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INFINITESIM:AL V ARIA TIONS PRESERVING THE RICCI TENSOR 

()F GENERIC SUBMANIFOLDS OF AN ODD-DIMENSIONAL SPHERE 

By U • Hang Ki and Dae-Ho Jin 

에. Introducû,on 

Recently many authors have studied the so-callecl generic suhmanifold of an 
2m +l 

'Ûdd-dimensional unit sphere S""' ~ ' (1) under the condition that the induced 

structure on the submanifold is normal ([2]) or antinormal ([4]. [6]). 

On the other hand , K. Yano. J. S. Pak and one of the present authors have 

studied infinitesimal variations of a Riemannian manifold ([7] , [9]) and those of 

hypersurfaces of a Sasa kian manifold ([8]) , and proved the following Theorem 

A( [2]) and B( [9]). 

THEOREM A ([2]) . Let M be aη π dimcnsional complete geηerlc submαI11fold 
2>>1 +1 with 11 at normal co’mection of an odd-dimensional unit sphere S"'''T' (1) and lel 

2m+l the Sasakian structαre νector dιfined on S""'T. (1) be laηgα1I 10 M. 1f the 

stγuctαre indαced on j\l[ is normal aηd the mean curvature vector o[ M is parallel 

ιμ the normal bundle, then M is a þythagorean prodιct of Ihe form 

SÞ'(r) X ---,,- X SP"(rN ) , 

2 
.wflere Pl' .. ', PN aγe odd number 르 l， r 1- + '.' 十 rN" = l ， N=2ηt十 2-n， (N잊η + 2) ， 

S'(r ) being p-d’mensional spkere wz'th radius r)O. 

THEORE ,,' B ([9] ). Let M" be a complele hypersuκface with constant meaμ 

curvature 01 a ιnil sþhere. lf an infimïeshηal Ilormal and parallel νariation 

Xh =Xh +μc'ε， μ> o. jJreserves the Ricci tensor 01 M n• then λ1 n is a sþhere Sn 

,or S껴 X S， -p• 

The main purpose of the present paper is to characterize generic submanifolds 
2m +l J11 of an odd-dimensional unit sphere S .. "， -r ~(l) \vith infinitesimal normal and 

,1mrallel variation which preserves the Ricci tensor of M. 

1. PreIiminaries 

2m+l Let S""'T.(l) be a (2…+ J) -dimensional unit sphere covered by a system of 
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h. • __ 11 .• 11 
coordinate neighborhoods {U; y‘} and (Fj ’ Gj ;. V“) the set of structure ten5Or,; 

of S2m~I(1). that is. F/ being the Sasakian str llcture lcnsor of type (1 . 1). G
j
, 

?m+l 
the Riemannian metric ten50r of S""' T'(l) and V' thú Sasakian structure vector. 

where here and in the sequal . the indices h. i.j and k run over the range {l.2. 

3 •... • (211+l)} . 

Let M be a n 1z-dimensional Riemannian manifold covered bv a svstem of 
'2m+l coordinate neighborhoods {V ; x"} and isometricall y immersed in S""'T'(I) by 

2m+ lr1"\ 1 11" the immersion i: M-• S""'T'(l). We identify ;(M) with M itself and represent 
It h" a the immersion locall y by y' = y"(x"). “’here here and throug hout this paper the 

indices a. b. c. d and e run over the range {1. 2. 3. … , nl • l f we pu[ Bah=aa>,k, aa= 

a/a션， Iherl Bah are ” lineally mdependent vectors of Sa1+1(l ) tangent m M· 

Denoting by g", the fundamental metric ten50r of M. “’e have 

( 1. 1) ￡b=GjXBJ， 

because the immersion is isometric. vVe 때resent by N 2 p(=2m + 1-”) rnu t뼈Iy 

Ol [hogona1 unlt normals to M . Then we have GlIBJN; =O and G1lNxlNJ =gxy, 

g,y being the fundamental metric ten50r of the normal bundle. In what follows 

wc denote by Þ the codimension of M and the indices x. y. Z. U. ν and w run over 

the range {선.2‘ . .... þ‘}. 
2m+l A submanifold M of S""' T'(l) is called a geμeη c (an allti -llOlomorþhic) sub-

manif이d il' the 1100-mal space N pCM ) of M at a ny point þEM is mapped into. 

the langent spacè T / M ) by action 0 1' the s trll cture tensor F of S 2m+ l(l ). that 

is. FNpU'''- )ζT / M ) for each poin t þEM ([2). [이 • [5). [6]). 

