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The hyperfine integrals for 4d orbitals have been evaluated adopting a general method which is applicable to a general 

vector, R, pointing arbitrary direction in space. The operator and the spherical harmonic part of 4d orbitals arc expressed 

in terms of R and rN and the exponential part, r%xp(—20r), of 4d orbitals is also tr기elated as a function of R and rN and 

then intergration is performed. The radial integrals for 4d orbitals are tabulated in analytical forms. The hyperfine integrals 

for 4d orbitals are also represented in analytical forms, using the specific formulas of radial series which we found.

1. Introduction

Since our intere아 is centered on the NMR shift arising from 

the electron orbital angular momentum, and the electron spin 

dipolar-nuclear spin angular momentum interactions for 4dn 

systems in the octahedral crystal field, it is necessary to evalu

ate the hyperfine integrals of the hamiltonian representing 

the pseudo contact part of hyperfine integrals,1

H=H1 + H2 ⑴

where

Hi=외也孙#川加 伽 -^n3) (2a)
4兀

阳岛 gsgN 仞시尧E一辭} (2b)

Here the first part represents the Fermi contact term and the 

second part, H2, the pseudo contact term. rN is the radius 

vector of the electron about the nucleus with nuclear spin 

angular momentum, 7, as shown in Figure 1.

In order to evaluate the hyperfine integrals involving 4d 

orbitals, we adopt the general method which has been develo

ped by Golding and Stubbs.2 This method is applicable to a 

general vector, R, pointin흠 in any direction in space, which

Figure 1. The coordinate system. 
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is different from the other methods developed previou이y『 

The purpose of this work is to evaluate the hyperfine inte

grals involving 4d orbitals which are required to investigate 

나le NMR shift for 4d* systems in a strong crystal n미d of 

octahedral and tetragonal symmetries. As far as we are 

aware no previous attempt has been made to evaluate the 

hyperfine integrals involving 4d orbitals.

2. Evaluation of the Hyperfine h血gr이§

We 아】oose SCF function of the form,

由（ 一位）©） （3）

where / and m are usual q니antum numbers which have in

teger values, N a normalizing constant, 0 the optimized or

bital exponent.4 Therefore the electronic wave functions in 

real notation for 4d orbitals are,

14d”〉= exp （- "）

I
〔4项〉=（芸厂）将exp（-阳

누
|4d»〉=（-嘉）七:” exp（-0・）

눌
14dz2> =（ -書一）2 （3z2 - r2） exp （-所）

I \ NbZ兀 /
i

14d/_y2〉=（ -黒厂）重愆 2 - exp （-彻） （4）

The hyperfine integrals are evaluated by expressing the 

electron coordinate system。砂 in terms of R and （Figure 

1） Using the following identities5

r'Ylm（6^） = S S 己 亡：（一 1）"（서%, Z） 

디），2=0，叮=一匕 «2~- <2

x{ （기莒1命法"）! 卩〈加쌔心”〉

X砂Yhmi （包0） N匕明（如如） （5）

and

OC N
产exp（—2勿）=4兀 吏如（人, 자。S 匕广9,0）匕“n,©n） 

n- 0 A - -n

（6）

where1*

WR 尸N）= （w>）给>叮，，以（2陀）

一r<3Z„（.3（2阳）Kn+i （2所>）

+ （「芸틉）‘方v /"*（20rv）K，T（2队）

一 （齧흑） J 疽，E（2林）林）

+ （쏘垛）丄웅（2/笊）K+우（2防〉）

- （崇了）r< r>2Z.-> （2林）K.-울（2林） （7）

where r< is the smaller of the pair R, rN and r> is the larger 

and Iu and Kv are 나le modified Bessel functions.

Since we are interested in the hyperfine interactions arising 

from the electron orbital angular momentum and the elec

tron spin dip이이、nuclear spin angular momentum interac

tions, it is necessary to evaluate the hyperfine integrals invol

ving （he electron orbital anguar momentum r山이ear spin 

hyperfine interaction （the integrals of /新/厂疽）and the hyper

fine inlegiNls arising fiom the ele디211 spin dipolar- nuclear 

spin angular momentum interaction 어ipolar integrals）. We 

shall evaluate the two hyperfine integrals separately.

