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: Specific heat at constant pressure (J/kg.K)

: Initial temperature distribution

: Green’s function

: Convection heat transfer coefficient in the
fluid inside the tank (W/m? K)

: Convection heat transfer coefficient in the
fluid outside the tank (W/m? .K)

: Value defined in eq. (14)

: Value defined in eq. (14)

: Bessel function of the first kind of order
m and of argument x

Ya(x) : Bessel function of the second kind of order

x>

m and of argument x
: Thermal conductivity (W/m.K)
: Value defined in eq. (14)
: Integer
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: Norm

: Heat flux (W/m?)

: Heat flux defined in eq. (3d) (W/m?*)

: Radius (m)

: Dummy variable for radius from reference

point

: Time (s)
: Dummy variable for time
: Temperature in the layer at radius r, angular

displacement 8 and time t (K)

: Temperature of the fluid inside the tank(K)
: Mean temperature of the surrounding fluid

X
Temperature of the surrounding fluid at time
t (K)

: Excess temperature defined in eq. (5a)

: Thermal diffusivity (m?/s)

: Value defined in eq. (14)

: Value defined in eq. (14)

: Value defined in eq. (14)

: Angular displacement (°)

: Dummy variable for angular displacement
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An : Eigenvalue
o : Density (kg/m?®)
& : Eigenfunction
¢in  : Transformed eigenfunction
o) : Frequency
Subscript
i : Value of i-th layer (#=1,2)

1. Introduction

As the uncertainty of oil supply and the price
of oil have been increasing, active studies for
the development of alternate sources of energy
are beginning in many countries, and LNG
(Liquefied Natural Gas), one of the alternate
sources of energy is expected to be used as
the supply source of fuel for power plants
and city gas in our country.

Since LNG must be kept at a low tempera-
ture (below-162°C) inside the tank, thermal
insulation and the selection of cryogenic inner
tank materials in contact with LNG are very
important, 2

The purpose of the insulation is to maintain
the cryogenic liquid in the tank with as little
boil-off loss as possible due to heat leakage.
In most of the typical tanks, boil-off will
amount to as little as 0.05% to the tank
capacity per day.®

In view of the importance of cryogenic
thermal insulation, there is little research on
heat transfer by assuming a cryogenic storage
tank as a two-layered composite.

In the modern design, the inner part of the
tank in contact with LNG is constituted by a
stainless steel membrane composed of a net-
work of orthogonal corrugations allowing for
the free thermal contraction of the metal and
the external part of the tank is made of a
prestressed concrete resisting tank. Between

the steel membrane and the prestressed con-
crete, there is a rigid supporting insulation
such a polyurethane foam.®:*

In the modern design, since the membrane

- made of a stainless steel is much thinner and

has a higher thermal conductivity than the
materials of the external part of the tank and
its insulation, the structure of the tank can
be considered as a two-layered composite
cylinder.

“The treatment of problems in diffusion thr-
ough composite media have been handled by
many authors. %7

G.P. Mulholland and M.H. Cobble® use a
unique dependent variable substitution and the
Vodicka type of orthogonality relationship to
solve the temperature distribution in each of
k sections of a composite with internal heat
generation and boundary condition of the third
kind in composite media having one-dimen-
sional heat flow. J. D. Lockwood and G.P.
Mulholland® use a Fourier integral trans-
formation, a dependent variable substitution
and the Vodicka type of orthogonality relation-
ship to solve the temperature distribution in
each of % sections of a hollow laminated
composite cylinder with a circumferentially
varying external heat flux. The temperature
on the inside surface of the composite is an
arbitrary function of time.

In the present work, the temperature distri-
bution in the wall of a cryogenic cylindrical
storage tank is considered as a two-layered
composite, with the convection heat transfer
from both an inside and an outside of the
wall and with an arbitrary external heat flux
varying both with circumferential displace-
ment and with time in the outside, and with
periodic variation of outside ambient temper-
ature and initial temperature distribution as-
sumed as an arbitrary function. It is mathe-
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tmatically analyzed with a Fourier’'s cosine
-transform and an appropriate Green’s function.

2. Statement of the Problem

The physical situation and the coordinate
system used in the problem to be analyzed
are shown in Fig. L

brfe L&

Fig. 1 Physical model and coordinate system,

In the present analysis, the following assum-
-ptions are made to solve the heat diffusion
.equation of a two-layered composite.

(1) Heat flow is two-dimensional (7, §)

(2) Each layer is homogeneous.

(3) There is no interfacial thermal contact

resistance.

(4) All of the thermophysical properties
are constant; but the thermophysical pro-
perties of each layer have different values.