In th is case. “’. can put in each coordinate neighborhood 

(l.2) F lhBb’ =fbgBah - f bINZ FlkNxt =fx엄ak， 

‘,-hem t; is a tensor field of type (1.1) defi때 on M. f; a local l -form for 

each fixed index x and t;=f:gcag xy• Also, we can put the Sasakian structure 

,-ector V' of tbe form 

(1 . 3) vh=fB2+f xNf. 

fa and f' being vector fields defined on M and normal bundle of M respectively. 

l\ow applying the operator F to ( 1. 2) and ( l. 3) and using the definition of 

the Sasakian structure tensors. “ e easily verify that ( [2). [4J. [5l. [6}) 
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(1 . 4) 

r 1，차=-야+1;γ:바fa.I:I:=-ιr. 

) I't;=-I't;. l;f.'= iJ~ -Ixf'. I J'+I ,f'=I. 

ll'l:=o. gd，fc'I:=g"， -I，따-I，f.’ 

where 1，=1눔ce and fx=fyg)x· 

Denoting 1,. =I,"gba' I cx=l/g" and 1,,=I :ga,. then we can see from (1.4) 

that / ", = - I" and lcx=lxc' 

Denoting by 까 the operator of van der Waerden.Borotolotti covariant differ. 

entiation with respec t to the Christoffel symbols formed with g" ’ it is weU. 

known that ([2], [4], [5], [6]) 

(1. 5) V /: = - g~a +ö;찌+hcVxa-hrJ; 

( l. 6) ?cfbx=gcbf+ltcexfZ, 

(1 .7) VJ.=I ,.+h,;I,. 

( 1. 8) V，f'=-간-hcexfe， 

( 1. 9) ltcafey=hJ강， 

wherc “'CbX is the second fundamental tensor of 111 and hcux=h,/gyxgba. (gba) 

=(gω)-1. 

The aggra te (1;. g,b' 1;. 1". J ) satisfying (1. 4) is said to ~e lIormal(parlially 

íll legrable) if 

(1 . 10) h"까c÷ kebxfr =0, 

(1 . 11) 강'11，1: -1: '11.1,' -('IIJ:-까1:)1: -('11，자 '11,/)1'=0 

holds respect i\'ely ([2], [3]). 

Since S2"' +I(1) is unit sphere. equations of Gauss. Codazzi and Ricci ar.,. 

respectively 

(1 .12) K d': =쟁 gcb一δ3g뼈+hdaxhZb-닫"d%b’ 

0 . 13) Vιllcxb-?llJb=0， 

(1 .14) Kd,/ =h:,h: ,-I,‘cxeIZdeY’ 
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K d': and K d'; being the curvature tensor M and that of the norr삐 conr뼈tio삐m 00 ] 

。f M respectiveJy. 

2. Infin itesimaJ normaI and paraJJeI variations of generic subrnanifolds of 

an odd -dimensiona l sphere 

2m+l n’e now consider an infinitesimaJ variation of the submanifoJd M of S' ''' T'(l ) 

.given by 

(2.1 ) yh=y‘+ei(x)s , 

2m+l 
ξ being a vector of S."'T'(1) defined aJong M and e is an in fi~i tcs'mal. \re 

now put in each coordinate neighborhood 

(2. 2) 삼=aaB2+:XN2， 

where ~a is a vector fieJd on M and ( a function for each fix ed index x. 