Dip시ar Integrals. The hamiltonian representing the 

dipolar hyperfine interaction may be written in dyadic 

notation as

H疽」;'一gsgN 卩하S , TJ （8）
4兀

where 7 is a symmetric tensor whose components are given by

7新=（由Wn/9-排标）/rN5 （9）

In calculating integrals of H2, it is required to consider inte

grals of form,

<§斯\丁邱\机〉 （10）

To evaluate the above integral, the 4d orbitals are expressed 

as a function of R and rN using equation （5） and （6）, As an 

example, the 4d” which is expressed as a function of R and 

and rN takes the following form,

g”>=（-嘉）Z{Sn—X）2|-3n— 丫）2+（珈一 Z）屮

x（处一 y）（%—2）（以讯一8{（邛一乂）2

+ （处一丫）2+（珈一2）이彳］ （11）

where Y and Z are the components of vector R and

and £n the components of vector rN in Figure 1. The 

dipolar operator, T邱、is also expressed in terms of rN. For 

example,

Txx= Sn%n2 — 1）/s3 （12）

Therefore

<4d 招 7丄 |4d£>

=N「”（3*/杼—1） 3n—Y）2（% —Z）2 

J 0

X 广? 色L&n d% （13）

The homogenous polynomial in equation （13） is expanded in 

a series of products of form using digital computer,

*丫吃”仆勺史琮「 （14）

where （/+m+"+"+q+r） = 6 or 4 for dipolar integrals. 

Using the following identities7

玄
'=（ 쯔j”{匕 T0一匕

1
y=（쯔） ? {Yi-'〈°，6+环 沛，勒}

눌.
z=（ 쯔）"（15）

and the relationship으
常白 7）平”/*}* 

f' h Z） "，，" （16） 

\ 0 0 0 / \皿7營2所/
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The product functions represented by equation (14) are 

transformed to products of spherical harmonics,

X’ 丫해勿邛如€%'=£二、: Cm M2)
Li, 乙 2 시1，絹2
"m ⑹ 0) "mWn，On) (17)

where the Cmm> {L^M^ L2M^) are functions of R and rN. 

Next, the radial part of 产exp (—2&")is translated using 

equation(6), resulting in the integral being a large sum,

=N2 £□ £□ lf~3 4^ [ Gs，0iA&; LzMQ 岫R技N) 
L\.Lz M\,Mi m-0 J 0

X 의』亡 y서* (。, 0) yLlMi (6,0)

Jo J()Y或(涉n, 8n) YlzM&n,如)Xsin On d$N d如

(18)

where the radial and angular parts are separated. Using the 

fOHTHlla,

J( I 如)匕g(〃N, ©N)sin d如

= [ (기1 + 1) (2妇~1) (기+]) ] :
I J

(Z，12(19)

selection rules are obtained on n and h. The reqired dipolar 

integrals are listed in appendix.

The Radial Integral. For the 4d orbitals, we define the 

radial integrals as

心R (Z) =4伊(—R)J：以1-2如㈤ rN)JrN (20)

where t=2gR and further, for convenience

兴(£)=死⑶(£)
⑵(£)

•如)=&⑴(£)

力(£)=聾(£) (21)

This definition provides a suitable notation that enables easy 

handling of the radial parts of the hyperfine integrals. From 

the angular parts of the hyperfine integrals we obtain selec

tion rules on n. The required radial integrals are listed in 

Table 1.

The Integrals of 1腿”濟.To evaluate the hyperfine inte

grals arising from the electron angular momentum-nuclear 

spin interaction, it is necessary to evaluate the following two 

center integrals,

<8加 I’Na/厂N이 由故〉

where

功=—而'N〉〈』N

Here the wave function

由”, = NWuxp("")，，”(〃,©) (22)

is expressed as a function of the cartesian coordinates of R

TABLE 1: The Required Radial Inetgrals for 4d Orbitals

成）部唱5,（甞喘 W牛护刼

畋1/嗚或*으+斗+一紀+3E圳

如⑵ = 一可信S 平） +广（으+ 紀 + 쁘'3

+ 1渺 + 諏 + 75 + 끄）｝

啪）=件3一尸 （一으 + 窘 + 으'2 + 第）｝

"成加可停-一쁘一）+尸（一昏十 으£3+&2."21M45 I —?一）｝

W4（t）=/33|（| Z—羿+ 鱼쁬으） _尸（_豪 +导3 +믈“

+ 华 + 830+皇夷으 +_哩으 + 警）］ 
Z t t3 n

.展） = -찌（弘-辛）+厂《令+財 + & + 15+孕）|

询） = 一伊 ｛傍—흥 +-響으）一广（으 + 쁭 J 号丄

+ 330 +乎 营賢으 + 轮）｝

収£）= _ 可（■*一宇 +一 680400、

5880 
一衬_

7s —)