(5) The ambient temperature outside the
T,

mean temperature, 1,

than the fluid temperature, 7T,, within the

inner wall.
Under the above assumptions, the heat diffu-

outer wall, oscillates around a

which is greater

sion equation for each layer is mathematically
described in the following way

LL(M&) 1 o,

7 7 or r? 06°
—_1 o in 7, <r<r, 0 (D
a; t

_ 1 _ou, .
= O in 7,<r<rs, >0 (2)
The boundary conditions are
—k1%+houl=0 at r=r, (3a)
(7,0, ) =u(r,0,t) at r=r, (8b)
k==L au‘ =k, au2 at r=7, (3¢)

P a”z Bty =Rt () + 40, D

=q*(0, ) at r=7, (3d)
w (r, 0, D) =u,(r,0+2z, ) (3Be)
w(7, 0, D =u,(¥,0-+2m, 1) (36)
B r,0,6)="24-(r,0+27,0) )
3”2 e, 6, ty=-22 5“2 (r,0+2m,t)  (3h)
The mmal conditions are
M1=G1(7’, 0) at t:O (4&)
=G, (7, 0) at =0 “4b)
where
=T, 6,)~T, (i=1,2) (Ga)
el D) =Tou(t)— T, (5b)
T.()=Tw+A(T,— T;) cos wt,
0<A<1T (50)

where A is the dimensionless amplitude para-
meter and w/2x is the frequency of oscillation.

3. Analysis

In order to analyze the heat diffusion equ-
ation by Green’s function, the following eigen-
value problems must be solved

1 3 ( 0fin 1 %hin
r or ( or >+ r? 00°

", Gin(r, 0)=0, i=1,2 (6)
—kl a¢1n 0¢1n:0 at ¥=7r (7&1)
D17, 9)”%(? ) at =7, (7b)
kxig)f—= 2 8;/):,. at r=r, (7c)

a¢2ﬂ — _

k27+h3¢2n—0 at r=7; (7d)
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at r=r; (9d)

Fin(r, m)=5§”¢.~,, (r,6) cos mbde  (10)

106
1 (7, O =1 (7, 0+27) (7e)
on (7, 0) = uu(r, 6 +27) () .
W’l" 01 ) gy a¢1n (7, 6+27) ao
5*/’2" (r, 6)="2% a¢2,, (7,0+27) (7Th)

Multiplying both sides of equations (6) and
(7) by the operator S:z cos ml do the follo-

wing transformed eigenvalue problems are + BmY< e 7,) i=1,2 (1D
obtained Ve
) i3 r . In order to determine four coefficients, Ain,
- W( fr'")+( 0:_ - 7:,12 ) B;. with i=1,2, the eigenfunctions ¢:.(7, m)
Ben(r, 1) =0 i=1,2 (8 given by equation (11) with A,,=1 without
47 ¢ ’ loss of generality are inserted into the equ-
—k— 1+ hogin= at r=r; (9a)  ation (9).
D7, m)— Dan(r, m) at r=r, (9b) The resulting system of equations can be
dgbl,, Ao B represented as a following matrix notation
b= =k " at r=r; (30 (@) (x)=C0) (12)
where
(Jars(E) =g (me+ Ho) | Yaui(8)—5-(m+Ho)- 0 0
JAGD) D A (D) |
_ 72 _ 4}
Jara) Yu(re) Jo(-n) V(L)
- 1 1 T2 rs 1 7s
(@)=| K[ Je-sr) K[ Yari(r) mie L (o) im e Ly (Ze)
_m __m . T — R4
LIAD) Pra) g ) Vurr(L27)
0 | 0 ey = (m— Ho) | Yaui (1) = (m—Ho)-
AN, Yu(7n)
(132)
1 (12) can be used to determine the coefficients.
() = B,. (13b) The coefficients are
x]) = A,
B ]m—1(€n)— (111+Ho)fm($,.)
2n lﬂ:—
here Ym‘l(&ﬂ>—§:(m+Ho) Ym(gn)
P SV S &7 S £ U (152>
Jay VJay x/ 4% Dy
7,k 73h Aw="7 (15b)
Ho: 17to H3"‘ 3 3 K_ 2
k W Ds;
(14) Bo=—- (15¢>
The first two and the fourth of the equation here

The general solution of equation (8) is taken

as

Gin(r,m)= A,,,],,,(
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D=(Yars(&)—F0m+ Hp) Ya(E) ]
(= H)Qa— Qe

Dy= [ Yair(7) —i(m—Ha) Ym(vnDJ :
(Pauw—g(m+ H)Pa]  (16b)

(16a)

A Y ACHIE

(Paciw—gOn+ HDP.) (160

Equation (12) has a non-trivial solution
when the determinant of (4] is equal to zero.
After setting this determinant equal to zero,
an expanded form of this determinant is then
given as

[%(W—H3)Qm—1ym—Qm—1] .
[pm-l,m_écm— Ho)P,,.]