\Vhen EQ 
=0. that is. when the variation vector ~/I’ is ncrmal to thc submanifold 

\ve say that the variation is llormal. and when the tangcnt space at a poin t 

(/) of the submanifo ld and lhal a t t he correspoind ing point 0') 0 1' the 

submanifoJd are paraIleI. we say that the variation is þarallel ([ï l. [9J). 

1n order for a normal variation of a submanifold to be pa ral1e1. it is necessary 

and sufficient that 

(2.3) 'Vl' =0. 

h that is, the variation vector ~xNxn is parallel in thc normal bu nd ie ([7:). 

ln this case. we have from the Ricc i identity for s' 
0=FdVcEX FcFdSx=KdcyxSY. 

Thus if the submani foJd M admits Þ JinearJy independent in fin itesimaJ nonnal 

and paraJleJ va때ions， then we have K dr/=O. 

LEMMA 1 ( [9J). Lel M be atl tl 이’nensiollal .')1Ibm011’'[old of a1l odd-din;e’'tStOIl이 
211f +l "’1;1 sþ1zere S.mT'(i). I f Ilte submatlifold M admils 2m + 1- tl lillearly illdeþelldenl 

”‘{initesimal lIormal and parallel variation preservi1lg the Ricci te'lsor 011\1., theu 

zue have 

(2.4) "싸Y~hber + lIhc/)r - "ãe/'안lz:ö -hxgcb=O. 

• 'ohere hy = gc/)Izrby bei1lg the mea’‘ curνalure t'eclor 01 J\1. 
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From now on we assume that the induced structure satisfying (1 . 4) on M is 

partially intergrable. Then we have 

(2.5) (h"yf“ )f/ = (II"yf"')I/ + f / f , -f，까" 

T때svecting (2.5) with f: and using (1. 4), we find 

(2. 6) κ<z f" - (I'ceyF)I"γ.1. = PzyγZ-ζτ+I，fτ， 

where we have put 

(2. 7) PJ=hb”f·앙. 
from which, transvecting f ' and denoting /=1,1', 

(1-p2)(kcηfyex=Pzyγγz-(l -p2)f한· 

Substituting this into (2.6), we find 

(2. 8) (1- /) Iz,.,t"= - (1 -/)0，까+ {(l -p2)Pxyx+fιP”‘rlf/. 

Putting P 1.YX =P1.)'wgwx’ 
then P ,y, is symmetric for any index bccause of ( 1. 9) 

and (2. 7) . If we take the skew-symmetric part with respect to x and z and u5o. 

( 1. 9) , then we obtain from (2.8) 

(2. 9) Cf,P yw/
w -1 ,P yω，fω)f>O. 

2 If we assume that the function 1- p. does not vanish almost everywhere 01) 

M , then (2. 8) gives 

(2.10) 까cxCe=Ryzx4z-6yxc， 

where 、;ve have put 

(2.11) 
? ‘ 

Ryzx=pyzx+ l / l - p피Pyr.ν，1‘· 

Transvecting (2.9) with 자 and간 respectively and combini ng thc!=e e태qu뻐빠at디t i o삐lons 

‘>'e find 

(2.22) σ~P)'ιx-!xPy，，'‘)/W=O. 

This means that R xyZ is symmetric for any index. 

If the normaI connection of M is flat, that is, K d'; =0, by transvecring (1. 14) 

with 간 and making use of (2.10) , we find 

(2.l3) (RgXRtf-RwrR，iW)fd’=δ:(i'd，yt') -gy，(J'd: 1'). 
First of all . we prove 
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LEMMA 2. Let M be a generic sιb’na/ulold wilh I/al ,wrma/ cO'/I1tection 01 an 

.2111+ 1 -odd-dimensiona/ "nil spJzere S~"T'(1). [1 tJze indκced strucl“re 01' M is partial/y 

찌tegrable a/,d the fι1lClio’‘ 1-f ,!' does nol vanish almosl everywhere. Ihen we 

have f ' =O or p= 1. 