4-e «+ 24V + 32U 4 2955 + —1으絶—鹫으_
t t2

+ 3225%) + 6灿)0 + 680400 )}

心)=砰(詩+쁭)"(으+3+쁭 T 쁭)}

心) =8條-平+쁘)"(으+쁠,

+54骨+碧号)} 

她=伊腰一呈흑+莘으一纟響으)

+ 尸(3“+&戲 _|_ 765 + 一響5 + 30^0 + 

,226800 t 226800 \1 +—衬一+-~k“

心)=筋{停 一 _皂* + 35#)_ 2721*)0 十 1097?200 )

,496440 , 3248280 
十--- k— +-

105840
1T~ 1 ~衬一一

73

一■十一亍—一

15573600 , 52164000 , 109771200 , 109771200
一^ 十—衬—十 袒~~- +----Q-----)]+

and rN and the differentiation is performed. The net result 

is 나lat

由” 브糸~饥허

= {/«?« (R, 70)"轮 + 那« 3)站厂히'“
+如成(7?,小)厂叩「}/財 (23)

where 件心 g^m and 此〕are homogenous polynomials 

of the cartesian coordinates of R and rN,9 respectively. The 

two center hyperfine integral is therefore transformed to 

the form,

I，Na/尸N이 由"〉

= N2 j：也쐐從 L [f^m (R, f)eF，+ gS (R, 3)

'<r2e~^ + h^„(R, rN)e^J (24)

The integral〈由財 1一?죄을시 S?〉where <〔由应, | and |。版〉 
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arc real wave functions, is a purely imaginary quantity and 

is equal to

'〈Mr I，Na/f 이 血Q ~ [VS시 品/厂N，I 如〉 （25），

Therefore the integrals involving exp （一2位）vanish in equ

ation （24）. The remaining integrals can be written as

V加 仏异3이 知〉=-弓- [Jo Jo r2e~2^r [g^m （R, 5）

+g席，（R, 厂n） ] 으이-血桃 山為』如 （26）

7"N

Using equation（15） and （16）, the homogenous polynomials, 

g爲，and are expanded in terms of a sum of products

of the harmonic polynomials and the radial part, r2exp 

（—2jSr）, is transited 니sing equations。）, and then integra

tions are performed. The required integrals of ZNa/rN3 are 

listed in appendix.

3. Results and Discussion

A number of the hyperfine integrals arc evaluated using the 

method in the previous section and then a general expression 

is derived for the integrals

<3加IT히巾"> and〈如“，仏s/s이由醇〉

by extracting the coefficients of the various radial integrals 

from the quite general expression for the above integrals. 

One example for 4d dipolar integrals is given in the following,

<0板I T必I知〉
=Cg{h2+4%+6w4+4&+%} （8,⑦）

+C4B2+ （4—」4）以1+/物3+ （6—13） 한如+Z； 叫

+ （4一（7）的+。：5+丸}】知（。,0）

+C?{故2+ （4—」4‘） 以1 + 4•'히3+ （6—3' — C'）m（）+ 1jw2 

+ C'也4+（4—4・'）.7：1 + 4%3 + ），2} 丫2力（。*） 

+ Co{gZ2+ （景*+ *为3） + （W 흐이）+ 夸此）

+4心+为} K）o（Q, ©） （27）

In equation （27）, the eleven unknowns p, A, B, C, A\ B\ C", 

Ca, Ci, C2 and Cn are determined using a computer progr

am which was written to evaluate the large number of the 

required integrals in an analytical form. The specific formulas 

for the dipolar integrals and 1也由食 are listed in appendix. 

From appendix, it was found that the radial series for the 

dipolar integrals and the integrals of l^a!r^ follow 1:4: 

6:4:1 and 1 : 3 : 3 : 1 patterns, respectively. Such 

patterns were also found in the radial series of 3d orbitals.2

The dipolar integrals and the integrals of ZnJ厂n，listed 

in the appendix can be used to evaluate the NMR shift 

arising from the electron angular momentum and electron 

spin dipolar-nuclear spin angular momentum interactions 

and the hyperfine interaction tensor components for 4dff 

systems.

