X) and
iil) #(A)=wuou(A) for every Ac=p(X). If a semi-closure structure » on X is given, then (X, u)
is called a semi-closure space and for a convenience, we shall agree to use z as {Aju(X—A4)=
X—A}., A set Ais called a semi-closed subset of (X, u) if u(A)=A; it is semi-open if X—A
is semi-closed. Clearly, a semi-closure structure u is satisfied i) X 4=z and ii) for every

Aeu, il JA;=u, but the intersection of two elements of # is not an element of #, in general
ief

(A family # of subsets of X satisfying the above i) and ii) is called & supratopology [2) or
pretopology (13 for X)),

Let f be a mapping from a semi-closure space (X,#) into a semi-closure space (Y,w). If for
every A=w, f1(A)eu (resp. for every A=y, f(A)=w), then we shall say f is s-continous (resp.

s-open),
2. Semi-open covering structures

Let o be a semi-open cover of a semi-closure space (X,u), We denote A(z) an element of «
such that zeA(z), Moreover, for each zeX, let S(x)::’l (L)J A(z). Let o; and &; be two semi-open
x)ed

covers of X, If for every Ajcd;, there exists an Aesd; such that A;CA; then we shall write i<j.
Based on the above notations, we introduce a semi-open covering structure on a semi-closure space
(X,u). A family {d;}.s of semi-open covers of X is called a semi-open covering structure on X if
1) for every semi-open set A of X with XeA, there exists an iel such thatngj(‘:)s;(y) cA4, i) for

each of; and o; of {d} ., i<j or j<i.
Remark 2.1. Let us observe that < is a reflexive and transitive relation in 1. Moerover, every



two elements of I are comparable with respect to <. However, < need not be anti-symmetric.

Lemma 2.2. The condition i) implies that for every semi-open set A of X with zcA, there exists
an iel such that S;(z) CA.
This Lemma 2.2 will be used in the sequel.

Lemma 2.3. Let {s]} i be a semi-open covering structure on a semi-closure space (X, u), Let i and
j be two elements of I such that i<j. If AiNS;(x)#¢, then A;C sU S;(y).
ye§yx)

Proof. Since i<j, there exists an A; such that A4,CA;. Since A;NS;(z)+¢, there exists yed;N
S;(z) and therefore yeA;CS;(y). Since yeS;(z), A,-CA,-CS,-(y)CSL(J)S,(y), Thus A U S;().
yeS;{x yeS,(z)

Theorem 2.4. Let [} be a semi-open covering struclure on a semi-closure stace (X,u) and
{%,} ;o7 @ semi-open covering structure on a semi-closure space (Y,w). Let f be a mapping from
X to Y. Then f is s-continous if and only if for every zeX and every B;(f(z)), there exists an icl
such that F(S:(x)) CB;(f(x)).

Proof. Assume that f is s-continuous. Let f~1(B;(f(z))=1V. Since B;(f(z)) is semi-open and f
is s-continuous, V is a semi-open set of X such that zeV. By Lemma 2, 2, there exists an el such
that S;(z)CV and therefore f(S;(z))CB;(f(x)).

Conversely, assume that for each z¢X and every B;(f(z)), there exists an iel such that f(S;
(2))CB;(f(x)). Let U be a semi-open set of Y such that f(z)eU with zeX. By Lemma 2,2,
there exists a jeJ such that S;(f(z))CU and therefore, there exists a B;(f(z)) such that B;(f
(£))CS;(f(z)). Then by hypotheis, there exists an #el such that f(S;(2)) CB;(f(x))cU
Consequently, S;(x)CSf(U) and therefore, f~1(U) ?mgu S;(x) is a semi-open set of X implies
that f is s-continuous,

Corollary 2.5. Assume the hypotheis of Theorem 2.4, Then, f is s-continuous if and only if for

every zeX and every S;(f(x)), there exists an icl such that(f(S;(x)) CS;(f(2)).
Theorem 2.4 and Corollary 2,5. can be stated as follows.

Theorem 2.6. Assume the hypothesis of Theorem 2,4, Then, f is s-continuous if and only if for
every zeX and every jeJ, there exists an iel such that f(S;(x))CB;(f(z)).

Corollary 2.7. Assume the hypothesis of Theorem 2.4. Then, f is s-continuous if and only if
for every zeX and every jeJ, there exists an iel such that f(S:(z))CS;(f(2)).

3. The main theorem

A semi-closure space (X,u) is said to be s-compact if every semi-open cover of X has a finite
subcover. Let {si} s be a semi-open covering structure on a semi-closure space (X, ) and (%;} o
a semi-open covering structure on a semi-closure space (Y,w). Let f be a mapping from X into
Y. The mapping f is called uniformly s-continuous if for every jeJ there exists a el such that every
A;ed; is mapped by f into a Bje %;.

Remark 3.1. Every uniformly s-continuous mapping is s-continous, but the converse is not true,
in general.



Theorem 3.2. Let [l be a semi-open covering structure on an s-compact space X and {%;} ;s
a semi-open covering structure on a semi-closure space Y. If f:X—Y is s-continuous, then f is
uniformly s-continuous.

Proof. Let jeJ be given. By Theorem 2.6, for every xeX there exists an hel such that £(S,(z))
CB;(f(z)). Since S;(z) is semi-open and {d,},s is a semi-open covering structure on X, there
exists an kel such thaty BSL‘J“)Sk(y) S, (z). Clearly, the set {S,(z)]---} of all S,(z) given by as the

above is a semi-open cover of X and since X is s-compact there exists a finite subfamily {S,(z)|--:}
of {S,(z)|--] which covers X. Let F={S,(x)|--*} {8S:(zx)|:-}. Then we obtain g)( )S,,(z) <8 (),

for every S,(z)eF. By Remark 2.1, there exists an éel such that ien for every z with S,(z)eF.
Let A; be any element of A; and let yeA;. Then there exists S,(z)eF such that yeS,(z), since F

covers X. Therefore, A,CS,(z) that is, F(A,)CTf(Si(2))CTB;(f(x))eB;. Thus, for every jeJ, there
exists an #e such that every Awssl;, f(A)e%;.

Corollary 3.3. Assume the hypothesis of Theorem 3.2. Then, for every jeJ there exists an icl
such that for every zeX, S;(x) is mapped by f into S;(f(x)).
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