+{Qurmei— (= Q. -

(IO ST

+H(,)P,,.)+ K(Pm-l—gl;(erHo)-
Prpnei) =0 an

for determining the eigenvalue
where

Qu=Ju(F00) Vet = Yo F-0) J )
Qe = J(Fn) Yars 0 = Va7,
Jaes20)
Qm—l,m=]m~1(’;:‘:“77n> Yu(s)— Y-,
(F20) o)
Ques=Jari(Fn) Yars (1) = Yoms
(F2e)Jo-sC2) a8

Pm:jm(&n) Ym(Tn) - YM(en)]M<Tn)
Pm, m—lzjmcgn) Ym-l(rn) - YMCEn)]m-l(Tn)

Potyn=Ju-1(Ex) Ya(rn) = Va1 (En) Ju(7n)
Pooy=Ja1(&) Yoo i(70) — Yuri(80) Ju-1 (1)
Expressing the function ¢:, (7,6) in terms
of the transformed function &:.. (#,m) by
using Fourier cosine series, the following equ-
ation is obtained

. =13 1 5
¢"‘(77 0)—- 271' ¢m(7’, 0)+ T m§1
Sin(r, m)cos mé (19)
The corresponding Green’s function Gi; (7,
0,tr',0',t") of the problem is®
.. 7 Ny = - __]_._ _kj_ ~A2(E~t8)
Gii(r, 0,817, 0, )= T Pl
Gin(r, O)pin(r’, 6 (E=1,2, j=1,2) (20)
Where norm N, is given as

27 re
N,=t1 j E [un(r, 6712 dr' d0"
@ 8'=0 Jr'=ry
+—frj j a7, 617" dr'd0"

2 9'=0 Jp'=

(21>
Therefore, the temperature distribution of

each layer described by Green’s function is
2z rg
ui(r,0,0= (" GuGr,b,t17,0,

D) L’=u Gl(r’,ﬁ’)r'dr'dﬁ'-FS:t:o S

GiZ(ry 0: tl r,’ 0,1 tl)

:'=OGZ(r” 0r'dr'de’

t 2r . ’ 1oy

+a25t’=odt’S G (r,0, 17,6, )
g (0, t)rdb’

in 7, <r<riy, i=1,2 (22)»

Substituting equation (20) into equation

(22), and after some modification equation.

/ey

=
9'=0 2

(22) can be rewritten as
; = 3 _1_. -att .
us(r,0,6) El Nne Bt (7, 0)
[GG)+R(A., ], i=1,2
2z ra
GQA, =-k_a_j j 7 in(r’, 07

a /=0 Jrl=r,

(23>

2z rs
G, 6")dr’dﬂ’+-—k-2——5 j
Qs @' =g

ri=rz
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¥ hon(¥’, 67 Go(r',0)dr'db’ (24a)

RC, D=

1

27
T {ex;tj 7aen(rs, 0)G*
=0

9I

2z

7shen(¥s, 6 )g* (670’

8'=0

@, t)dﬁ’—g

t 2x
—S - _s ¥ahen(7s, 0')dg*

t'=0 9,—0

¢, t')dﬁ’dt'} (24b)

Thus, the temperature distribution of each
layer is determined.

4. Numerical Example

Consider the sustained solution where the
LNG cylindrical storage tank is subjected to
a heat flux,

q(6,H=0
at the outside wall of the tank surrounded by
a dike as an example.

The sustained temperature difference bet-

ween the inner wall and the inside fluid is

w7, )= ng j\]}-n D1n(7 D hen(75) ;’32 fg

Aw
(Tm_ To) {1 +ACOSwZ‘+ W

(2.2 sinwt—wcoswt)} (25)

The eigen condition is obtained by substi-
tuting m=0 into subscript # in equation (17)
and (18), since ¢(0, ) =0.

In this case, we are interested in heat flux
at the inner wall. The heat flux at the inner
wall and the temperature difference between
the inside fluid and the inner surface of the
wall, are calculated by use of heat flux=#h,
X u(r, ), equation (25), and the following
data.

p1=32 kg/m?,  p,=2300 kg/m®
¢;=1714.62 J/kg. K, ¢=920.04 J/kg. K
k=0.0198 W/m.K, k;=1.5102 W/m.K

;=3.59X10"7 m?/s a;=7.14X10"? m?/s
T,=100.15 K, T.=293.15 K
ho=100 W/m2. K, hy=5 W/mzK
7,=31.38 m, #,=31.56 m
r3=32.46 m
The effects of the amplitude parameter A on
the heat flux are shown in Fig. 2.

=4
w

Heat flux (W/m?)

o
~

0.1

0 30 60 90 120 150 180 Z10 240 270 300 330 360
wt

L

Fig. 2 Effect of parameter A on heat flux at
hy=100 (w/m?*-k).

In the numerical example, the eigenvalue is
obtained by using the bisection method and
incremental-search method from the eigen
condition in order to determine the value of
equation (25) given by this analysis. The
series value of the equation (25) is obtained
by summing each term from the first term to
the nth term, when the value of the nth term
is 17100000, or the value of

nth term-(z—1th term | .
(n—1th term is 1/100.

5. Conclusion

An analytical method using a Fourier cosine
transformation and a Green’s function has
been developed to determine the temperature
distribution in the wall of a cryogenic cylind-
rical storage tank assumed as a two-layered
composite, with the convection heat transfer
from both an inside and an outside of the
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wall, with an arbitrary external heat flux
varying both with circumferential displacement
and with time on the outside of the wall, and
with the periodic variation of outside ambient
temperature and the initial temperature distri-
bution assumed as an arbitrary function.

The results of this study can be applied in
the design of double-wall tank because one
can predict the boil-off losses and the required
days of liquefaction plant operation to comple-
tely make up annual boil-off losses by obtaining
the amount of heat leak into a tank.
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