Appendix A. Radial Series

（a） Specific form니as for the integr지s of 丄小/门夜 

元1=丸+3卫1 + （ 으冽 + 知〃2）+ 如

S 处 I （끌 西 - ¥ 局 T （：齿0 - * 吋 I Vi 

论二巧+ （，口 + 扣）-I-（枷u+ .切2） -Ipi 

，3-*3+（~쓰7'1 + M? I

fl 二泌 + 3邛+3曲 + Vi

（b） Specific formulas for the dipolar integrals

J'l二七无+（흐 El 七느73）+ （-벌—叫 +£"处+ 블了一叫）

+ （*1 +普此）顷

7*2 p2 + 4wS-（ 一 쓰〜£b+ 뽀—% I一件涉1）T 4% 卜叼 

\ » 7 35 /

丁:"= （Hi一-M）+} （49w0—40u*2—9^4）I- （끼 一%）

7‘5 = 了2+ （ — 1 + （一 一卜'*~此 卜 4'凹）

+ （ 一 一*可 4•-쯜*■히3）+ «2

7：1=贝+（을 F +쓰司 + （-끆-如 -畀T如 卜-斜"

卜 （ 을叫 + 一普叫） 卜 U2

七泌 + （知 + 쓸5）" （브 例 卜 塁"卜 쁘吋

一卜 （~*허 + -쁘"허） + M2

丁7小+（馭+肚）+ （羿2卜？物）+ （?耳+即Ji «2

7 B —>>2+ + 'f'*173） " （~쯔■㈣ 卜*、1埋 卜 을'叫）

+
（串+을对 + «2

I- 喺*4）+ （3方 国）4 «27；=）2+ （3，门 + 巧）+
12

化=力+（妝3+ p5）」（争电+!우也4）+（으明 +흐司+ «2 

尸3二泌+ （学*3+]?岳）卜（毕方2 +苧叫）T 4巧+%

Fl=y （争:3-?女） I （쏳叫-寐4）+ （知 1-知3）+均 

心=为+ （一쯬勇十으功） + （-静或+쯔-的）

（-扑+瞟73） +妃

Fd （끙料"쁭心）4辭" 為叫）

+ （嘿F+므%）+ “2

F3+ （쯔". 쁨局 + （苇扣+ 舞吋

+（醬w+-쯩扣） f

小；二小 + （'打3 卜 如心） + （专垢2 + 3"서） *（늘处 + g징3）I «2

&=“+ （브5+ 扌司+ （一끄叫+ 믔叫）

+ （븖瑚+쁘心） 顷

E小 '■ （-쁘5 ' 쯚句 * （碧”2 I- -쁬前 

《告 °，'-쁘如）” + 地
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1 a 1
- （X3-^5）+ Y（W2-W4） + 5 （vi-v3）

^13-+ （~W普7*+ 号응 ~卫5）+ + -黑~以1）

'（告E沁+"2

&技5 + （芸5+ 晉勇）+ G쁦F 卜 쁘物）

+ （-碧어「昙%）顷

上* 暨他+쯨司+ （응初+능日

+ 二互 + ~^寸3）-I-«2

F】5=M + （쁪巧 + 브土） +（号凹4쯔凹） 

十（-岩어「幕-꺼） 顷

Fm=y,+（응沁+•으同 + （-쁬-切2+-쁘-叫）

+ （늦F +詈*，3）+“2

上=炉 （茅他 卜 쓰.1，5）+ （-普따2 -I' -碧-吋

卜 （一斜서,碧对 m

服泌 + （쓰初+ 쁟시 + （쓰处 I 쁴 叫）

+ （-斜너「끄「꺼） 也

F19 二M + （1鈴女3+ 号牧5）+ （블*2 T , 叫）

+ （彳F4쯔”3）顷

^20-^4 4-4x5 卜（-强'2+?叫）T （-筝「I 争a） T «2

% =，，+ （끄心 + 碧F）I （萼W2 + 읆-物）

卜-告司4 U2

琅小+借珂-音局 + 傭吻-枷서）^ （끔"-）%T «2

*% =了6 + 4X5 + 6叫 + 4巧 + «2

Appendix B. The Hyperfine Integrals

（a） The integrals of «3\1引構\饥〉
<4妇山/肅|4妇〉= T｛—-絲扌—为 血⑹©） + -& /*-如，'浏血©）-- 294 / 쯛：（&©）

