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A Note on Almost Primitive Rings
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Incheon Teacher’s College, Incheon, Korea

1. Introduction

Let R be a ring and let M be a left R-module. M is called a faithful R-module if, for any
a=R, az=0 for all z=X implies a=0 and M is irreducible provided RM+(0 and M has no proper
submodules. Let S=Homp(M, M). Then M becomes an right S-module with a module multiplication
mf=f(m), If M is an irreducible R-module, then S is a division ring and so the right S-module
Ms is a vector space over S,

In this paper we give some definitions to generalize a well known theorem. That is, we define
that a left R-module M over a ring R is almost irreducible if, for any m=M, Rm=0 implies m=(
" and for any proper R-submodule N of M, Nf=0 for some nonzero f&S=Homp(M, M), while alsc
Ms is a free S-module. We say that a ring R is almost primitive if there is a faithful almost
irreducible R-module M, which is called a characteristic R-module. In fact, almost primitive rings
are discussed and some useful results are obtained in [1]. In section 3, we will show that there
are sufficiently many examples of almost primitive rings which are not primitive and thus the
definition of almost primitive ring with our main THEOREM is meaningful.

There is a well known theorem [cf. 5]: Let V be a nonzero vector space over a division ring
D and let R be the endomorphism ring Homp(V, V). If g: V=V is a homomorphism of additive
groups such that gr=rg for all rER, then there exists d=D such that g(v) =dv for all v=V.

We will generalize this theorem as follows.

THEOREM. Let R be an almost primitive ring with a characteristic module pM=+0 and let
S=Homz(M, M), Then M, is a free S-module. Let D=Homs(Ms,Ms). If g: M—M is a homom-
orphism of additive groups such that gd=dg for all d=D, then there exists s=S such that g(m)=ms
for all meM.

2. Proof of THEOREM

For each r&R the map a, : M—>M given by a,(m)=rm is easily seen to be S-endomorphism of
M, that is, a,=D=FHoms(Ms, Ms). Furthermore, for all r, s=R,
@iy =a,+a; and a,,=a,a;.
Consequently the map a : R—D defined by a(r)=a, is a well defined homomorphism of rings.
Since M is a faithful R-module, @,=0 if and only if r=0. Therefore a is a monomorphism,



whence R is isomorphic to the subring Ima of D=Homs(Ms, Ms). In this sence we identify R as
a subring of D.

Let {u} be a linearly independent subset of M over S. We claim that s and g(x) are linearly
dependent over S. To prove this, suppose that # and g(ux) are linearly independent over S. We

will show a contradiction by a series of propositions.

(2.1) Ru=M and Rg(u)=M,

Proof. Since Ru is a R-submodule of the characteristic R-module M, Ru#M implies R(uf)=
(Ru) f=0 for some nonzero f&S. Since M is almost irreducible R(uf)=0 implies uf=0
dicting the fact that {#} is linearly independent over S. Thus we have Ru=M. By similar

contra-

’

argument, we also have Rg(x)=M.

(2.2) Let W=gu)S and let A(W)={r&R :rW=0}. Then, for any acM, A(W)a=0 implies
acW.

Proof. If z=R and zg(x)=0, then z=A(W), so that za=0. Thus there is a well-defined
R-endomorphism 8 from Rg(u)=M to Ra=M given by 8 : zg(u)—za for all x=R. Since R(g(u)0
—a)=0, we have g(u)f—a=0, so that gw)f=a=W.

(2.3) A(W)u=M,

Proof. Suppose A(W)u+M. Since A(W)u is a proper R-submodule of M, there exists a nonzero
element f of § such that A(W) (uf)=(A(W)u)f=0. Then, by (2.2), we have ufe=W. Since
f+#0, this contradicts the fact that « and g(u) are linearly independent over S. Therefore,
A(W)u=M.

(2.4) There is a contradiction and this comes from assuming that u and g(u) are linearly
independent over S. Thus u and g(u) are linearly dependent over S.

Proof. Since A(W)u=M, g(A(W)u)=g(M). Note that gd=dg for all d&D and A(W)SRcD.
Thus we have

gM)=g(A(W)u)=A(W)g(u)=0.

That is, g(u)=g(M)=0, contradicting the fact that » and g(u) are linearly independent over S.

We have proved our claim, that is, ¥ and g(x) are linearly dependent over S. Thus we have
g(u)=us for some s=S§. Note that Ru=M (by (2.1)) and RCD. If m=M then there exists
d=RCD such that d(u) =du=m. Therefore we have

g(m) =g (du) =gd(u) =dg () =d(us) = (d(w)) s=ms.

This completes the proof.

3. Examples

We now show that there are sufficiently many examples of almost primitive rings which are not
primitive. In fact, these examples show that there are many examples of almost primitive rings
which are not primitive and are commutative. We need the following two lemmas [21.

Lemma 1. Let KG be a group ring of a group G over a field K. Then KG is prime if and



only if G has no nonidentity finite normal subgroup.

Lemma 2. Let G be a locally finite countable group. Then KG is primitive if and only if it is
prime and semisimple.

Let G# {1} be a finite group and let K be a field with char Kt|G|, Then G has a nonidentity
finite normal subgroup G itself. Thus, by Lemma 1, G is not prime and so KG is not prime and
so KG is not primitive by Lemma 2,

To show that KG is almost primitive, consider the regular KG-module xcKG. Since 1=KG, it
is easily shown that x¢KG is a faithful KG-module. Moreover, S=Homys(KG, KG)=KG as rings.
Since 1=KG, it is clear that KGxc is a free KG-module, that is, KGs is a free S-module. Note
that if char K{|G|, the group ring KG is semisimple by Maschke’s theorem. Thus every KG-
module is completly reducible. Therefore, for any proper KG-submodule x¢N of xcKG, KG=NON’
for some KG-submodule x¢N’ of xgKG. Then the projection zy- on N’ is a nonzero element of
S=Homyc(KG, KG) and Nay==0., Finally it is clear that for any z=KG, KGz=0 implies z=0,
We have proved that the group ring KG is almost primitive.

Remark. There are many finite abelian group. Thus, for finite abelian group G and for a field

K with char Kt|G|, the group ring KG is commutative, almost primitive but not primitive.
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