PR∞F. T ransvecting (2.13) with i t'. and using (1.4) and (2.10) , 

(2.14) (RμRJ-RιyzRjtyt=gyzf-킹f' 

kcause the funchon l-p2 lS nonzero almost everywhere-

If 、‘re transvect (2. 13) with ι and use (2.10) and (2. 14) , then we get 

(2.15) g,,f'(hd,j' +f d,) =f ,CI'd"f' +f d, ). 

from which, contract with respect to y and z 

(2.16) (P -1)(hd"f' +μ，)f‘=0. 

If we take the skew-symmetric part with respect to y and z of (2.15), then 

Wle have 

I z(hd"f' +I d,) =f ,(h' d,J' +14,), 

which, transvect with f' and use (2. 16), 

(2. 17) /(hd" f '+f d)(P-1) =0, 

Transvecting (2.17) with I d, and using (1. 4) and (2.10), we have p4(p_ 1)‘ 
? 

= 0. Therefore. Lemma 2 is proved. 

LEMMA 3. Lel M be an n(음2m)-dilllensiollal generic sublllanifo/d of an odd-
2m+ l dimensio1tal unil sPhere S."'T ' ( 1). Suppose llzat M adη2I'fs 2", +1-n linearly 

i ndeþetuiellt i1ljinitesimal 'IOTmal Q1띠 parallel varialiolls preseruing Ihe Ricci 

ICIISOT 01 1\1 alld Ihe ùzdμced slTκcture on M is parlia//y integrable. [f the 

fαllCti01t l-frf X does 1ZOt Va1lish almost eveTYWιeYe~ t /z e11 the induced stTucture 01' 

1l!I is norma!. 

PROOF. Since p낯1 ， we see from Lemma 2 that f' ... anishes identically on M. 

We have the identity 

(2.18) 엄따까f/l =융1] VJ: +까fZ|12-RAIll2÷fxC염V.I;. 

T ransvecting ( 1. 6) with r. and using (1 . 4) and (1.8) with f '=O. we find 

ζV.I;= O. 
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Now, computing the length 01 square of VJ;, we have 

(2· I9) |[VcfbxJJ2 = kcxbkcbx - hcexhacxfyefay -p. 

On the other hand , from the Ricci identity, we have 

VdVJ: - V,Vdf,z = -Kd,: f:, 
、、vhich implies 

(Fbpcfbx)fxc=Kcbfbγxc 

‘hecause of (1.6) with fZ =0. Thus, it follows that 

(2.20) (V'VJ:)강 =(n-1)p十kxRX-hc야beJ;fY， 

、.vhere R=R Y 
Z yz 

Substituting (2.19) and (2.20) into (2.18), we get 

tIlVJ:+V，f낀l2-hcfhcr+hxRX+@=o. 

Transvecting (2.4) with t' and using (1.8) and (2.10) with f'=O , we get 

ALbxk? /맺y-ngxy =O. 
The last two relationships give 

'ïlJ，X+V，f:二 O.

T hus, (1 .10) holds because 01 (1. 6) with f' =0. This completes the proof 01 the 

,lemma. 

Combining Theorem A, B and Lemma 2 and 3, 、('r，'e conclude 

THEOREM 4. Lel M be an n-dimensional complele generic sαbη1a1UJ 01 d of aη 
2m十 lodd -d i mensio1lal μnil sphere S""' T '(1 ). Suppose thal M admils 2，η +1-n linearly 

independent injùzitesù;’wl normal aηd paraliel variαtion preserving the Rκc， 

lensor of M. the indιced structαre 01l M is parNally integrable and the junctioll 

l-fxfx does %Ot νanish al mosf eκrywhere. If the mean curvatιre vector 01 l'd is 

parallel in Ihe nor>ηal bιndle， then M is 

S2m(r). SPCr,)XS'm-p(r,) 01 SÞ' (r, )X ... XSP'(r
N

) , 
2. 2 .where Pl' ..•• PN are odd number 르 1 ， rï十 +rÑ=1 , N=2η，+2-n， (N7"n+2). 

Kyungpook University 
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