+ 丫2이0D + -窓F — 糸/侖/I（匕-加仲） -卜 匕2（g） ）

4 j2g~ /-書-”（丫4-4（8, ©） + 丫44（包 ©）｝

5시厶冒尸 =，｛一을伊旳 玲）血 釦一爵 /을-，电⑹©）+W 嘉— 匕0任機））｝

<4dyz I lNy/rN314dQ> 二시一 읔咨— ni ^00 （包 釦 + ~^T /£1 & （@，©）+ 誓矿 /〜쯔 h（ "-2 ⑹ ©）

+ 电0,0））+-^-力丫400，奶+爲/^方（匕-2（8仲）+ 匕2（8,奶）

+ j* / fl （^4-4 （^» + * 어©））｝

7妇如/財"〉一命/祭，2（均-0@）—电⑹④））+-志- /喘顼（匕2（&0）

一 丫42（& 釦）—^26- /書'（Y4-4 （8, ©） — 丫44 （& ◎））

V4妇 厶冒3이 0盘> = 一/3矿 /一쯛 如（丫2-1（@ 0） + 丫21（8,©»+ 蠢- /슬-/" （匕-0, ©） 十 匕1（8, ©））

+ j26- /스-'1（匕-3（8, ©） + Y43（허 釦）

<3시厶h/3히44〉二H 曷厂 /쯔 如（£1（80） -均1（8,4>）） +@徉 /一寻-0） - "（8,©））｝ 

<4丄소卩帅/70叫4妇〉= 一蓦矿/-쯤- £3 （睑-1（어0）+¥1（@0）너一£厂 /喘〜力 （Yi-i（e,0）-h %（&,"）） 

<4妇山/肅|4妃〉。（ 房*/-鲁 如 （£】囱0） —均1（8,©））—泰矿 （】勺 1（，©）（이*））

+爲 /흐:力 （匕-0仲） 一&（&釦）｝

<4</o1/n./^a（31Xv=> — —~294~ /如（丫2-2（3, ©） + 丫22（8@）） +-4；「/-侖/1⑹0）-）龙㈤。）） 

' 126 /~쯔 fi（ 匕1 （어 "） 一 “" （8,0））

（b） Dipolar hitegrals
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Molecular Reorientation in the Presence of the Extended Diffusion of Internal
Rotation in Liquid Perdeuterotoluene

Doo Soo Chung, Myung Soo Kim, Jo Woong Lee and Kook Joe Shin1

Department of Chemistry, Seoul National Univershy, Soon/ 151, Korea (Rpceivad Auqust 26. 7932)

The effect of internal rotation of methyl group in liquid pcrdeuterotolucnc on nuclear quadrupole relaxation of methyl 

deuterons is investigated. A model of a sphci ical diffusor undergoing rotational diffusion is extended to include the extended 

diffusion of internal rotation. The overall rcorientationa! correlaiion time in the presence of internal rotation is explicitly 

given as an analytical function of the angular momentum c。「「이ati이i time. Also, the degree of inertia cU&t in rhe intern지 
rotation is evaluated.

1. Introduction

Nuclear magnetic relaxation measurements arc widely 

used in understanding molecular dynamics in liquids,】。 

Interpretation of the experimental data in terms of the ro

tational diffusion model7"9 is a common practice. However, 

this model is based on the assumption of small angular step 

diffusion and can not describe the inerti시 effect properly. 

In 1966 Gordon10 proposed an extended version of the rota

tional diffusion model and applied it to linear molecules. 

His model is free of the re아ri이ion on the size of ang니죠r 

steps but assumes that both the magnitude and direction of 

angular momentum are randomized at the end of each free 

rotational step (J-difTusion) or only the direction is ran

domized (M-difTusion). Since then, Gordon's extended dif

fusion theory was developed further to deal with spherical 

top molecules11 and symmetric top molecules.12,13

Recently, Versmold1 studied the internal rotation of a 

side group attached to a spherical diffusor in terms of 

the extended diffusion model. He treated the overall rota

tion of a spherical difTusor by the isotropic rotational diff나- 

sicn and proposed a scheme to incorporate the inertial effect 

oFthc extended internal rotation. His theory is limited, howe

ver, to a certain range of the angular momentum correlation 

time. Furthermore, all the c니Elatkms in his theory have to 

be carried out by numerical integrations. We have reported 

earlier11 a general scheme of calculating the internal correla

tion time and the overall re이dentamm니 c이t이ation time as 

analytic functions of the angular momentum correlation 

time without any restriction on the range of validity. The 

purpose of this work is to apply our general scheme to the 

nuclear quadrupolar relaxation of methyl group deuterons 

in liquid perdeuterotolucnc and evaluate the degree of iner- 

ti시 effect of the internal rotation.

2. Theoretical Background

Application of the extended difTusion m이el to describe 

the intern시 rotation of a side 따•。기p such as the methyl group 

in toluene can be simplified if we assume that the internal 

rotation about the z-axis of niolecuhr coordinate sy이em is 

one dimension시. In this case, a modified version of the ex

tended division model of Spies', ct al.2 may be adopted. 

In this moJiOed version, only the m迎ni비de of angular mo

mentum is rtjrdemised N the end of each free rotational step.


